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ARTICLEINFO ABSTRACT

Our main aim is introduced some concepts in dynamical system in rough theory . We give the
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1.Introduction:

Pawlakin 1982 introduce a rough sets [1] . The applications of rough sets appeared in many fields[4,5]. In this
work, we explained some properties of dynamical concepts in rough theory .We define the periodic points, and the

critical points in rough action . We also explained the relation between them by giving some theorems about them.

2. Fundamental Concepts.

Some basic properties about rough sets and related concepts are introduced in this section .
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Definition 2.1:[1]
A Pawlak approximation space is a pair W = (U, R) where U be a non-empty set and R be an equivalence
relation on U.For any sub set x € U, R(¥) called lower approximation and R () called upper approximation and

are defined as follows:
R ={xeUxR Sy}
R(X) ={xEU: xRN # B}
Where xR being the equivalence class of x with respect to R.
Remark 2.2:
We used symbol y instead R(x) and symbol ¥ instead R().

Definition 2.3:[1]

Asetx = (x, X) called rough in W if and only if X # X otherwise,yis an exact setin W.

Example 2.4

LetU ={1,2,3,4}and R = {(1,1), (2,2),(3,3), (4,4), (1,3), (3,1)} be an equivalence relation on U, then
W = (U,R) being an approximation space. The quotient set of W is U\R = { {1,3},{2}, {4} }, for x = {1,4} we
have X= {4}, and ¥ = {1,3,4}ie, X # X in W, then y is rough set in W

Example 2.5

LetU = {1,2,3}and R = {(1,1), (2,2), (3,3), (1,3), (3,1)} be an equivalence relation on U,then W = (U, R) being
an approximation space .The quotient set of W is U\R = {{1,3}, {2}} for x = {1,3} .Then x = {1,3}, and x ={1,3}

i.e,x =xin W, then x is exact setin W = (U,R).

Definition 2.6: [1]
Arough set A = (A,A) called a rough subset of rough set B = (B,B) iff AcB and A c B.
Definition 2.7: [1]

The union of rough sets A = (A,A) and B = (B, B) definedas AUB = (AUB,AU B) and their intersection
definedas ANB=(ANB,ANB).
Definition 2.8 : [2]
Let W = (U, R) be an approximation space and () be a binary operation on U . A rough group is a subset
T = ([,T) of W satisfies the following conditions :
1. x-yel ,Vx,yel.
2.(x'y) z=x"(y'z),Vxyzel .
3.Vxel',declsuchthat x-e=e- x = x.

4.V xel',dyel'suchthat x'y =y x=e.
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. The element e called the rough identity and the element y called the rough inverse of x and denoted by x~1. We
used the symbol xy instead of x-y
Theorem 2.9 : [2]

A necessary and sufficient condition for a subset H of a rough group I' to be a rough subgroup is that:
1.VxyeH, xyeﬁ.
2VyeH,y teH.

Definition 2.10 : [5]

A rough group I' = ([, f) with a topology t on T and the topology 1 on I'induced by 1 is a topological rough
group if the following conditions are satisfied:
1.The multiplication mapping u:I' X I'—> T, u(x,y) = xy is continuous.
2. The inversion mapping N: T—T, V' (x) = x~! is continuous. We used the symbol TRG instead of topological
rough group.
Example 2.11:

Let U = {a,b,c,d} be group with four elements and R be an equivalence relation on U such that U/ R =
{{a,c},{b},{d}}. LetT = {b,c}, thenT = {b},T = {a,b,c}. Atopology tonT is
tais = {T, ¢, {a}, {b}, {c}, {a, b}, {a, c}, {b, c}} then the relative topology is v = {T, ¢, {b}, {c}}.Hence T'is a TRG .
Definition 2.12:

LetT = (I,T) be a 7RG and fixg € I'. Then
(1) The mapping [,: T— T defined by l,(x) = gx, is called rough left translate.
(2)The mapping R;: T— T defined by R,(x) = xg, is called rough right translate.
(3) The mapping NV': T—T, V' (x) = x~1 is called the inversion mapping.

Theorem 2.13:

Let T = ([,T) be a TRG. Then
(1) The rough left translate [, is injective and continuous, Vg € .
(2) The rough right translate R, is injective and continuous, Vg € T.
(3) The inversion NV is homeomorphism.
Proof: clear.
3. Rough Actions

The definition of rough action and some of properties are introduced in this section.
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Definition 3.1 :[3]

Aleft rough action of I'on yisa continuous map ¢ : T X ¥ — ¥ satisfies the following conditions:
i 9(¢1,9(g2,%) = ¢(g192,%X) ,V ¢1,, ETandx €Y.
ii.p(e,x) =x ,Vx €Y.

Then (¥, ¢) called rough group space. For short a rough I'- space or RI'-space. We used the symbol gx instead of
¢(g,x).Right rough action defined in similar way.

Example3.2:
Let T = (I,T) be a 7RG such that T is group. Then I acts on itself by multiplication, p:T xT — T, (g,¢) — ¢4.
Definition 3.3:
LetT' = (T, T) be a TRG and (x, @) be RT-space. Then for every g €T.
(i) The map L,: ¥ — X; L,(x) = @(g x) is called g-left transformation.
(ii) Themap R,: ¥ — X; R, (%) = @(x, ¢) is called g-right transformation.
Theorem 3.4:
LetT = (T, T) bea TRG and (x, @) be RT-space. Then Ly & R, are homeomorphism, for every g € I'g.
Proof:

The map L, is bijective with inverse (Lg)‘1 = LQ_1 and both are continuous by the continuity of the action ¢

.Therefore L, is homeomorphism.

Theorem 3.5:

Let (%, @) be RI'-space. Then

(i) gAis openiny for each openset Ainyandg € T
(i) gA is closed in ¥ for each closed set Ainy and g € T
Proof:

By using theorem3.4 and the fact L,(A) = g4, Vg € T.
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Definition 3.6 : [3]

Let (x, @) be RI-space and x € X. Then
1.The rough orbit of x is the set R['(X) = {¢(g,x):g € T}.
2.The rough stabilizer of x is the set RS(x) = {g eT:p(g,x) = x}
3. The rough kernel of the action is the set Rker(¢p) = {g, €T:¢p(g,x) =x,VX € )_(} .

Theorem 3.7 :

Let (¥, @) be RI-space such that T is a group. Then RS(x) being a subgroup inT.
Proof:
1. we have @(g4,%) = @(g,,X) =X,V ¢1,4, € RS(x) and then ©(g,¢,,X) = x.Hence ¢, ¢, € RS(X).
2. e € RS(x) by definition 3.1,ii .

3.Letg € RS(X). Then @(g™.,%) = (371, 0(g,%)) = 9(¢7'¢,%) = @(e,x) = x.Thus g¢~! € RS(x). Hence RS(x)
being a subgroup of T.
4. Periodic Points and Critical Points

The definition of periodic points and critical points in RI-spaces and some of properties are introduced in this
section.

Definition 4.1

Let T = (I,T) be a TRG. A subset H = (H,H) of ' = ([, T) called rough syndetic if a compact set X of I' exist with
u(K,H)=T.

Example 4.2 :

Let U = Z and R be identity relation, I' = (Z, +) with discrete topology, then T=Z = Zand u:T X' - T,
u(x,y) =x+y.ThenZ, is rough syndetic set, since K ={—1,3} compactsetin I' = Zsuchthat u(Z, X) =2+ X =
I

Corollary 4.3:
Let I = (I,T) be a TRG. Then
1. If H be a rough syndetic of I', then both AH,HA are rough syndetic subset of I'.
2.If 7€ sub group of T, then 7 be a left rough syndetic set if and only if 7 ~* be a right rough syndetic .

Proof : By using theorem 2.13.
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Corollary 4.4 :
Let 7 be a rough syndetic subset of T, then AF{ A~ rough syndetic subset of I" for all A.
Proof : By using theorems 2.13 and 4.3 .

Definition 4.5:

Let (x, @) be a RI-space, a rough subset P, = (&, Plof T'= (T, T) is said to be period of x under I'if P, being a

maximal set in T such that <p( P, ,x) =x,VXE}Yy.
Theorem 4.6 :
Let (x, @) be a R[-space and P, = &,E) period of x. Then P, = ¢35 (x), where ¢p,:T = ¥ , dy(h) = @(h,x).

Proof: By definition (4.5) jTX being maximal subset of T so we have ?X =f{he T: @(h,x) = x} and then IITX= {h €
T: ¢, (h) = x} = ¢ ().
Theorem 4.7:
Let (x, @) be a RT-space and P, period of x. Then g~1P,g being period of ¢(g,x) ,V g € T.
Proof:

Assume that H period of ¢(g,x), so by theorem (4.6) H = ¢;%g‘x) (¢(g,x)). Then @(H, 0(gx)) = @(g %)

Since (#, (g,x)) = {@(h, (g x)):h € K}, Then @(hg,x) = ¢(gx) forallh € K, (g~ hg,x) = x, Since P, is
period of x, then g~'hg € P, Now, let k = g~*hg then h = gkg™* and @(hg,x) = @(h, p(g,x)) = @(g x), then
gkg™! € H.Thus H = gP,g~! .Then gP, g1 is period of ¢(g,x)

Definition 4.8:

Let (% @) be a RT-space, a rough subset P = (2,5) of I' = ([, T) called period of T if P being a maximal set

infsuchthatcp(ﬁx) =x,VXEY.
Theorem 4.9 :

Let (x, @) be a RI-space and P = (2, 5) aperiodof T' = ([, F), then P = Nye, Py where P, = (%, P,) is a period

of x.

Proof: clear



Eman Hatef , Sattar Hameed , Journal of Al-Qadisiyah for Computer Science and Mathematics Vol.16.(3) 2024,pp.Math 44-52 7

Definition 4.10 :

Let (x, @) be a RT-space, a point x € X called periodic if P, being rough syndetic in T.
Theorem 4.11:

Let (x, @) be a RT-space and P, a period of x, then P, being a rough subgroup in T.
Proof:

By definition 4.5 we have @( P,,x) = xso @(p,x) =x ,Vp € P, Thus (p~',x) = x, hence p~* € P, . Now, if
P1, P € Py, then @(p;p,, %) = @(py, @(p2,x))) = x. Hence p;p, € P, . Thus P, is a rough subgroupin T

Theorem 4.12:
Let (x, @) be a Hausdorff RI'-space and x € X be periodic point, then JTxbeing closed setinT .
Proof:
. Since {x} is closed set and from ( theorem 4.6) we have P, = ¢ (x) and then P, is closed set.
Theorem 4.13 :
Let (x, @) be a RT-space and x € X be periodic point, then a compact set X of T exist with ¢(%,x) = RI'(x) .
Proof:

From definition (4.10) P, is rough syndetic set, so a compact set X' < T exist such that (p(.’K, .’]TX) =T, and then

@(h,%) = @(o(¥,P),x) = ¢(¥,x).Hence RI(x) = @ (¥, X).
Theorem 4.14 :
Let (x, @) be a RI-space and x € ¥ be periodic, then RI'(x) being compact set.

Proof:

By theorem (4.13) a compact set K of T exist with RI'(x) = @(¥,x).Thus ¢, (K) = @(K,x) = RI'(x) is compact.

Since ¢,:T — ¥ is continuous
Definition 4.15:

Let (x, @) be a RT-space, apoint x € X called a critical if ¢(g,x) =x Vg € I'.The set of all critical points denoted
by CR(X).
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Example 4.16:

Let (x, @) be a RT-space where ' = (R,.) with discrete topology, and identity relation, x = R.and ¢:T x ¥ = ¥ by
@(g h) = h, then (¥, @) is R[-space has critical point x = {1}.

Theorem4.17 :

Let (¥, @) be a RT -space and x € X be a critical point then x being periodic point with period equal to T .

Proof:

From definition 4.15 we have RI'(x) = {x} and T maximal syndetic set such that ¢(g,x) = x, Therefore T being

period of x, and then x being periodic.
Theorem 4.18:

Let (x, @) be a Hausdorff R -space and x € ¥ be not critical point, then there exist two open nbhds U and V
with x € U, (h,x) €V, V=@M, U)andUNV = @.

Proof: Since x is not critical, then @(h, x) # x for some h € T so there existtwo open sets W,, W, withx € W, ,
@(h,x) € W, and W; n W, = @.Thus ¢y, (W;) open contains @(h,x) . Now, let V = ¢, (W;) N W, and
U=, V). ThenV c W, and U c W, so that U and V are disjointand x € U and ¢@(h,x) € V.

Theorem 4.19:

Let (¥, @) be a Hausdorff RT -space. Then A pointx being a critical point iff each nbhd of x contains an orbit.
Proof:=
From definition 4.15 we have RI'(x) = {x} and if U be a nbhd of x then U contains an orbit.

P

If x is not critical, then ¢(h, x) # x for some h € T .Thus by theorem (4.18) there exist disjoint open nbhds U of x
and V of @(h,x) such thatV = @(h, U). Hence for each y € U, we have @(h,y) € UsinceUNV = @, So, there isa
nbhd U of x don't contain orbit.

Theorem 4.20:
Let (x, @) be a RI-space, then CR(y) closed.
Proof:

Assume that CR()) is not closed, so there exist a net {Xg}geq in CR(X) with xg — x and x is not critical . Then by

theorem (4.18), there exist open sets U containing x and V containing ¢ (hg, x) with (p( hg, U) =VandUNV=0
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for some hg € T .Since xg = X, then {Xg}geq is eventually in U .Thus for all sufficiently large  ,we have xg € U and
then cp(hB,xB) € Vand cp(hB,xB) ¢ U. But (p(hB,xB) = xg € U since xg are critical, and this contradiction. Hence
CR(y) is closed
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