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1. Introduction

In this paper X will be a unitary left R-module, and R is any ring with identity. Notationally, asubmodule T of an R-
module X is considered small, which is well known. T « X if for all submodule of X, T + L =X, then L =X, [1],[2]. A
new submodule type was created by Baanoon in [3] and it is a generalization of essential submodule called ex-
essential as follows. For any non-zero cosingular submodule B of X, if A N B # 0, we say that A is an e*-essential
submodule in X. Denoted by A <., X. This is the definition of the singular submodule: Z(X) = {m in X: ann(m)
<.R}[4]. We generalized Z(X) to Z,.(X), by applying e*_essential submodules. Let X be a module define Z,,(X) = {w
in X: ann(w) <., R}, X is called e*_singular module if Z,, (X) = X, and X is called e*_nonsingular module if Z,.(X) = 0
[5]- The generalization of small submodule known as e*S-small submodule is introduced in [5], by A. Kabban and W.
Khalid. A submodule T of X is called e*S-small submodule of X (signified by T <«,,s X) if whenever X = T + H, with

Z oy (%) = % implies that X = H. A non-zero module X is called e*S-hollow if each proper submodule of X is e*S-small

[6]. Let HEWCX, if% <<%, then H is called acoessential submodule of W in X [7],[8]. A generalization of the
coessential submodule, we present the following as the e*S-coessential submodules in [6]. Let an R-module X and
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W, H € X. Such that W € H €X, then W is called e*S-coessential submodule of H in X (denoted by W &5 H in X) if

% Kexs % We say that H is called e*S-coclosed submodule of X (denoted by H <, X) if whenever T &, _H, (i.e.

£ Kexs i) implies that T = H [6]. Let V and H be submodules of the R-module X. f X=V+Hand VN H «,,sH (VN
T T

B «Ke.s X), then V is called e*S-supplement of H in X. If each a submodule of X has e*S-supplement, then X is called

e*S-supplemented module [9]. An R-module X is called @e*S-supplemented if each submodule of X has an e*S-

supplement which is a direct summand of X [9]. Defined T f,.sV if TJTr—V<<e*s %and%«e*s % X isH -

exS

Supplemented module if for each submodule T of X there is adirect summand V of X such that T S,.s V, [9]. Any R-
module X is called e*S-lifting if for each submodule L of X there is asubmodule V of L such that X =V & D, where D €
Xand L N D «,,s D. A submodule L of X is a fully invariant if h (L) € L for every h € End (X). Any R-module X is called
duo if each submodule of X is fuly invariant [10]. The notion of hollow-lifting modules was first proposed by Orhan,

Keskin, and Tribak. An R-module is considered hollow-lifting if for any submodule L of X with XT is hollow, there is a

direct summand V of X such that V isa coessential submodule of L in X, [11]. In this research we will present e*S-
hollow-lifting as a generalization of this last concept. We will give properties and examples of it with proofs.

2. Fully invariant e*_Singular-lifting module.

This section presents the notion of fully invariant e*_Singular-lifting modules, including examples and
fundamental characteristics.

Remember that amodule X is called FI-lifting if for each a fully invariant submodule L of X, there is
adecomposition X=T e V,suchthat T c Land L nV < V. See [12].

Definition 2.1: An R-module X is called Fully invariant e*_Singular-lifting module (shortly Fg—lifting
ex

module) if for each fully invariant submodule L of X, there exists asubmodule T of L such that X =T &V,
whereVcXandL NV <, V.

The following proposition gives characterization of F ;-lifting modules.
ex

Remark 2.2: Let X be any R-module. Then X ing-lifting module if and only if for each fully invariant
ex
submodules L of X, there is asubmodule T of L such that X=T @ V,where VS Xand L NV <,,g X.

Proof: Clear by Proposition 13 [5].

Examples and Remarks 2.3:

1) Zg as Z-module is g*}q-lifting module.

2) Q as Z-module is g*}q-lifting module.

3) Z as Z-module isn’t f*g-lifting. Since the only direct summand contained in the fully invariant

submodule 2Z is {0}, and 2Z is not e*S-small submodule in Z. See examples and remarks 2 [5].

4) It is clear that every e*S-lifting is Fg-lifting module. But the converse need not be accurate in general.
ex*
For example, let X =Zg @ Z, as Z-module. Since Zg and Z, are F%-lifting modules, then X is F g-lifting, see
ex ex
Theorem 2.11, but not e*S-lifting.

5) Let X be a duo module. Then X is e*S-lifting if and only if X is F g-lifting.
ex

6) F ;-lifting modules are closed under isomorphisms.
ex
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Theorem 2.4: The statements that follow are equivalent if X is an R-module.

1) Xis F g-lifting module.
ex

2) Each fully invariant submodule N of X can be written as N = K@® S, where K is a direct summand of X
and S K. X.

3) Each fully invariant submodule N of X can be written as N = K + S, where K is a direct summand of X
and S K. X.

4) For each fully invariant submodule N of X, there is adirect summand K of X such that K€ N and K
Cevs, NinX.

Proof: 1=2) Assume that X is aF }g—lifting module and let N be afully invariant submodule of X, then there
ex*

is asubmodule K of N such that Xx=K @ K, K€ M and N N K «,,s X, by Remark (2.2). Now,N=NNnX=Nn
(K® K) =K @ (N n K), by Modular law. Hence, we get the result.

2=3) Obvious.

3=4) Let N be afully invariant submodule of X. By (3), N = K + §, where K is adirect summand of X and S
Kess X. S0, X =K @ K, KCS X. Since K is e*S-supplement of K in X and S «,.sX, then K is an e*S-supplement

of K+ S =N inX, by Proposition (2.10) [9]. To show that K .5, N in X, let ¢: K- E be a map defined by
@(x) = x + K, for every x e K. Clearly ¢ is an isomorphism. Since N N K «,.s K, then ¢ (N nK) = % Kexs
—~Thus,K .5 N in X

4-1) Let N be a fully invariant submodule of X. By (4) there exists a direct summand K of X such that K c

N and —— <<e*S . We want to prove that N N K «,.s K. Let K = (N n K) + B with Ze*( ) =—,where B c

5 K+(N;K)+B K+(NKnK) B%.SmceKEK+(NﬂI’()ENand

K.SinceX K+K K+ (N nK) + B, then

- X _K+K _K+(K+B) _ K
KCe.s,, NinX. Then K Ce.5,, K+ (N N K) in X, by Proposition (3.5) [6], and B K+B =~XiB  =Rn B
K . . K _ X
=5 by (the Second Isomorphism Theorem and Modular law). Since Z,, (?)— , then Z,.( K+B) =5

since @ Kexs E ,and hence % = BLKK, implies that X = B + K. Since BE€ Kand K n K= {0}, then B nK =

{0} and hence X =K @ B, that is K = B. Thus, X is F g-lifting module.
ex*

Theorem 2.5: The statements that follow are equivalent if X is an R-module.

1) Xis F g-lifting module.
ex*

2) Each fully invariant submodule V of X has an e*S-supplement T in X, where T € X such that TnV is
adirect summand of V.

Proof: 1=2) Let Xbe an F ~Iq-lifting module and V is fully invariant submodule of X. By Theorem 2.4, there
ex*

exists adirect summand A of X suchthat ACV,X=A@ Tand A Ce,s ,VinXand VN T K,.s T. Now V=V

NX=VNADT)=A& (TnV),byModular law. Since A €V, then X=V + Tand VN T K,.s T. Hence T is
e*S-supplement of Vin Xand T N V is a direct summand of V.

2=1) Let V be a fully invariant submodule of X. By (2) V has e*S-supplement T in X such that TNV is a
direct summand of V.ThenX=T+V, TNV K T,and V=(TNV) B Y, where Y € V.Since X=T+V=T +
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(TAV)+Y=T+Vand{0}=TNVNY=TNY.ThenX=T® Yand T NV K,,g T. Therefore, X is Fg-lifting
ex*

module.

Proposition 2.6: Let X be any R-module. Then X isF [-lifting module if and only if for each fully invariant

exS
submodule L of X, there is an idempotent ¢ € End(G) such that ¢ (G) € L and (I - ¢) (L) <Ke.s (I - ¢) (X).
Proof: =) Suppos that X is F }g—lifting module and let L be a fully invariant asubmodule of X. By Theorem
ex*

2.5, L has e*S-supplement T in X such that L N T is a direct summand of L, then X =L + T, T N L <,.s T and
L=(LNT)®Y, whereYS L NowX=L+T=(LNT)+Y+T=Y+T,andLNTNY=TnNY ={0},implies
that X =T @ Y. Consider the projection map ¢: X — Y it is clear that ¢ is an idempotent and ¢ (X) € Y C L.
It is sufficient to show that (I - ¢) (L) <e.s (I - @) (X). One can easily show that (I - @) (L) =L n (I-¢) (X)
=LNT Kes T=(1- ) (X).

<) Let L be a fully invariant submodules of X. By our assumption there is an idempotent ¢ € End (X) such
that ¢ (X) € L and (I - ¢) (L) Kexs (I- ) (X), clearlythat X = ¢(X) @ (I-@)(X)and LN (I-¢) (X) = (1 - ¢)
(L) Kess (I - @) (X). Therefore, X is F}-lifting module.

ex*

The following Proposition gives another characterization of F ;-lifting module.
ex

Proposition 2.7: The statements that follow are equivalent if X is an R-module.

1) Xis F ;—lifting module.
ex*

2) Each fully invariant submodule of X has a direct summand e*S-supplement.

3) For every fully invariant submodule N of X, there is an e*S-coclosed submodule T of X and a direct
summand e*S-supplement L of T such that T S.s N in X and each homomorphism f: X — % can be
lifted to an endomorphism g: X—X such that g (x) + (T N L) = f(x) for all x € X.

Proof: 152) Suppose that X is Fg-lifting and let N be a fully invariant submodule of X, then there is a
ex*

direct summand T of X such thatT €N, X =T @ L, where L € X and N N L «,,s L. Clearly that L is an e*S-
supplement of N. Conversely, let N be a fully invariant submodule of X. By our assumptions, there is a
direct summand T of X such that X =T @ L and T is an e*S-supplement of N in X. It is enough to show that
L € N. Let the projection map P: M — L. Since N is fully invariant submodule of X, P(N) = (N+T) nL=Xn
L =L Z N.Thus, Xis g*g-lifting module.

1=3) Let N be a fully invariant submodule of X. Since X is F g-lifting module, there exists a decomposition
ex

X=T@®Lwhere TS NandT .5, N in X, then T is e*S-coclosed submodule of X and it is clear that L is a
direct summand e*S-supplement of T in X. Since T n L = {0}, then the result is obtained.

3=1) Let N be a fully invariant submodule of X. By (3) there is an e*S-coclosed submodule T of X and a
direct summand e*S-supplement L of T such that T € N and T Se.s N in X. It follows from ([13], lemma

2.2),that T is a direct summand of X. Thus, X is F g-lifting module.
ex*

Proposition 2.8: Let X be an R-module. Consider the following statement.
1) X is e*S-lifting module.
2) X is @e*S-supplemented module.

3)Xis F g-lifting module. Then (1)=(2)=(3). If X is a duo module, then (3)=(1).
ex
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Proof: 1=2) Clear.

2=3) Assume that X is @e*S-supplemented and let L be a fully invariant submodule of X, then L has an
e*S-supplement which is a direct summand, hence X is F g—lifting module, by Proposition 2.7.
ex

3=1) Clear.

Proposition 2.9: Let X be an HS—Supplemented module such that every direct summand of X is
ex

e* Singular, then X is F }-lifting module.
ex

Proof: Let X be an HS—Supplemented and let N be a fully invariant submodule of X, there is a direct
ex*

summand V of X such that X =V @ K, where K< X, and N ﬁe*SV Since X =V + K and 5 = Vis e*_Singular.

X V+K N+V N+K X X
Let—_T——+—w1t};Z$*(N—+I§) 2 and ™Y <<e*s thenX N+KAndN NAX=Nn(V
+

D@K)=(NNV)D (NNnK),so— = =iy S = N N K. Since =¥ <<e*S , thus N N K«<,,¢ X. Then K is an e*S-
supplement of N in X. Thus, by Proposmon 2.7,Xis F ;-hftmg module
ex*

Proposition 2.10: Let Xbe a F ;-lifting module and let V be a fully invariant direct summand of X, then V
ex
isF ;—lifting module.
ex

Proof: Let X=V&@ LbeaF g-lifting and let V be a fully invariant submodule of X. To show that V is aF g—
ex ex

lifting, let Y be a fully invariant submodule of V, then Y is a fully invariant submodule of X, by (Lemma 1.1
[14]), and hence Y = K@ S, where K is a direct summand of X and S «,.s X, implies that K is a direct
summand of V and S «,.s V, by Proposition 13 [5]. Thus, Vis F }g-lifting module.

ex

The following Theorem shows that a finite direct sum of F }g-lifting modules is F g—lifting.
ex ex

Theorem 2.11: Let X = @i, X; be a direct sum of F g-lifting modules. Then X is F g-lifting.
ex ex*

Proof: Let L be a fully invariant submodule of X, then L = @j.; (LN X;) and L N X; is a fully invariant
submodule of X;, Vi = 1, .., n, by (Lemma 1.1 [14]). Since each of X; is F; lifting, thenLNX;=K; P T;,
ex

where K; is a direct summand of X; and T; <e.s X;, Vi=1, .., n.Let K=®jL; Kjand T = @i, T; . It is clear
that K is a direct summand of X and T «,.s X. Thus, Xis F g-lifting module.
ex

Proposition 2.12: Let X =X; @ X,. Then X, isF I-lifting module if and only if for each a fully invariant

submodule Y of there exists a direct summand KofXsuchthat KEX,,X=K+Nand N N K «,,s K.
1

Proof: =) Assume thatX, is Fg-lifting and let)lj—be a fully invariant submodule of)):—. Then N NnX, is a
ex 1 1

fully invariant submodule of X,, see [15]. Since X, is F ;-lifting, then there exists a direct summand K of X,
ex*
suchthat KEN N X,, X, =K@ K, X,= (NN X,) + Kand N N K «,,¢ K. Clearly that X = K + N.

N®X,;

<) To show thatX, is FI-lifting, let N be a fully invariant submodule of X,. Then is a fully

invariant submodule of , see [15]. By hypothesis, then there exist a direct summand K of X such that K

cX,, X=K+N+X; and KN (N +X;) Kess K Now, X; =X, NX =X, N(K+ N +X;) =K+ N. Itis easy to
show that K is an e*S-supplement of N in X,. Therefore, X, is F g-lifting, by Proposition 2.7.
ex
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Proposition 2.13: Let X be an F ;-lifting module. Then % isF g-lifting for every fully invariant submodule
ex* e*
N of X.

Proof: Let % be a fully invariant submodule of % Then by Lemma 1.1 [14], L is fully invariant submodule

of X. Since X is F I—lifting module there is B € L such that X = B @® A, for some submodule A of X, and%

L X
B+N _  A+N ... B+N _ L N L ~ X
<<e*S . By Lemma 5.4 [11], we have —= ; &) ; with——~ ¢ ~ S0, e = ooy and e = = Since
N
E Kexs E , by proposition 12 [5], m Kexs gon' . Therefore, — 1s F I -lifting module.

3. e*_Singular-hollow-lifting Module.

Here we define some of the basic characteristics of e*S-hollow-lifting modules. Moreover, we will show
some new results.

Definition 3.1: Let X be any R-module. Then X is called e*_Singular-hollow-lifting module (denoted by
e*S-hollow-lifting), if for each submodule L of X with XT is e*S-hollow, there is a direct summand Y of X
suchthatX=Y @V, forsome V< Xand Y Ce.s,, LinX.

We then provide some e*S-hollow-lifting module characterization.

Theorem 3.2: Any R-module X is e*S-hollow-lifting if and only if for each submodule L of X with % e*S-
hollow, there exists a direct summand Y of L such that X=Y @ V, forsome V € Xand L NV <,,gV.

Proof:=) Let L be a submodule of X with % e*S-hollow. Since X is e*S-hollow-lifting, then there exists a

direct summand Y of X such that Y Ce.s,, LinXand X=Y @ V,where VX, L=LNX=LN(Y®V)=Y &
(Ln V) by Modular law. We want to show that LNV «<,,sV. Where UcV, Let (LNV) + U = V with

L+U L U+Y X _Y+V (U+Y)+Vv ~
Ze*( ) __ Then X = L + U. NOWTz Y 7+ Yy '’ since U+Y B U+Y - U+Y Vn(U+Y)
v . . _ -2
—U+(an) = T by (Second Isomorphism and Modular law). Since Ze*(F) —, then Z,.,( U+Y) Toy and

<<e*5 , therefore % = %, soX=U+Y.SinceX=Y®V,andUcV,thenV=U.ThusL NV «,,sV.

<) Let L be a submodule of X with % is e*S-hollow, then by our assumption, there exists adirect summand
Y of L such that X = Y®V, where VcX and LNV K,sV. LetY£+ %: —, with Ze*( ) —and U is

submodule of X containing Y. Thus X =L + U. By Modular law L=LNnX=LNn(Y® V) =Y ® (LN V), and
hence X=L+U=Y+(LNV)+U= (L nv)+U. Now since L NV K,.sV, by Proposition 12 [5], LNV K, .g
X and Ze*(%) =%. So,X=U and% =2 Then— <<e*S , therefore Y Ce.s_ L in X. Thus, X is e*S-hollow-
lifting.

Remark 3.3: Any R-module X is e*S-hollow-lifting if and only if foreach submodule L of X with % e*S-
hollow, there is a direct summand V of L suchthat X =V @ Y, whereY S Xand LN Y «,.s X.

Proof: Clear by Proposition 12 [5].
Examples and Remarks 3.4:
1) Z4 as Z-module is e*S-hollow-lifting module.

2) Q as Z-module is not e*S-hollow-lifting module.
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3) The Z-module Z is not e*S-hollow-lifting. For the submodule 4Z, since é = Z, is e*S-hollow, and the

only direct summand contains in 4Z is {0}. So, {4_02} = 47 is not e*S-small submodule in {%} =7

4) Let X = Z, ® Z, module, obviously Z, and Z, as Z-module are e*S-hollow modules. Since X =Z, & Z, is
an e*S-lifting then itis e*S-hollow-lifting. See by Proposition 3.5.

5) Every simple module is e*S-hollow-lifting. And every e*S-hollow module is e*S-hollow-lifting.
6) Every module with no e*S-hollow factor module is e*S-hollow-lifting.

7) Every e*S-lifting module is e*S-hollow-lifting. But the converses need not be accurate in general. For
example, let X be a nonzero indecomposable module with no e*S-hollow factor. Hence X is e*S-hollow-
lifting by (6). Claim that X is not e*S-lifting. If not, we have that X is an indecomposable e*S-lifting module.
By Proposition 1.6 [6], X is e*S-hollow, and by Corollary 2.7 [6], g is e*S-hollow for any proper submodule

B of X, which is a contradiction.

Proposition 3.5: Let X; and X, be e*S-hollow modules. The statements that follow are equivalent if for
the module X = X; & X,.

1) X is e*S-hollow-lifting module.
2) X is e*S-lifting module.

Proof: 1=2) Let L be a submodule of X. Deem the two natural projections homomorphism 7;:X — X; and
1,:X — X,. We have two cases:

Case I: Ifmy(L) # X4 and (L) # X,. Then by our assumption m; (L) <..s X1 and 7, (L) <..s X5. So, by
Proposition 12 [5], we get 1 (L) @ 7, (L) Keis X1® X;. Now, claim that L € r; (L) @ m, (L), to see that, let /
€L then I1€X =X,;® X, and hence | = (xq, x;), where x; € X;, x, € X,. Now, 1 ([) =m1(x1,x,) =x; and
o () =m,(xq, x3) =x,. This implies that I= (1 (), m;()) and we get L c m;(L) @ m,(L), hence L <K.g X.
Thus, X is e*S-lifting module.

Case II: Now, if r; (L) = X4, then m; (L) = 1 (X). So, itis easy to see that X = L + X,. By (Second Isomorphism

L+ X X . . X
—2==_—"2_ Since X, is e*S-hollow, then —=
L LNX, LNX,

But X is e*S-hollow-lifting, therefore there is an e*S-coessential submodule of Lin X which is adirect
summand of X. Hence, X is e*S-lifting.

Theorem), % = is e*S-hollow and thus % is e*S-hollow.

2=1) Clear.

The following proposition gives acondition to make afactor of e*S-hollow-lifting is an e*S-hollow-lifting
module.

Proposition 3.6: Let X be any R-module. If X is e*S-hollow-lifting module, then % is e*S-hollow-lifting for
each fully invariant submodule L of X.

X
L ~

Proof: Let%be a submodule of% such that —
T
Since X is e*S-hollow-lifting module, then there is a submodule T of X such that T Se.s,,Yin Xand X=T &

H, for some H < X. Now, obviously T + L €Y and thus % c %
(x +T) =x+ (T + L), for all x € X. It is easy to verify that fis an epimorphism. Since T C.s_,Y in X, then by

Proposition 12 [5], f(%) Kexs %and thus f (%) =%<<e*5 TX? So, T + L Seus,, Y in X. By (Third

I

is e*S-hollow, by (Third Isomorphism Theorem).

Let f: % - % be a mapping defined by f
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Isomorphism Theorem), we get L Cess,, Z 1n% Now, since L is a fully invariant submodule of X,
then by Lemma 5.4 [11], % = TzL ® H: . He nce%ls a direct summand of? Thus, % is e*S-hollow-

lifting.

A condition under which a direct summand of an e*S-hollow-lifting module is e*S-hollow-lifting is
provided by the following Corollary.

Corollary 3.7: Let X be a duo e*S-hollow-lifting module. Then each a direct summand of X is an e*S-
hollow-lifting.

Proof: Obvious by Proposition 3.6.

Theorem 3.8: Any R-module X is e*S-hollow-lifting, if and only if for each submodule L of X with % e*S-
hollow, has e*S-supplement V in X such that V N L is a direct summand of L.

Proof: =) Assume that X is e*S-hollow-lifting and let L € X with % e*S-hollow. Then there is a submodule

V of L such that V Ce,s , L in X and X =V & C, for some C € X. By Modular law,L=LNnX=LN (V& () =
V & (L N C). Then (L N C) is a direct summand of L and X = L + C. Using the same Theorem 3.2 argument,

we have L N C K,,s C. Thus, C is e*S-supplement of L in X.
<) Let L be a submodule of X with Li e*S-hollow, thus based on our assumption, thereisX=L+V, LNV

<<e*5V,andL=(LnV)@K,WhereKQL.NowX L+V=(LNV)+K+V=K+V.Itisclear that KNV =
{0},50X=K€9V.Let%+%=%,wiche*( )— , where Y € X containing K. Then X =L +Y.So,X= (L N

V)J@eK+Y=(LNnV)+Y. Now since LNV <<e*S V and by Proposition 12 [5], L NV «,.s X, and Ze*(T) =
% .Then X =Y, and % =— thus <<e*S , therefore K C.,s_, L in X. Then X is e*S-hollow-lifting.

Theorem 3.9: Let X be any R-module. The statements that follow are equivalent.
1) X is e*S-hollow-lifting.

2) Each submodule L of X with % e*S-hollow, can be written as L =V @ H, with V is a direct summand of
X and H «,.s X.

3) Each submodule L of X with % e*S-hollow, can be written as L =V + H, with V is a direct summand of X
and H <,,¢ X.

Proof: 1=2) Let L be asubmodule of X, with % e*S-hollow. Since X is e*S-hollow-lifting, then there is a
submodule V of X such that V S,s L in Xand X =V @Y, where Y € X. By (Modular law) L=LNnX=LnN

(Ve Y) =V & (LNY). By the same argument of Theorem 3.2, we have L N'Y «,.sY, by proposition 12 [5],
LNY <KgsX.LetH=LNY,soL=V@®&H, where V is a direct summand of X and H «,.g X.

2=3) Obvious.

3=1) Let L be a submodule of X with i e*S-hollow. By (3) L can be writtenas L=V + H, with Vis a direct

summand of X and H <. X. We want to show that V S, LinX. LetV cC and —+ 7 =3 X with Ze*(%) =
C

—.ThenX-L+C-V+H+C=H+C.SinceH<<e*5X,andZe*(T)=T,thenX—CandT=%.Thus,%

<<e*S , therefore V Se,s_, L in X, and X is e*S-hollow-lifting.
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Proposition 3.10: Let X be an e*S-hollow-lifting. If X =V + L, where L is a direct summand of X and
is e*S-hollow, then L contains an e*S-supplement of V in X.
X

vnL
Y is a direct summand of X and C «,,s X. But L is a direct summand of X and C < L, thus by Proposition 13

[5], C Ke4s L. Let X =Y @ H, where H € X. By (Modular law) L=LNX=LN(Y®H)=Y® (LN H).LetD =
LNH,s0X=V+Y+D=V+D.Also,VNL=VN(Y®D)=Y®(VND). Letw: Y & D — D be the natural
projection map. So, we have VN D =n(Y® (VND)) =n(VNL)=n(Y & C) =r(C). Since C KLeus L=Y D,
then by Proposition 12 [5], (C) «<,..s D, and hence V N D «,.s D. Thus, D is an e*S-supplement of V in X
and D is contained in L.

Proof: Since X is e*S-hollow-lifting and is an e*S-hollow, then by Theorem 3.9,VNL =Y & C, where

Proposition 3.11: Let X = X; @ X, be a duo module. Then X is e*S-hollow-lifting if and only if X;and X,
are e*S-hollow-lifting.

Proof: =) Obvious by Corollary 3.7.

&) Let L be a submodule of X with% e*S-hollow. By Lemma 5.4 [11], %= L+LX1 @ L+LX2
e*S-hollow, we can assume that% = %, then X, < L. Since L+L—X1 = %, by (Second Isomorphism

1
Theorem), and X; is e*S-hollow-lifting. Then there is a direct summand V of X; such that L nvx1 Kexs )\(/1 :
. L X

sinceL=LNX=LN[X; @X;),thenL=(LNnX;)d(LNX,), we get Vo5 Kexs VO
obvious V @ X, is a direct summand of X. Hence, X is e*S-hollow-lifting.

. X .
, SInce T 1S

. Furthermore, it is

Proposition 3.12: Let X be any R-module. Then X is e*S-hollow-lifting module if and only if for each
submodule L of X with )]f— e*S-hollow, there is an idempotent Q € End (X) with Q(X) € L and (I - Q) (L)

Less (1- Q) (X).

Proof: =) Let L be a submodule of X with % e*S-hollow. Since X is e*S-hollow-lifting, then by Theorem

3.8, L has an e*S-supplement V in X such that L NV is a direct summand of V,then X =L+ V, LNV K,,g V
andL=(LnV)@®Y, whereYS L. ThenX=L+V=(LNnV)+Y+V=Y+VandLnNnVnY=VnY={0} and
hence X = V @ Y. Define the map that follows now. Q: X— Y be the natural projection map. It is easy to
show that @Q is an idempotent and Q (X) €Y. Since Y € L, then Q (X) € L. Now, (I-Q) (X) ={(I-0Q) (x),x€
X}={(I-0Q) (c+w),whereceY,weV}={(I-Q) (c+w)=c+w-c=w}=V.We aim to prove that (I - Q)
(L=Ln{I-0Q) (X).Letne (I-Q) (L), thenthereisl/eL,suchthatn=(1-Q) ()=1-f(]). Thusne L and n
€E(I-Q)(X).So,neLn(I-Q) (X).Hence, (I-Q) (L)cLn(I-Q) (X).LetdeLn (I-Q) (X),thendeL and d
e (I-Q) (X). ThereisyeXsuchthatd=(1-Q) (y) =y-Q (v). Hence,d + Q (y) =y €L, thend e (I - Q) (L).
So,(I-Q) (L)=Ln({I-Q) (X) =L NV Ke.s V. Hence (I - Q) (L) Kexs (I-0Q) (X).

<) Let L be a submodule of X with % e*S-hollow. By our assumption, there is an idempotent Q € End (X)
with Q (X) € L and (I - Q) (L) Keus (I - Q) (X). Claim that X = Q (X) ® (I - Q) (X). To show that, let x € X,
thenx=x+Q(X)-Q(x)=QX)+x-Qx)=Q(x)+(I-0Q) (x)- Thus X=Q (x) + (I - Q) (x). Now, let we Q
X)n(1-0Q) (X), then w=Q (x;) and w = (I - Q) (x3), for some x;,x, €EX.So,Q (W) =Q (x1) =Q ((I- Q)
(x2)) = Q (x2) - Q (x2) = {0}, then Q (Q (x1) = Q (x1) = {0}, thus w = {0}. Thus X = Q (X) & (I - Q) (X).
Obviously, Ln (I-Q) (X) =(I1- Q) (L). Since (I - Q) (L) Kess (1 -Q) (X), then L n (I - Q) (X) Kexs(1- Q) (X).
Thus, X is e*S-hollow-lifting.
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