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Abstract: In this paper ,we introduce some properties of the classT (p, A, B,« ,c,s) for multivalent
functions with negative coefficients defined by Komatu operator .We obtain coefficient estimates ,growth

and distortion theorem, radius of convexity for the classT (p, A,B,a,c,5), closure theorems and con-
volution property.
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1. Introduction

Let W(p),(p?1) denote the class of functions of the form:

f(z)=z"+ ianz”,peN:{l,Z,S,....}, @
n=p+l
which are analytic and multivalent in the open unit disk U= {z e¢: |z|<1}
if a function fis given by (1) and g isdefinedby g(z)=z" + i b,z" (2)
is in W(p),then convolution or Hadamard product of f(z) and g(z) i;:dpe+flined by
(F*g))=2"+ Yapz"zeU €
Let T(p) denote thgzgalbclass of W(p) or which is consisting of function of the form
f(z)=2"- Y a2 (a,20) @)
n=p+l

Definition 1:The integral operator of feT(p) for c¢>-p,0=>0, is defined by G and defined as
following :

(C+p) 51f(tz)
G(z2) %) jo dt,c>-p,520
= C+ P.s ©)
nzp+1(c+n) aZ

The operator defined by (5) known as the Komatu operator [1].
Defination 2 :The function f(z) is said to be subordinate to g(z) in U written f (z) < g(z) ,if there ex-
ist a function W(z) analytic in U such that W(0)=0,and |W(z)|<1,such that f(z)=g(W(z)).

Definition 3:For A,B arbitrary fixed real number,-1?B<A? 1, afunction f(z) € T(p)defined by (4)
issaidtobeintheclass T (p, A,B,a,c,8)if it satisfies



2G'(2) - 1+[(A-B)(p-a)+B]z

G(z) 1+ Bz (z€V), ©)

where 0 < o < p,and G(z) is defined in definition(1).The condition(6) is equivalent to

‘ 2G '(z)
PG (2) eyl < ey )
‘B+(A—B)(p—a)—B (1)

for other subclasses of multivalent functions , we can see the recent works of authors[2],[3].

2. Coefficient Estimates

Theorem (1): A function f (z) defined by (4) belongstotheclass T (p, A, B, a,c,d)
if and only if

Z[(l B)(n—p)+ p(A-B)(p- 0!)]( )a <p(A-B)(p-a), ®)

n=p+l
the result is sharp.

z| =1, then from (7) and (5), we have

zG'(z) zG'(z)
pG(z)_l_ B+(A-B)p-a)-B oG (2)
)
c+ p
nzp+1(n Cc+ ) a Z
~|P(A-B)(p-a)z" +Z(B(n p) - p(A-B)(p- a))( p) a,z"
n=p+1

<Z(n—p)(“'°) a,+ 3 (p(A-B)(p-a)-B(n— p»(° p)a p(A-B)(p-a)

n=p+1 n=p+1

=3 (@-B)(n- p)+ p(A-B)(p- a))(“p) a, - p(A-B)(P-a) <0,

n=p+1

Hence by the principle of maximum modulus, f (z) e T (p, A,B,a,c,5) . Conversely,
assume that f(z) defined by (4) isinthe class T (p, A, B, «,c,§) . Then from (5), we have

zG'(z)_1
pG(2) o
2G'(z
B+(A-B)(p-a)-B ()
—Z(n p)(”p)"az
P(A-B)(p—-a)z” +Z(B(n—p) p(A-B)(p- a))( )

Since |Re (2) |?|z| for all z, we have



S (- PC e +I[’)(’az
R nepd <1.

P(A-B)(p-a)z’ +Z(B(n P)=(p(A-B)(p-a))( +p)‘§az

n=p+1

Choose the values of z on the real axis so that 2G'(2) is real. Upon clearing the denominator of (9)
G(2)

and letting z? 1 through real values ,we get

S (- p)(C p) a, <p(A-B)(p-a)2”+ 3" (B(n-p)- p(A-B)(p- a))(° p

n=p+L n=p+L
which implies the mequallty (8).
Sharpness of the result follows setting

f(z):Zp _ p(A_B)(p_a)
(@-B)(n- p)+ p(A-B)(p-a)) L)’
c+n

2",n>p+1 (10)

Corollary (1): Let the function f(z) defined by (4) be in the class T (p, A, B, «, ¢, 5) ,then

p(A-B)(p—a) n>p+l *)
[a-B)(n-p)+ p(A-B)(p- kT E)’
The equality in (*) is attained for the function f (z) given by (10).

a <

n =

3. Distortion and Growth Theorems

Theorem (2): Let the function f (z) defined by (4) be in the class T(p, A, B, «,c,d) . Then, for |z|=r (0<r<1).

p(A-B)(p—a)r"* p(A-B)(p—a)r"*

re— - <|f(@)<rP+ o 1D
(@-B)+(p(A-BY(p-a))(_ )’ (@-B)+pA-BY(p-a))(_ " )’
p+1 p+1
for zeU .The result (11) is sharp.
Proof: Since f(z) e T (p,A,B,a,c,d),inview of Theorem (1), we have
[a-8)+ p(A-B)(p - ) “p LBy Y e,
n=p+1
< Y [a-B)n-p)+ p(A—B)(p—oz)](‘;+ C¥Pyia < p(A-B)(p-a) (12)
n=p+1
which immediately yields
ia p(A-B)(p-«a) (13)
n=p+1 " C+ p
P [@-B)+ p(A-B)(p-a)———)°
c+p+1

Consequently, for |z|=r (O<r<1),we obtain



[f(2)|zrP—r°" ian

S P P(A-B)(p-«a) [ pel
[A-B)+ p(A-B)(p-a)(—+P )
+p+1
and |f(z)|§r"+r"”ian
by p(A-B)p-a) oot
P \s
[A-B)+ p(A-B)(p- a)](—pH)
for zeU.

This completes the proof of Theorem (2).Finally, by taking the function
f(z)=2"— P(A-B)(p—a)

(@-B)+ p(A-B)(p-a))( ‘:)'31)5

p+l

we can show that the result of Theorem (2) is sharp.

(14)

(15)

(16)

Corollary (2): Under the hypothesis of Theorem (2), f (z) is included in a disk with its center at the origin and
Radius r; given by

— P(A-B)(p-2)

[1-B)+ p(A-B)(p-a) (")
c+p+ 1

a7

Theorem (3): Let the function f (z) defined by (4) be inthe class T (p, A, B, ,c, ) -Then, for |z]=r (0<r<1)

ore- P(P+D(A-B)(p-a)r”

<‘f/(z)‘ < prp—l p(p+1)(A—B)(p—0()rp

(@-B)+pA-Bp-a))( - °+'°)

for z € U .The result (18) is sharp.

Proof: In view of Theorem (1), we have

la-B)+ p(A—B)(p—oz)(cc+ P J
o T s T8 )+ A-Bp-a)

0

(@-B)+p(A-B)(p-a)

(18)

[ )an<p(A—B)(p a), (19
n=p+1 n=p+l
which readily yields

S 1, < p(p+1)(A-B)(p—a)
[(1—B>+p<A—B>(p—a>( il J

c+p+1

Consequently, for |z|=r (0<r<1), we obtain

(20)



p(p+)(A-B)(p-a) P @1
c+p

f'2)=pr**t-rP inan >prft - =
[a-B)+p(A- B)(p—a)(J

n=p+1

c+p+l

f'(z)| < pr*+r® inan

n=p+1

and

p(p+D(A-B)(p-a) ;P 22

[(1—B>+p(A—B)(p—a>( crp j

c+p+1

<prft+

For z €U .Further the result of Theorem (3) is sharp for the function f(z) given by (16).

Corollary (3): Under the hypothesis of Theorem (3) ,f'(z) is included in a disk with
its center at the origin and radius r, given by

S |o(|o+1)(A—B)(p—ozc)+ (23)
[A-B)+ p(A-B)(p-a)-———P )
c+p+1

the result is sharp with extremal function f(z) given by (16)

4. Raduis of Convexity for the Class 1 (P, A, B, @, ¢, )
Theorem (4): Let the function f(z) defined by (4) be intheclass T (p, A, B,a,C,J)
Then f(z) is p-valently convex in the disk |z|[<WA,, where

n-p

p2[1-B)(n- p)+ p(A-B)(p-)[(E= Py
WA, = inf , Shal (24)
nzp+l n“p(A-B)(p—a)

The result is sharp.

Proof: To prove Theorem (4) ,it is sufficient to show that
LA
f'(z)

Indeed, we have

<p for [z[<WA,.

0 0

2 n(n-pa,lz|"

., - n(n- p)a,z""’
1+zf,(z>Jp“ 2, ) crti
H'(z) p- > na,z"" p- Y na,|z|""
n=p+1 n=p+1

Thus

” in(n_ p)an‘z‘nip
(1+ Z:,(Z)]— p<p if Ll AT <p,
2) p— Y nag""

n=p+1




2
thatis, it > [”—j a,|z|" " <1.

n=p+1 p
But, from Theorem (1), we obtain

. [a=B)n-p)+p(A-B)p-a)|S Py
c+n a

o<1
n=p+1 p(A—B)(p—a)

Hence the function f(z) is p-valently convex if

WE L [e-Ba-p)+ p(A-B)(p-a)|* Py
(J 77 < c+n’ s

P p(A-B)(p-a)
that is ,if
p?[(1-B)(n- p) + p(A-B)(p _a)](ﬂ)a n-p
|7 < c+n npal

n’p(A-B)(p-a)
This evidently completes the proof of Theorem (4). The result is sharp with extremal function f (z) given
by (10)

5. A set of Closure Theorem:
Here, we shall prove that the classT (p, A, B, «, ¢, §) is closed under arithmetic mean and under

Convex linear combinations.

Theorem (5): Let  f;(2)=2° —iamzn (25)

p+l

@ 20peNj=12...m. If f,(9eT(p,ABaco) (j=12...m),

then the functiong (z) = z? - > b, z"
n=p+1

also belongs to the class T (p, A, B,a,C,d) ,whereb = l_z a, .
m 5, "

Proof: Since  f,(2)eT(p,AB&,C6)  (j=12...m), It follows from Theorem (1) that

> [0-B)-P)+ HA-Bp-aIE D', < PA-B)(p-) j=12..m
Therelzgre, we have

S [A-B)(n- p)+ p(A-B)(p-a)]C Py,
c+n

n=p+L
i o
- X [0-B)0-p+pa- B)(p-eIl D) {mjzla.j}
~ 13 S [-B)- )+ pA-B)(p-a)IE T Pya, , < pA-B)(p-<)
MizTn=pn c+n e '

Hence by ,Theorem (1) , g(z) e T(p, A, B, «, ¢, &) ,which completes the proof of Theorem(5).



Theorem (6): T(P, A B,t,C,5) is closed under convex linear combination .
Proof: Let the function fi(z)(j=1,2) defined by (25) be in the class T (p, A, B, «, ¢, 5)
it is sufficient to show that the function h(z) defined by

h(z) =/ (2) +1-7)f,(2),(0<y <1)
isin the class T(p, A B,a,C,0) since for (0 < y < 1)
n(@)=2" - Y ba,, + @-7)a,,1e"

n=p+1
By applying Theorem(1),we have

. [A-B)(n—p)+p(A- B)(p—o:)](%)b‘r
p(A-B)(p—a) [0 + =700 ]

S [0-B)n-p)+pA-B)p-a)] < [A-B)n-p)+ p(A-B)(p- )]
2 p(A-B)(p-a) At =N 2 p(A-B)(p-a)

a,, <l

Which implies that h(z) isin T(p, A, B, «, ¢, d) and this completes the proof.
Theorem (7): Let f,(z)=2°" and
fn(Z)ZZp— p(A—B)(p—(Z)

[A-B)(n- p)+ p(A-B)(p-a)](CPy
c+n

2",n=p+1.

Then f(z) eT(p, A B, a,c,5)if and only if it can be expressed in the form:

F(2)=2, 1,2+ 3 4,1, (2), also (4204 + 34 =)

n=p+l n=p+1L

Proof: Assume that
f(z2)=2,f,(2)+ > 4, f,(2)
n=p+1

N P(A-B)(p-«) P

SFaa-B)(n-p)+ p(A-B)(p-a)[ET Py
c+n

Then, since
> [A-B)(n-p)+ p(A-B)(p-@](C D)’ P(A-B)(P-a) o
[(@-B)(n-p)+ p(A—B)(p—a)](m)”

~ p(A-B)(p-a) 34, < p(A-B)(p-a),

n=p+1
we conclude that f (z) eT(p, A B,«,C, ), by virtue of Theorem (1).
Conversely,let f(2)eT(p, A B,«,c,06) It follows then from Corollary (1) that
a < P(A-B)(p-a) -
+
[(1-B)(n- p) + P(A-B)(p- )] L)’
c+n

Setting

,nN=p+1.



c+p

[@-B)n-p)+ p(A-B)p-a)l——)°
A = c+n a
! p(A-B)(p-a) !
and A, =1~ zm: A
n=p+1

wehave f(z)=A4,f,(z)+ > 4,f,(z).
n=p+1
which completes the proof of Theorem (7).

6. Convolution Property:
Here, we prove the convolution result for functions belongs to the class T(p, A B,,C,0) .

Theorem (8). Let f (z) = z? - > a,z" and g(z)=z- > b,z"

n=p+1 n=p+1
belongtoT (p,A,B,,C,8) ,then (f *g)(2) e T(p,A,B,a,C,5) ,where
[@-B)+ p(A-B)(p-a)(CT Py | ]
n c+n -p
p(A-B)(p-a)
cl<innf P
[(1-B)+ p(A-B)(p-a))(SPy»
1+ c+n

P(A-B)(p-a)

Proof: By the hypothesis, we can write

. | [a-B)(n—p)+ p(A-B)(p—a)] Ly’
c+n

1
p(A—B)(p—a) o <
. |[a-B)(-p)+ p(A-B)(p-a)] E- Py’
and )’ €N h <1
n=p+l p(A_ B)(p —O.’)

and by applying the Cauchy-Schwarz inequality, we have
C+Pys
. | [-B)(n-p)+ p(A-B)(p-a)](*" P)’
c+n anb
n=p+1 p(A_B)(p_a)

n

. | 1a-B)n-p+pA-BYp-aIC Ry | [ | . | 1a-B)n-p)+ p(A-B)(p-eIC Py
c+n c+n b

P p(A_B)(p—a) 1 & p(AB)(p-a) ”

However, we obtain



. |[a-B)(n-p)+ p(A- B)(p—a)](‘:%f)”‘

c+ _
2 p(A-B)(p—a) by <t 29
Now, we want to prove
[@-B)( - )+ p(A-B)(p-a)]( D)’
P p(A-B)(p-a) Rl @
Let (27) holds true .Then we have
B

3 [[(l_B)(”p_(f)fsi(ﬁ__f)xp_“)]}m[iiE] Jabratn) g (28
n=p+1

Therefore (28)(consequently (27))holds true if

)
( c+p )
nbn < C+—n() (29)
c,+p
c,+n
but from (26) we conclude that
p(A-B)(p-2) 0

[a-B)O- P)+ HA-B) (-] )’
In view of (30) the inequality (29) holds true if

(c+ pT
p(A-B)(p-a) clc+n
G+tp

[(1-B)(n— p) + p(A—B)(p-a)](C T P) ( j
c,+n

a

ah, <

+
c+n

1
ny ¢ —p
1
1+Y7°¢
c+
[(@-B)(n-p)+ p(A-B)(p-a)| D)
Y = c+n
P(A-B)(p-a)
and this inequality gives the required result.

or equivalently c, < ,where
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