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Abstract. We study the concepts of ¢-convergence and #-accumulates of
filters and filter bases in bitopological spaces and we study some properties of
these concepts and then we find a relation between the concepts ¢ -convergence
and ¢ —Hausdorff bitopological space.

1. Introduction .The setting of convergence in terms of filters was sketched by
Cartan (1939) and (1939a), and was developed by Bourbaki (1940) (filters first
appeared in Riesz (1908)).The equivalence of both theories was noted by Bartle
in (1955) as well as by Bruns and Schmidt in (1955) [3]. The definition of filter
and ultrafilter given here are those of Sharma[6].A bitopological space [4] , is a
non-empty set X with two non identical topologies oand p denoted by (X,a, p).

Let @ and ¥ are two filter bases on X .¥ is said to be subordinate to ®[2] ,if
for every Aec @ there exists B e ¥ such that B < A.

2.Main results .

Definition 2.1 [5] . Let (X,o, p)be a bitopological spaces . A filter . on X is
said to be (o - p)—6-converges to a point xe X, if every o—neighborhood N of
X, p—CI(N) e & . We say that xis a (- p)-6-limit point of .7 .

Definition 2.2 [5] . Let (X,o, p) be a bitopological spaces . A filter base ®on X
Is said to be (o-p)—60-converges to a point xe X, if the filter whose base is
® (o - p) — 6 —converges to a point x.We say that xis a (o - p) -6 - limit point of
.

Proposition 2.3. Let (X,o, p) be a bitopological space and .# be a filter on X .
Then the following statements are equivalent.

(i) #is (o - p)—-6-converges to a point xe X ..

(ii) .7 is finer than the collection Q={p—-CI(N):N is o—nhd of x}

(iii) for every o —nhd N of x, thereis Fe.# suchthat F < p-CI(N).

Proof . (i) < (ii).Suppose (i). p—CI(N)e.# for every o —nhd N of x. Hence .
is finer than the collection Q.

Suppose (ii).Q = . ,then p-CI(N)e.# forevery c—nhd N of x.

(i) < (iii) . Suppose (i).Since p-CI(N)e.# forevery o—nhd N of x. Then there
exists F e.# suchthatF < p—CI(N). Then p-CI(N)e ¥ . m



Corollary 2.4. Let (X, o, p) be a bitopological space. Then the o -nhd filter of a
point xe X IS (o— p)—6-converges to x.

Proof . This follows immediately from Proposition 2.3.m

Proposition 2.5. Let (X,o, p)be a bitopological space. Let & be an indiscrete
topology on X . Then every filter on X is (o- p)—6-converges to a point x in
X .

Proof. Let .# be a filter on X . Since X is the only non empty member of &
(since o is an indiscrete topology), xe XandX € # . Then p—-ClI(X)=X ¢ 5 m..

Proposition 2.6. Let (X,o,p)be a bitopological space . If a filter .# on X is
(o — p)—0—converges to a point x in X, then every filter & finer than & also
(o — p)—6—converges to a point x.

Proof . Suppose that . is (o-p)—-6-converges to a point x in X, then for
every o-nhd Nof x,p-CI(N)e.#. Since .#"is finer than ., hence
p—CI(N)e.&". Thus .#"is (o - p)—60—converges to a point x.m

Proposition 2.7. Let ®be the collection of all filters on a bitopological space
(X,o, p)Which is (o - p)—-6-converges to the same point x in X .Then the

intersection . of all filters in ®also (o - p) -0 - converges to a point x.

Proof . First note that . is actually a filter on X . Since all the filters in dare
(c—p)—-6—-converges to the same point xin X. Then the collection

Q={p-CI(N):N is o—-nhd of x} containing in each filter in ®, and
consequently @ containing in . .Hence .# also (o-p)—60-converges to a
point x.m

Proposition 2.8.Let (X,o,p) be a bitopological space. A filter % on Xis
(o — p)—6—-converges to a point xin X if and only if every ultrafilter containing
7 IS (o — p)—6—-converges to a point x.

Proof. If . is (c-p)—6-converges to a point xin X, then evidently every
ultrafilter containing .# also (o - p)—6-converges to a point x by Proposition

2.6.Conversely, suppose that every ultrafilter containing & also
(o — p)—60—converges to a point x.Now, .7 is the intersection of all ultrafilters

on X and so .7 is (o - p)—6—converges to a point x by Proposition 1.7.m



Example 29. Let (X,0,p)be a bitopological space, where X ={a,b,c},
o=1{p{al{a bl X} and p={p {a}{o}{ab}x}.Let F ={{p,c}, X}be the filter on X .
Then band care both (o - p)—6 - limit points of .7 .

Definition.2.10.[1] A bitopological space (X,o,p)is said to be
(o — p) — 6 —Hausdorff , if for every two distinct points x and yin X ,there exist
two o -open sets U and V such that p—CIU)Np—-CIV)=¢.

Proposition 2.11.1f a bitopological space (X,o,p) IS (o -p)—-6— Hausdorff ,
then every (o — p) -6 —converges filter on X has a unique (o - p) -6 -limit point .

Proof . Suppose that (X,o,p) be a (o-p)—60—Hausdorff and let .# be a
(o — p)—6—converges filter on X .Assume contrary that the two distinct points
xand yare (o - p)—6-limit points of .# .Then for every o —nhd N of x and for
every o—nhd M of ywe have p-CI(N)e.# and p-CI(M)e.# .By hypothesis
there exist two o -open sets U and V such that p-CIU)N p—-CI(V) = ¢ .But that is
a contradiction since p-ClU)e.# and p-CI(V)e.#.Thus .# has a unique
(o — p)—6—limit point .m

Note: Converse of the above Proposition is false as is seen from example below.

Example 2.12. Let (X,o,p)be a bitopological space where X ={a,b,c} |,
o={¢,{a},{c}{a.cl{a,b}, X }and p={¢,{a}, b} {a,b}, X}. Let & ={{a}{a,b}, X} be a
filter on X . Then bis a unique (o - p)—60- limit point of # . But (X, o, p) is not
(o — p) — 6 — Hausdorff.

Proposition 2.13. Let (X, o, p) be a bitopological space .Then the filter base ®on
X is (o — p)—6—converges to a point x e X if and only if the p-closure of every
member of the & -open local base at xcontains a member of @.

Proof .Suppose that ®be a filter base on X which is (¢ - p)-6- converges to a
point x e X . Then the filter . generated by Q is also (¢ - p) — @ —-converges to a

point xe X .Also every member of .# contains a member of Q. Thus
p—CI(N) e & for every N eQ, where Qis the o—open local base at x, and
consequently for every N € Q, there exists B € ®such that B < p—CI(N).
Conversely , suppose that for every NeQ there exists Bedsuch that
Bc p-CI(N). Let .# be afilter generated by ®. Then
F ={FcX:F>B,Bed}.

Hence p—-CI(N)e.# . Now , let U be a o —nhd of x. Then there exists a member
NeQ such that NcU , then p—CI(N)c p—CIU).Hence p-ClU)e.7. It



follows that & is (o-p)—-6-converges to xe X.Accordingly ais
(0 —p)—0—converges to xe X .m

Corollary 2.14. Let (X,o, p)be a bitopological space .Then the filter base ®on
X is (o - p)—0—converges to a point xe X if and only if for every o-nhd V of
X, there exists some B e ® such that Bc p-CI(V) .

Proof . Suppose that @ (o - p)-6-converges to a point xe Xand let vV be a
o —nhd of x. Then there exists N e Q. Then

p—CI(N) c p—CI(V).
Hence by Proposition 1.14. there exists Be®such that B< p—CI(N).Thus
B < p-CI(V).Conversely, if for every o-nhd V of x, there exists some Be®
such that B< p—CI(v) .Then surly for every N € Q there exists B e ® such that
B < p—CI(N). Hence by Proposition 1.14. @ is (o —p)-0— convergesto xe X .m

Definition 2.15 [5] . Let (X, o, p) be a bitopological spaces . A filter ( filter base )
Ron a set X is said to be (o-p)—6-accumulates at a point xe X if every
o—neighborhood N of x, and every F . the intersection p—CI(N)NF =¢. We
say that xis a (o - p) -6 - cluster point of .7 .

Proposition 2.16. Let (X, o, p) be a bitopological space and let .# be a filter on
X . If a point xe X is (o-p)—-6-limit point of ., then it is (o - p)—6-cluster
point of & .

Proof .Suppose that x is a (o - p)—6-limit point of a filter .# on X . Then for
every o—nhd N of x, we have p-CI(N)e.# .Thus p-CI(N)intersect every
member of .# . Hence x is (o - p) -6 —cluster point of .7 .m

Note: Converse of the above proposition is false as is seen from example below.

Example 2.17. Let (X,o,p)be a bitopological space where X ={a,bc},
o=1{¢,{a},{a,b}, X}, and p={g,{a}{o},{a,b}, X}.And let . ={lb,c}, X} be a filter on
X . Then a is (o-p)-6-cluster point of .# but not (c- p)-6-Ilimit point of
7.

Proposition2.18.Let ®be a filter base on a bitopological space (X,s,p).Then a
point xe Xis a (o - p)—limit point of ®if and only if the p-closure of every
member of the o—local base Q@ at x intersect every member of ®.

Proof .A point xe Xis a (o-p)-Ilimit point of ®if and only if for every
oc-nhd N of x and every Be®, p-CI(N)NB=4¢,if and only if for every
MeQ , p—-CIM)NB=¢.m



Proposition 2.19. Let (X,o,p)be a bitopological space . If a filter base ®on
XIS (oc—p)—60— converges to xe X, then it is (c-p)—-6-accumulates at
xe Xand in a (o - p)—0—Hausdorff space , at no point other than x

Proof . Given o-nhd U of x, there is some Be®>Bc p-CIU); since each
Acd intersect B,it follows that VvA:ANp-CIU)=¢,50 ®IS (c—p)—6-
accumulates at xe X i.e. x IS (o— p) -6 —cluster point of ®.Now Let (X,o, p) be
a (o - p)—-6—Hausdorff space , and let xand y be two distinct points of X ,then
there exist two o —nhds N of x and M of ysuch that p—CI(N)N p—-CI(M) = 4.
Thus there must be Be®,B < p—CI(N) ; then BN p—-CI(M) =¢, and so ®cannot
be (¢ - p)-6—accumulates at y.m

Proposition 2.20. Let (X, o, p) be a bitopological space and let ¥ is subordinate
to ® If ®is (c—p)-6- converges to xe X ,thenwis (oc-p)—6- converges
fox.

Proof. Suppose thatdis (oc-p)—6@-converges to xe X, then for every
o—-nhd N of x there exists Ac®>Ac p—CI(N) ; since ¥ is subordinate to @,
there issome Be ¥ >Bc A,S0 ¥ IS (o—p)—60— converges to x also.m

Proposition 2.21. Let (X,o, p) be a bitopological space and let ¥ is subordinate
to ® If ¥is (oc—p)—6— accumulates at x e X ,then®is (o - p) —0— accumulates
atx.

Proof. Suppose that ¥ is (o - p) -6 - accumulates at x e X .Given o -nhd N of x
and Ae @ ,there issome Be ¥ > B < A,and since for every Be¥,BNp—CI(N) = ¢,
we find for every Ae®d, ANp-CI(N)=g¢,which proves & is (c—-p)-0-
accumulates at x .m
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