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Abstract : In the present paper, we have studied a new subclass of
meromorephic univalent functions with positive coefficients defined by

Ruscheweyh derivative in the punctured unit diskU’{z:0<|7 <1} and

obtain some sharp results including coefficient estimates , growth and

distortion bounds and closure theorems.
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1. Introduction :
Let Z denote the class of functions f(z) of the from :

f@)=2+Yaz", (1)
Z n=1

which are analytic and meromorphic univalent in the punctured unit disk

U'={z:zeCand 0< |z| <1} = U\ {0}.

Consider a subclass M of functions of the form :

f(z):1+2anz”,anzo. (2)
z n=1

We aim to study the class H (e, &, 5,A) consisting of functions f e M

and satisfying :

a(zZ(Dﬂ f (z))' +2D* f (z)]

; < B, 3)
‘,Lzz(D’lf(z)) +ﬂazD*f(z)|

for0<a<1,0<pB<10<u<land Dif(z):1+2anDn(/1)z” (4)
z

n=1
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(Ruscheweyh derivative of f of order A [6]) , where

Dn(l)=(l+1)(/1+2) ....... a+n+1),/1>—1,ZEU*. ()
(n+1)!

Some another classes studied by S.M. Khairnar and Meena more [4], W.G.

Atshan and S.R. Kulkarni [2], S.R. Kulkarni; and Mrs. S.S. Joshi [5] , N.E.

Cho et al. [3], M.K. Aouf [1] and H.M. Srivastava and S. Owa [7] consisting

of meromorphic univalent or meromorphic multivalent functions.

2.Coefficient estimates
In the following theorem , we obtain a coefficient inequality for functions in

H(a, 1, 8,4).

Theorem 1 : A function f(z) defined by (2) belongs to the class
H(a, i, p,A) if and only if

Z[ﬂ,u(n+a)+ a(n+1)|D,(1)a, < pull-a) (5)

The result is sharp.

Proof : Assume that the inequality (5) holds true and let |z| =1, then from
(3), we have.

a(zZ(Dﬂ f (z))' +7D* f (z)j

—ﬂ‘yzz(oi f (z))' + ueaD” (z)

(6)

a(i (n+1)D, (/”L)anz””j

= ﬂ‘ﬂ(l— a)- i (nu+ua)D, (A)a,z™

< [Butn+a) + a(n+1)]D,(2)a, - frdl—a)<0.

Hence by the principle of maximum modulus , f(z)e H («, w1, 5, 1) .

Conversely, suppose that f(z) defined by (2) is in the classH («, i, 5, 1),
then from (4), we have



\ alz?(D* f (z))' + 2D (2)) \
‘ 122 (D*f(2))' + pazD* f (z)‘

a(i (n+1)D, (ﬂ)anz"”j

ul-a) —i(nﬂ+ pa)D, (ﬂ)anZ””‘

n=1

<p.

Since |Re(z)| <|z|for all z, we have

a(i (n+1D. (V)a, z””j

Z n,u+,ua D S(Da,z™

n=1

Re < p.

(D" f (2))

Choose the value of z on the real axis so that T is real. Upon
z

clearing the denominator of (6) and letting z—1 through real values , we
get

S a(n+1)D,(Va, < full-a) - Y Buln +a)D,(A)a,

which implies the inequality(5). Sharpness of the result follows by setting

21 pul-a) n
H2)= [ﬂy(n +a)+a(n+1)|D, (1) 2 (n=D). 0

Corollary 1: Let f(z)e H(a, i1, B, 2) - Then

a < Bul—a)
"~ [pun+a)+a(n+1)]D, (1)’

where 0<a <10< f<10<u<landA>-1




3. Distortion and Growth Theorems

In the following theorems, we prove distortion and growth bounds
associated with the class introduced in (3).

Theorem 2: Let the function f(z) defined by (2) be in the class
H (e, i1, 5, A4). Then

1_ Z,B,u(l—a) <|f(Z)|<

r (Bul+a)+2a)A+D)(A+2) B @®)
1, 2pul-a) ro<lz=r<1.

r (ful+a)+2a)(A+1)(A+2)

The equality in (8) is attained by the function f(z) given by

f2)=t+ 2fpl-a) 2
z (full+a)+2a)(A+D)(A1+2)

Proof: Since the function f(z) defined by (2) in the class H(«, 1, 3, 4), we
have from Theorem 1,

ia < 2pul-a)
ST (Bul+ o) +2a)(A+1)(A+2)

Thus | (2) S%+ian|z|" S%+ rian
n=1 n=1

1 28l — cx)

v (Bul+a)+2a)(A+D)(A+2) .

Similarly ,

|f(z)|2H—Za 27" _——rZa

S1 2pul-a) .
r (Bull+a)+20)A+D(A+2)




Theorem 3 : Let the function f(z) defined by (2)be in the class

H(a, i, 5, A1) and

Pul+a)+2a)(A+1D) (A +2) < (Bu(n+a)+a(n+1))D, (1)

2 n
i_ 2,8#(1—0{) <|f'(Z)|<
r2 (Bull+oa)+2a)(A+1)(A+2) -
1. 2ppl-a) 0<lz=r<1,

rr (Bull+a)+2a)(A+)(A+2)
with equality for

f)=t+ 2ppl-a) z.
(Lull+a)+2a)(A+1)(1+2)

Proof: Theorem 3 can be proved easily by following lines similar to
Theorem 2.

4.Closure Theorems

In the next theorem, we obtain extreme points for our class H(a, i, S, 4) .
1

Theorem 4 : Let fo(z2)=— and
z

pul-a)

z",where
[Bu(n+a) +a(n+1)]D, (1)

fn(z) =T

n>LneiN,0<a<1,0<B<10<u<li>-landD,(A)

is given by (). Then f(z) is in the class H(«, x, B, A) if and only if it can be
expressed in the form

f(z)=> 0o, f,(2),where(c, >0and > o, =1orl=c, + > o,).
n=0 n=0 n=1



Proof: Let

) " _l ® ﬁ,u(l—a)gn n
M= 2= it ) - aln 01D, )

e i{(ﬂﬂ(n+0€)+a(n+1))[)n (ﬂ)}y puti-a)
" (Bu(n+

=) pul-a) a)+a(n+1)D, (1)
= ian =1l-0,<1

Using Theorem 1, we easily obtain f(z) e H(«, 11, B, A).

Conversely , let f(z) € H(e, i, 5, 4) is of the form (2).

Then
Bul-a)
a"Suwm+ayuun+nk%u)in2Lnem”
Setting
o, = ['Bﬂ(n +aﬁ))+(f(n J)rl)]D" (4) a,, forn=1.2, ...
l—o

and o, =1-) o,. Then

n=1

f(2)=2 0.1 (2) =y fo(2) + D0, . (2).
n=0 n=1
Now , we shall prove that the class H(«, &, 5, A1) is closed under arithmetic

mean and convex linear combinations.

Let the function f, (z)(k =12,...,m)be defined by

fk:1+Zan,kz”,(an,kZO,nelN,nZI). )
z

n=1



Theorem 5 : Let the functions fy(z) defined by (9) be in the class
H(a, i, 5, 1) forevery k=1,2,...,m.

Then the arithmetic mean of fi(z) (k=1,...,m) is defined by

g(z):1+2bnz”,(bn20,n21,ne|N), also belongs to the class
Z n=1

H(a, i, 5, 1) , Where

1 m
b, _E;awk.

Proof : Since fy(z) e H(a, i, B, 1), therefore from Theorem 1, we get

S [Budn + )+ a(n+DP, (A)a, < full-a). (10)

n=1

Hence ' [Bu(n+a) +a(n +1)D, (b,

n=1

o0 1 m
= > [Bun+a)+a(n +1)]Dn(/1)hZan,k}Sﬁﬂ(l—/l)
n=1 k=1
(by (10)) which shows that g(z)e H(a, 1, 8, 2) and this completes the
proof .

Theorem 6 : The class H(e,u, S8, 4)is closed under convex linear
combination.

Proof : Let the function fy(z) (k=1,2) defined by (9) be in the class
H (e, u, B, 1) . We show the function.

9(2)=c f(2)+(1-0)f,(2),(0<0<])

is also in the class H(«, 1, 5, 4) . Since for 0< o <1,

02) =~ + X [oa, +0-0)a,. ]2

n=1



Therefore by Theorem 1, we have

S [Bu(n+a)+ a(n+1)]D, Do a,, + Q- o)y,

n=1

= O-i [ﬂ,u(ﬂ +a)+a(n +1)]Dn (ﬂ“)an,l

n=1

+@-0) Y [Bun+ ) + a(n +1)]P, (A)a, ,
< pul-a).
Hence by Theorem 1, we get g(z) € H(e, i, 5, 2) .

Theorem 7 : Let the function fc(z) defined by (9) be in the class
H(e, 1t fiA) O<e, <10<pB<10< <1 and n=LneIN for each

k=1,2,...,m. Then the function g(z) defined by

1 13
g(Z)ZEmeZ

n=1

{Zank}z is in the class H(«, &, B, 1), where

k=1

a=min{e, } (11)

1<k<m

Proof : Since f«(z) € H(e, ,u, B, A)for each k=1,2,...,m, we note that

3 [utn+ ) + 4, (0+ DID, ()2, < frdl—ar).
Therefore
> [putn+a) + e, Qe ], (x)[%ian,k}

S [Buln+e,) + A+ 0D, (D)a,

1 n=1

A
3 [+ 3|H

M= TTMg

ﬂﬂ(l ) < pul—a).

Thus , we get



i[ﬂﬂ(n +a )+ oy (1+ n){%ian,k} < pul-a).

Hence, by Theorem 1 , we have g(z) € H(«, i, 3, 4), where « is given by
(11). This completes the proof of Theorem 7.

Theorem 8: Let the function f(z) defined by (9) be in the class
H(a, u, 5, 1) for every k=1,2,....m. Then the function g(z) defined by

g(z) =Y d, f,(z)and > _d, =1,(d, >0) inthe class H(a, 1, B, 1).
k=1 k=1

Proof : By definition of g(z) , we have

oo-[$o o5 e

n=1| k=1

Since f«(z) are in H(a, 1, B, 4) for every k=1,2,...,m, we get
S [Bun+e) + a(n+D]D,(D)a, , < ful-a)

=)

for every k=1,2,...,m. Hence we can see that

g[ﬂﬂ(n ra)+a(+1)D, (z)[gdkamk}

=S d, {i [Bu(n+a)+a(n+1)]D, (ﬂ)an,k}

n=1

IA
3

Pll=a)) dy < pull-a).
Thusg(z) € H(e, u, B, 1).
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