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1. Introduction

Throughout this note, all rings are commutative with identity and all modules are unitary left R-modules. A proper
submodule T of an R-module M is weakly prime (respectively primary) submodule if whenever 0 # rm € T, where

r €R, andm € M, implies thatm € T + J(M) or r € (T:x M) (respectively r € \/(T:x M)) [1, 2]. Many authors
studied weakly prime submodules see for example [3, 4]. We introduce in this paper new generalizations of weakly
prime submodules which we called weakly nearly primary submodules, many characterizations, examples, and
basic properties of this concept given. Also we prove that every weakly prime submodules weakly nearly primary
submodule but not conversely. So under certain condition we prove that the two concepts weakly prime and weakly
nearly primary submodules are equivalent. An R-module M is a semi-simple, if every submodule of M is a direct
summand of M[5], and a non-zero R-module M is compressible if every non-zero submodule of M contains an
isomorphic copy of M[6]. And an R-module M is multiplication (for short multi.) if every submodule T in M is in the
form IM for some ideal I in R [7]. An R-module M is faithful if anng (M) = (0), where anng(M) = {r € R:vM = (0)}
[5]. If M be a faithful multi. R-module, then soc(R)M = soc(M) [7, coro.(2.14)(i)] A submodule T of an R-module M
is small if T + K = M, then K = M for any proper submodule K of M [8]. A zero divisor on M is an element r € R for
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which there exists a non-zero element m € M such thatrm = 0, the set of all zero divisors of M is denoted by
Zdry,(M)[9]. An R-module M is secondary, provided that for every element r € R either rM = M or v™M = 0 for
some positive-integer n [10]. We use the notation T < M for T is a proper submodule of M.

2. Weakly Nearly Primary Submodules

This section is dedicated to introducing the definition of weakly nearly primary submodules and explaining some of
their characteristics, examples, and properties.

Definition 2.1 A proper submodule T of an R-module M is a weakly nearly primary submodule (for short

WNprimary), if whenever 0 # rm € T, where r € R, and m € M, implies thatm € T + J(M) orr € /(T +J(M):x M),
thatisr™M S T + J(M) for some positive-integer n.

And anideal I of a ring R is a WNprimary ideal of R, if I is WNprimary R-submodule of an R-module R.
Remark and example 2.2

1. It is obvious that every primary submodule is weakly primary, but contrariwise isn't true, since (0) is
always a weakly primary (by definition) but not primary [2].

2. Itis obvious that every weakly primary submodule of an R-module M is WNprimary, but contrariwise isn't
true as in example:
The submodule Z of the Z-module Q is WNprimary since /(Q) = Q. But Z is not weakly primary submodule

of Q.
3. Every weakly prime submodule of an R-module M is WNprimary, but contrariwise isn't true.

Proof LetT be weakly prime submodule of M, then by [2] T is weakly primary, it follows that by(2) T is
WNprimary. For the converse example: ~
The submodule (4) of the Z-module Z;¢ is WNprimary, since whenever 0 # rm € (4), wherer € Z, and

m € Zsg, implies m € () + J(Zse) = (4) 4 (6) = (2) or 1 € J({(4) + ] (Z3g):5 Z36) =/ (&) + (6):; Z3¢) =
VU2):;Z35) =2Z. That is 2.2€(4), for 2€Z, 2 € Zyy, it follows 2 € (4) + J(Z35) =(2) and 2 €
V&) + J(Z36):5 Z36) = 2Z.. But (4) is not prime submodule of Z5.

4. The submodules (2) and (3) are weakly prime of Z-module Z;, hence by (3) they are WNprimary
submodules of Z.

5. The intersection of two WNprimary submodules of R-module M need not to be WNprimary submodule, the
following example shows that:
The submodules (2) and (3) are WNprimary of Z-module Z;,. But (2) N (3) = (6) is not WNprimary
submodule, since 0+ 2-3€(6), for 2€ Z, 3 € Z3, but 3 €& (6)+J(Z3) =(6)+(6) =(6) and 2 &

\/((6) +J(Z36):2Z36) = \/((8)12 Z3) = 6Z.

6. The residual of WNprimary submodule need not to be WNprimary ideal, the following example shows that:
In the Z-module Z, the submodule (0) is always WNprimary. But ({0):, Z,)=6Z is not WNprimary ideal of Z,

because 0 # 2.3 € 6Z for2,3 € Zbut3 ¢ 6Z+J(Z)=6Z+ (0) =6Zand2 & /(6Z +J(Z):;Z) = 6Z.
The following results are characterizations of WNprimary submodule.

Proposition 2.3 LetM be an R-module, and T < M. ThenTis a WNprimary submodule of M if and only if
(0) # IK T for I isanideal in R and K is a submodule in M, impliesthat K € T + J(M) or I € /(T +J(M):x M).

Proof —» Assume (0) # [ K € TwithK &€ T +J(M), it follows that there exists0 # k e Kandk ¢ T +J(M). We
must show that! € /(T +J(M):x M). Now, leta€l, if0#ak €TandTis a WNprimary submodule, then
a € J(T+]JM):xgM), thatisI € /(T +]J(M):g M). So, we assume thatak = 0. Again suppose that aK # (0), that is

0O#ase€eTfor somes €K, ifs T+ J(M)such thats € T, andT is a WNprimary submodule, it follows that

a€J(T+]M)xyM), sol S Y(T+]M):xM). If ceTST+JM), then 0O#+as=a(s+ k)eET and T is a
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WNprimary submodule, so eithers+k €T +J(M)ora € /(T +J(M):zx M). ThusI S /(T +J(M):x M). Again we

can assume that aK = (0). Now, suppose that Ik # (0), thatis 0 # ck € T for some c € /, and since T is WNprimary
submodule of M, then c € /(T +J(M):x M). Since 0 #ck=(a+c)k €T and T is a WNprimary, we get

a+c€J(T+]M)rM), that isa € /(T +J(M):x M), hencel € /(T +J(M):x M). Thus we can assume that

Ik = (0). ButIK # (0), implies that there existss; € K, b € I such that0 # bs; = b(s; + k) €T, so we have two
cases:

Case I: IfbeJ(T+]J(M):;xM)ands; +k&T+J(M). But0=+ (a+b)(s; +k)=bs; €ET and T is WNprimary

submodule of M, then (a + b) € /(T +J(M):g M) soa € /(T + J(M):x M). Thus I < /(T +J(M):x M).

Case II: IfbegJ(TH+H]J(M):;xM)ands; +k€T+J(M). Since 0 #bs; ETand N is a WNprimary, we have
s; €ET+J(M),sok €T + J(M) which is a contradiction. Hence I € /(T + J(M):x M).

«~ Assume that 0 #rm €T forre R, m€e€M, then (0) #<r><m>CT, it follows by hypothesis either

<m>CT+]M)or<r>C,/(T+](M):gM). Hence eitherm €T +J(M)orr € /(T +J(M):xg M). That isT is a
WNprimary submodule of M.

The proposition 2.3 directly leads to the following corollaries.

Corollary 2.4 Let M be an R-module, and T < M. Then T is a WNprimary submodule of M if and only if (0) # rK <
T forr € R and K is a submodule in M, impliesthat K € T + J(M) orr € /(T + J(M):x M).

Corollary 2.5 Let M be an R-module, and T < M. Then T is a WNprimary submodule of M if and only if (0) # Im €
T forlisanidealin R andm € M, impliesthatm € T + J(M) or I € /(T +J(M):x M).

Proposition 2.6 Let M be an R-module, and T < M. Then T is a WNprimary submodule of M if and only if for
meMN\ (T+]JM)),(T:gm) € /(T+]M):g M) U (0:pm).

Proof - Leta € (T:y m), wherem € M\ (T +J(M)), thenam € T. Ifam =0, thena € (0:z3m), it follows that
a€J(T+]JM):gM)U (0:gm).1f0 #am €T and N is a WNprimary withm € T + J(M) thena € /(T +J(M):x M).
Hencea € \/(T +J(M):g M) U (0:zm). Thus (T:xm) € /(T +J(M):zg M) U (0:p m).

«i Suppose that (T:gm) € /(T +J(M):g M) U (0:gm) withm € M\ (T +J(M)). LetO#=rm€eTforr ER,mEM,
megT +J(M), it follows thatr € (T:zm), implies thatr € \/(T +J(M):;x M) U (0:zgm). But0 #rm, thenr ¢
(0:g m), hencer € \/(T + J(M):g M).So T is a WNprimary submodule of M.

Proposition 2.6 and corollary 2.4 directly lead to the following corollary.

Corollary 2.7 LetM be an R-module, andT < M. ThenT is a WNprimary submodule of M if and only if for
KS M\ (T+]M)),(T:rK) S J(T+]M):g M) U (0:x K).

Proposition 2.8 Let M be an R-module, and T < M. ThenT is a WNprimary if and only if (T:yr) € (T +
JM):y ™) U (0, 1), for r € R, and n is a positive-integer.

Proof » Let m € (T:y, r) withm & T + J(M), it follows thatrm €T. If rm =0, implies thatm € (o:y 1), so
me (T+]JM):yr™) U (o:y7). f0#rmeTandTis a WNprimary, andm ¢ T + J(M), thenr™ € (T + J(M):, M)
for some positive-integer n. That isr"M € T +J(M), sor"m €T + J(M) for allm € M, it follows thatm € (T +
JM):y r™)and hencesom € (T +J(M):y ™) U (0:p 7). Thus (Tipy 7)) € (T + J(M):p ™) U (02 7).

< Let0#rm €T wherer €R, andme M, withm &T +J(M). Then m € (T:y, r) therefor m € (T:y,r) € (T +
JM): v™) U (0: 1), it follows thatm € (T +J(M):p, r™), that isr"meT +J(M)for allme M\ (T +J(M)), it
follows thatr™M C T + J(M), that isr™ € (T+J(M):x M), sor € /(T +]J(M):;zxM). Thus T is a WNprimary
submodule of M.

Before we present the following proposition, we must review the following lemma that appears in [11, Th.(5-1)].
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Lemma 2.9 "If ] is an ideal of a ring R. Then [ is a maximal if and only if [+< a >= R foralla ¢ I."

Proposition 2.10 Let M be an R-module, and T < M with (T + J(M):x M) is a maximal semi-prime ideal of R. Then
T is a WNprimary submodule of M.

Proof Assume (T + J(M):z M) is semi-prime ideal of R, that is/(T + J(M):xy M) = (T + J(M):x M). Let0 #rm €T
wherer € R,m € M withr & /(T +J(M):x M) = (T + J(M):g M). Since (T + J(M):g M) is maximal, it follows that
(T + J(M):x M) is maximal, so by lemma 29R =<r >+ /(T + J(M):y M) where < r >1is an ideal in R, that is
R=<r>+(T+]J(M):x M), implies that1 = ar + b for somea € R,b € (T + J(M):x M). Thus,m = arm + bm €
T +J(M), so T isa WNprimary submodule.

Proposition 2.11 Let M be an R-module, and [ is a maximal semi-prime ideal in R withIM + J(M) is a proper
submodule of M.Then IM is a WNprimary submodule of M.

Proof Since IM € IM + J(M), it follows that I € (IM + J(M):g M), means that there exists c € (IM + J(M):g M) and
c & I. But] is a maximal, so be lemma 2.9. We have R = [+< ¢ >, it follows that 1 = a + bc for some b € R,a € I,
hencem = am + bem for eachm € M, it follows thatm € IM + J(M) for eachm € M. ThusM € IM + J(M). But
IM + J(M) € M, it follows that IM + J(M) = M, this is a contradiction since IM + J(M) is a proper submodule of M.
Therefore ¢ € I, and so that we have (IM + J(M):x M) € I, hence I = (IM + J(M):xg M) which is maximal semi-prime
ideal in R. Thus by proposition2.10 we have IM is a WNprimary submodule of M.

Proposition 2.12 Let M be an R-module and T < M such that (T +J(M):;xy M)= (T +J(M):xg K) withT + J(M) € K
for each submodule K of M. Then T is a WNprimary submodule of M.

Proof Let0 # rm € T, wherer € R, m € Msuchthatm € T + J(M). LetK = (T+J(M))+ <m >,soT +J(M) € K,
thenm € K. Since 0 # rm € T and m € K, implies thatr € (T:y K)and T S T + J(M), it follows that (T:3 K) € (T +
J(M):z K). But by hypothesis we have (T +J(M):z K)= (T +]J(M):x M), it follows that (T:x K) & (T +J(M):x M),

implies thatr € (T +J(M):x M)S\/(T +J(M):x M). Thusr € /(T + J(M):zg M), thatis T is a WNprimary submodule
of M.

Proposition 2.13 Let M be torsion free R-module and 0 # T & M with J(M) € T. Then, the following statements
are equivalent:
i. T is a WNprimary submodule of M.

iil. (T:y, I) is a WNprimary submodule of M V ideal I in R.
iii. (T, r) is a WNprimary submodule of M Vr € R.

Proof i~ ii Let0=rme (T:,I)forr eR,meM, thenr(ml) € T. If (0) #r(ml) ST and T is a WNprimary
submodule of M, it follows thatmlI € T + J(M)orr € /(T + J(M):g M). ButJ(M) S T, thenT + J(M) =T, that is

ml ST orr €/(T:g M). Thusm € (T:y I) or v € /(T:x M), that ism € (T:y, I) or v € \/(T:g M) S /((T:yy D:g M). It
follows that m € (T:y,I) € (T:y, 1) +J(M) or r™ € (T:x M) S (T:x M) + J(M) for n is a positive-integer. So

me Ty )+ J(M)orr e \/((T:R M) +J(M):g M). That is (T, I) is a WNprimary submodule of M. If (0) = r(mlI),

then r(mb) = 0 for some 0 # b € I, implies thatrm € t(M). But M is torsion free, then (M) = 0. Hencerm =0,
this a contradiction.

ii » iii Clear.
iii = I It follows easily by taking r = 1.
Proposition 2.14 Let M be an R-module, and K, L & M with L € K. If K is a WNprimary submodule of M, then % isa

WNprimary submodule of%.

Proof Let0 #r(m+L)=rm+1L € %Wherem + L€ %,m € M, andr € R, implies thatrm € K. Ifrm = 0, then
r(m+ L) = 0 this is a contradiction, so 0 # rm € K. But K is a WNprimary submodule of M, it follows that



Al Sh. Ajeel, Khaled Y. Jhad, Journal of Al-Qadisiyah for Computer Science and Mathematics Vol.17.(1) 2025,pp.Math 1-8 5

meK+ JM)orr™"M C K + J(M). Thusm+L€K+](M) r”ﬂgw, it follows thatm+L€£+w§£+
L L L L L
K K+ j(M) K M M K . .
](T) orr”:C Tt— € +](—) That ism+L € — +](—) orr € (f+](7):R?)' Hencezls a WNprimary

submodule of%.

Proposition 2.15 Let M be a semi-simple R-module, and K,L © M with L € K. If L and % is a WNprimary
submodule of M and % respectively, then K is WNprimary submodule of M.

Proof Let 0 = rm € K, wherer € R,m € M, implies that0 #r(m+L) =rm+L € % If0 #rm € L and it is given
that L is a WNprimary submodule of M, thenm €L +J(M) S K +J(M)orr"M S L+J(M) € K +](M) for some
positive-integer n. Thus K is a WNprlmary submodule ofM Suppose thatrm ¢ L, then 0 = r(m + L) e but— isa

WNprimary submodule of —, implies that m+LE— +](—) or r” c— +](—) But M is semi- 51mp1e then

J () =120 s, P 239], hence m + L € = 4 =10 K0 g K, thenL +J(M) S K + J(M),

L or r"? c-+
hence 5 + %(M) C ? + %(M), and Slnce —C w L+](M) — K+](M)
m+Le—— KH(M) r”M c %(M) implies that either m € K + J(M) or r*M S K + J(M), that ism € K + J(M) or

re (K +](M) M). K is a WNprimary submodule of M.

, implies that£+ . Thus we have either

Proposition 2.16 Let M be an R-module and T < Mwith%is a compressible module. Then T is a WNprimary
submodule of M.

Proof Let 0 #7rL €T wherer €R and L is a submodule in M withT € L such thatL €T+ J(M). So % is a
submodule ofg. Sincegis compressible, then there exists a monomorphism ¢: g—%such that r(p(%) = (0), that
is p(r =) = (0), implies thatr > = (0), that istM € T € T + J(M). Thusr € (T +J(M):x M) € \JE (T +](M): M),
thatisr € /€ (T +J(M):x M). Hence T is a WNprimary submodule of M.

Proposition 2.17 Let M be an R-module and T & M with J(M) € T. Then (T:z M) isa WNprimary ideal of R.

Proof Let0 # rs € (T:y M), wherer,s €R, that is0 # r(sM) € T. But T is WNprimary submodule of M, then by
corollary 2.4 sM € T + J(M) orr™M S T + J(M) for some positive-integer n. Since [(M) €T, thenT +J(M) =T, it
follows that sSM ST or r"M ST, that is s€ (T:;xyM) S (T:xy M)+ J(R) or r" € (T:xy M) € (T:xy M)+ J(R) =
((T:g M) + J(R):x R).So s € (T:g M) + J(R) orr € \/((T:g M) + J(R): R). Hence (T:x M) is a WNprimary ideal ofR.

The proposition 2.17's opposite is generally untrue, the example that follows clarifies.

Example 2.18 LetT = (0)®5Z be a submodule of the Z-module Z @ Z, then ((0)5Z:,Z @ Z) = (0) is a
WNprimary ideal of Z, (since (0) is a weakly primary ideal of Z). But T = (0)®5Z is not WNprimary of the Z-module
Z @ Z, because (0,0) # 5(0,3) = (0,15) € (0)®5Z for 5€ Z and (0,3) e Z D Z, but (0,3) ¢ (0)P5Z +](Z P Z2),

and2 ¢ \J(0)B5Z+J/(ZDZ) ,ZDZ) =+/((0) B5Z:,ZDZ) = +/(0) = (0).

Proposition 2.19 Let M be a faithful multi. R-module, and T © M. Then T is a WNprimary if and only if (T:z M) is
WNprimary ideal in R.

Proof — Let (0) # al € (T:x M), wherea € R, [ is an ideal in R, implies that (0) #a(IM) S T. SinceT is a
WNprimary, then by corollary 2.4 we have IM € T + J(M) ora™M S T + J(M). But M is faithful multi. implies that
J(M) = J(R)M. Thus, we have IM € (T:x M)M + J(R)M or a"M < (T:x M)M + J(R)M. ThatisI < (T:x M) + J(R) or
a® € (T:x M) + J(R), it follows that I € (T:x M) + J(R) or a™ € (T:xg M) + J(R) = ((T:g M) + J(R):g R). Therefore by
corollary 2.4 (T:z M) is a WNprimary ideal of R.

« Let (0) # mK < T, where m € M, K is a submodule of M. Since M is a multi. thenm = Rm = JM, K = IM for some
ideals I,/ in R, that is(0) # JM € T, so (0) #IJ] € (T:x M). But (T:x M)is a WNprimary ideal in R, then by
proposition2.3 we have I € (T:xy M) +J(R) or J* € ((T:x M) + J(R):x R) = (T:xy M)+ J(R), it follows that
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IS (T:gM)+J(R)orJ" € (T:x M)+ J(R). ButMis faithful multi. hence J(R)M = J(M), thus,IM € T + J(M) or
J*™M € (T:x M) +](M), that isK € T + J(M) orm™ € (T:x M) + J(M). Hence by corollary 2.4 T is a WNprimary
submodule of M.

Before we introduce the behavior of WNprimary submodules under R-homoorphism, we need to recall the
following lemma that appear in [5, Cor.(9.1.5)(a)].

epimorphism
Lemma 2.20 Let 9: M —————— M", and ker ¢ is a small submodule of M then (J(M)) = J(M") andep~1(J(M")) =
J(M).

epimorphism

Proposition 2.21 Let p: M ————— M°, andker@ is a small submodule of M. If ¢~1(T)is a WNprimary
submodule of M. Then T is a WNprimary submodule of M".

Proof Since ¢~1(T) © M, then ¢ 1(T) # M, that isImeM stm & ¢ 3(T), sop(m) & T, thusT + M°. Let
0#rx€Tandx ¢ T+ J(M), wherer € R, x € M". Since ¢ is epimorphism, then 3e € M s.t p(e) = x, it follows that
0#rx=7r¢@(e)=¢@(re) ET. That is 0 =re € ¢~ 1(T) withe & ¢ 1(T) +J(M). But ¢ 1(T) is a WNprimary
submodule of M, implies thatr € \/(¢p~1(T) + J(M):x M), that isr"M S ¢~*(T) + J(M). To show thatr"M" S T +
J(M°). Let x; € M°, but ¢ is an epimorphism, then there exists m, € Msuch that ¢(m,) = x,. Thusr"m, € ¢~ 3(T) +
J(M), it follows that p(r"m,) = r"p(m,) = r™x; € (0™ (T)) + 9(J(M)) = T + J(M)by lemma 2.20. That is
r € /(T +J(M):z M°). Hence T is WNprimary submodule of M,

epimorphism

Proposition 2.22 Let ¢: M ——  M°, and Ker ¢ is a small submodule of M, T is a WNprimary submodule of M°,
then ¢~1(T) is a WNprimary submodule of M.

Proof Let0 #rm € ¢~ (T), wherer € R,m € M withm & ¢~ *(T) + J(M), then p(m) & p(¢™2(T)) + p(J(M)) =
T +J(M") by lemma 2.20. Now, since 0 # rm € ¢~ 1(T), sorp(m) € T. But T is a WNprimary submodule of M°, it
follows that "M T+ J(M) for some positive-integer n. To show that r"@=' (M) S o~ Y(T) +J(M), if
m € ¢~1(M"), then p(m) € M". Thusr"p(m) € p(r"m) € T + J(M’), implies thatr"m € @ X(T) + ¢ (](M)) =
@™ (T) + J(M), thatis "¢ (M) € @~ *(T) + (M), so ¢~*(T) is a WNprimary submodule ofM.

Proposition 2.23 Let M be an R-module, and T & M with J(M) € T. Then T is a WNprimary if and only if% # 0 and
for every zero divisor s ofg there exists m € M and m € T such thats € (0:pm) U /(O:R g).

Proof » Let s be a zero divisor of an R-module % then there exists a non-zero elementm+ T € %such that
s(m+T)=T,thatissm+T =T, it follows thatsm € Tandm & T =T + J(M). If sm = 0, then s € (0:3p m), implies

thats € (0:pm) U ’(O:R g). If0 #sm €TandTis WNprimary submodule of M, thens"M € T + J(M) for some

positive-integer n. ButJ(M) € T, then T + J(M) = T, that is s™M < T implies that s"% C 0, it follows, s™ € (0:p %),

thats € ’(O:R g). Hences € (0:zm) U /(O:R %).

« Suppose that% is a non-zero R-module it follows that T < M. Let 0 # sm € T withm ¢ T =T + J(M), implies that
s(m+T)=0=Tfor0+m+TE % That is s is a zero divisor on %, sos € (0:;pm) U /(O:R %). But 0 # sm, implies
thats & (0:zm). Thuss € /(O:R g), it follows that s“% = 0 for some positive-integer n. That iss"M C T C T +

J(M),sos € /(T +]J(M):xg M). Hence T is a WNprimary submodule ofM.

Proposition 2.24 Let M be an R-module, and T < M such thatJ(M) € T. If T is WNprimary submodule, then T[x]
(the set of all polynomial whose coefficients inT) is WNprimary submodule of M[x].
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Proof Let ¢: M[x] — % [x] defined by p(m;x + myx? + -+ m,x™) = (my + T)x + (M, + T)x2 + -+ (m,, + T)x™ is
an R-epimorphism, wherem,, m,,....m, €M, andm; +T,m, +T,...,m,+TE€ % The kernel of ¢ is obtain by
reducing coefficients inT, it follows that M[x]T[x] = % [x]. Since% # (0) =T, implies that M[x]T[x] # (0) = T[x].
Now, let s be a zero divisor ofg [x], so there exists a polynomial (m; + T)x + (m, + T)x? + -+ + (m,, + T)x" in % [x]
such that s((m; + T)x + (m, + T)x? + -+ + (m,, + T)x™) = (0), thus there exists 1 < j < n with s(m;j+T)=(0)=
Tandm; +T # (0) =T, it follows that sm; € T and m; € T + J(M). If sm; = O then s € (0:x m;). If 0 # sm; € T with
m; ¢ T+ J(M) and T is a WNprimary submodule of M, implies that s € W, thatiss"M € T +J(M) =

T, thus sS"M ST, so s"%z(O), therefore s € /(O:Rg). Hence SE(O:ij)U /(O:R%. But¥§¥[x] S0,

S E (O:R mj) U /(O:Rg [x]). Thus by proposition 2.23 T[x] is a WNprimary submodule of M[x].

Proposition 2.25 Let M be an R-module, and K,L © M such that K containing L and J(M) € J(K). IfLis a
WNprimary submodule of M, then L is a WNprimary submodule of K.

Proof Let0 #rm € Lforr € R,m € K, L it follows thatm € M. SinceLis a WNprimary submodule of M, then

meL+J(M) or r€J(L+]J(M):x M). But JM) € J(K). Thus me€ L+ J(K) or
r € (L +J(K):xg M) € /(L +J(K):x K). Hence L is a WNprimary submodule of K.

Proposition 2.26 Let L and K be WNprimary submodules of an R-module M with K € L and J(M) € Lor J(M) € K.
Then L N K is a WNprimary submodule of M.

Proof Clearly that LN K is a proper submodule of M. Let0 #rm €L NK, wherer ER,me M, withr™ ¢
((L N K) +J(M):x M) for some positive-integer n, that is 7™M ¢ (L N K) + (M), implies that v*M & L + J(M) and
"M & K+ J(M). So,0 #rm € Land 0 # rm € K. Since both L and K be WNprimary submodules of M, it follows
thatm € L + J(M) and m € K + J(M), it follows thatm € (L + J(M)) n (K + J(M)). Let J(M) € L, then L + J(M) =
L. Thusm € Ln (K +J(M)), it follows by modular lawm € (LN K) +J(M). That isLNKis a WNprimary
submodule of M.

Proposition 2.27 Let M be a secondary R-module, and K is a non-zero WNprimary submodule of M with (M) € K.
Then K is a secondary.

Proof Letr € Rand if r"M = (0) for some positive-integer n, then r"K < r"M = (0), implies thatr"K = (0).
Suppose thatrM = M we show thatrK = K. It is clear thatrK € K. Now, let 0 # a € K, it follows that a = rm for
somem € M. ThatisO #rm € Kandr"M € K + J(M) = K, that isr™M £ K, it follows thatm € K + J(M) =K, it
follows thatm € K. So, a = rm € rK. ThusrK = K. Hence K is a secondary.

We prove in the following proposition that, under certain conditions, the concepts of weakly prime and WNprimary
submodules are equivalent.

Proposition 2.28 LetM be an R-module and T < M withJ(M) € T. Then T is weakly prime if and only ifT is
WNprimary submodule of M.

Proof —» By remarks and examples 2.2 (1).

«i Suppose that T is WNprimary submodule of an R-module M. Let0 #rm € T forr e R, m € M, andr & (T:x M) S

\/(T:R M) c \/(T + J(M):g M). Since T is WNprimary submodule ofM, andr & /(T + J(M):xk M) thenm € T + J(M).
But J(M) € T, thusm € T. Hence T is weakly prime submodule ofM.




8 Al Sh. Ajeel, Khaled Y. Jhad, Journal of Al-Qadisiyah for Computer Science and Mathematics Vol.17.(1) 2025,pp.Math 1-8

References

[1] Behoodi M. and Koohi H. Weakly prime modules, Veit J of Math, 32(2) (2004), 185-195.
[2] Atani, E.S. and Farzalipour, F. On Weakly Primary Ideals, Georgian Math. Journal. 12(3) (2005), 423-429.

[3] Mohammadali, H. K. and Mahmood, S. J. Weakly Approximately—Prime Submodules And Related concepts, Journal of Al-Qadisiyah for computer
science and mathematics, 12(2) (2020), 30-42.

[4] Hassan, H. J. and Ali, H. K. M. Weakly Nearly Quasi Prime Submodules. Tikrit Journal of Pure Science, 27(4) (2022), 95-99.

[5] Kasch, F. Modules and Rings, London Math. Soc. Monographs, New York, Academic press, 1982.

[6] Goodearl. K.R. Rings Theory, Marcel Dekker, Inc. Newyork and Basel, 1976.

[7] EI-Bast, Z.A. and Smith, P.F. Multiplication modules, Comm. In Algebra 16(4) (1988), 755-779.

[8] Dung, N.V., Huynh, D.V., Smith, P.l., and Wishbauer, R. Extending Modules, Pitman Research Notes in Math. Series. Longman, Harlow, 1994.
[9] Azizi. A. On Prime and Weakly Prime Submodules, Vietnam Journal of Math, 36(3) (2008), 315-325.

[10] Shahabaddin. E. A. Multiplication Modules and Related Results, Archivum Math Journal, (40) (2004), 407 -414.

[11] Burton. D.M. First Course in Rings and Ideals, University of New Hampshire, 1976.



