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A B S T R A C T 

The concept of weakly nearly primary submodule in this paper is a new generalization of 
weakly prime submodule. Several basic properties and examples of this concept were 
established. Furthermore, many characterizations of weakly nearly primary submodules are 
given. Moreover, we show that by example the residual of a weakly nearly primary 
submodule need not be a weakly nearly primary ideal, but the converse holds under sufficient 
conditions. Finally, in this paper, we stand for a commutative ring with identity and   is a 
unitary left  -module. 
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1. Introduction  

Throughout this note, all rings are commutative with identity and all modules are unitary left  -modules. A proper 
submodule   of an  -module   is weakly prime (respectively primary) submodule if whenever       , where 

   , and    , implies that      ( ) or   (    ) (respectively   √(    ) ) [1, 2]. Many authors 
studied weakly prime submodules see for example [3, 4]. We introduce in this paper new generalizations of weakly 
prime submodules which we called weakly nearly primary submodules, many characterizations, examples, and 
basic properties of this concept given. Also we prove that every weakly prime submodules weakly nearly primary 
submodule but not conversely. So under certain condition we prove that the two concepts weakly prime and weakly 
nearly primary submodules are equivalent. An  -module   is a semi-simple, if every submodule of   is a direct 
summand of  [5], and a non-zero  -module   is compressible if every non-zero submodule of   contains an 
isomorphic copy of  [6]. And an  -module   is multiplication (for short multi.) if every submodule   in   is in the 
form    for some ideal   in   [7]. An  -module   is faithful if     ( )  ( ), where     ( )  *       ( )+ 
[5]. If   be a faithful multi.  -module, then    ( )     ( ) [7, coro.(2.14)(i)] A submodule   of an  -module   
is small if      , then     for any proper submodule   of   [8]. A zero divisor on   is an element     for 
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which there exists a non-zero element     such that     , the set of all zero divisors of   is denoted by 
    ( )[9]. An  -module   is secondary, provided that for every element     either      or       for 
some positive-integer   [10]. We use the notation     for   is a proper submodule of  . 

2. Weakly Nearly Primary Submodules 

This section is dedicated to introducing the definition of weakly nearly primary submodules and explaining some of 
their characteristics, examples, and properties. 

Definition 2.1 A proper submodule   of an  -module   is a weakly nearly primary submodule (for short 

WNprimary), if whenever       , where    , and    , implies that      ( ) or   √(   ( )   ), 
that is        ( ) for some positive-integer  . 

And an ideal   of a ring   is a WNprimary ideal of  , if   is WNprimary  -submodule of an  -module  . 

Remark and example 2.2 

1. It is obvious that every primary submodule is weakly primary, but contrariwise isn't true, since ( ) is 

always a weakly primary (by definition) but not primary [0]. 

2. It is obvious that every weakly primary submodule of an  -module   is WNprimary, but contrariwise isn't 
true as in example: 
The submodule   of the  -module   is WNprimary since  ( )   . But   is not weakly primary submodule 
of  . 

3. Every weakly prime submodule of an  -module   is WNprimary, but contrariwise isn't true. 

Proof Let   be weakly prime submodule of  , then by [2]   is weakly primary, it follows that by(2)   is 
WNprimary. For the converse example: 
The submodule 〈 ̅〉 of the  -module     is WNprimary, since whenever      〈 ̅〉, where    , and 

     , implies   〈 ̅〉   (   )  〈 ̅〉  〈 ̅〉  〈 ̅〉  or   √(〈 ̅〉   (   )     )  √(〈 ̅〉  〈 ̅〉     )  

√(〈 ̅〉     )    . That is    ̅  〈 ̅〉 , for     ,  ̅     , it follows  ̅  〈 ̅〉   (   )  〈 ̅〉  and   

√(〈 ̅〉   (   )     )    .. But 〈 ̅〉 is not prime submodule of    . 

4. The submodules 〈 ̅〉  and 〈 ̅〉  are weakly prime of  -module     hence by (3) they are WNprimary 
submodules of    . 

5. The intersection of two WNprimary submodules of  -module   need not to be WNprimary submodule, the 
following example shows that: 
The submodules 〈 ̅〉  and 〈 ̅〉  are WNprimary of  -module    . But 〈 ̅〉  〈 ̅〉  〈 ̅〉  is not WNprimary 
submodule, since      ̅  〈 ̅〉 , for    ,  ̅      but  ̅  〈 ̅〉   (   )  〈 ̅〉  〈 ̅〉  〈 ̅〉  and   

√(〈 ̅〉   (   )     )  √(〈 ̅〉     )    . 

6. The residual of WNprimary submodule need not to be WNprimary ideal, the following example shows that: 
In the  -module    the submodule 〈 ̅〉 is always WNprimary. But (〈 ̅〉    )=6Z is not WNprimary ideal of  , 

because          for       but       ( )     ( )     and   √(    ( )   )    . 

The following results are characterizations of WNprimary submodule. 

Proposition 2.3 Let   be an  -module, and    . Then   is a WNprimary submodule of   if and only if 

( )       for   is an ideal in   and   is a submodule in  , implies that      ( ) or   √(   ( )   ). 

Proof   Assume ( )        with       ( ), it follows that there exists       and      ( ). We 

must show that   √(   ( )   ). Now, let    , if        and   is a WNprimary submodule, then 

  √(   ( )   ), that is   √(   ( )   ). So, we assume that    . Again suppose that    ( ), that is 
        for some    , if      ( ) such that    , and   is a WNprimary submodule, it follows that 

  √(   ( )   ) , so   √(   ( )   ) . If        ( ) , then       (    )    and   is a 
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WNprimary submodule, so either        ( ) or   √(   ( )   ). Thus   √(   ( )   ). Again we 

can assume that    ( ). Now, suppose that    ( ), that is         for some    , and since   is WNprimary 

submodule of  , then   √(   ( )   ) . Since      (   )    and   is a WNprimary, we get 

    √(   ( )   ), that is   √(   ( )   ), hence   √(   ( )   ). Thus we can assume that 
   ( ). But    ( ), implies that there exists     ,     such that        (    )   , so we have two 
cases: 

Case I: If   √(   ( )   )  and         ( ) . But   (   )(    )        and   is WNprimary 

submodule of  , then (   )  √(   ( )   ) so   √(   ( )   ). Thus   √(   ( )   ). 

Case II: If   √(   ( )   )  and         ( ) . Since         and N is a WNprimary, we have 

      ( ), so      ( ) which is a contradiction. Hence   √(   ( )   ). 

  Assume that        for    ,    , then ( )            , it follows by hypothesis either 

       ( ) or     √(   ( )   ). Hence either      ( ) or   √(   ( )   ). That is   is a 

WNprimary submodule of  . 

The proposition 2.3 directly leads to the following corollaries. 

Corollary 2.4 Let   be an  -module, and    . Then   is a WNprimary submodule of   if and only if ( )     

  for     and   is a submodule in  , implies that      ( ) or   √(   ( )   ). 

Corollary 2.5 Let   be an  -module, and    . Then   is a WNprimary submodule of   if and only if ( )     

  for   is an ideal in   and    , implies that      ( ) or   √(   ( )   ). 

Proposition 2.6 Let   be an  -module, and    . Then   is a WNprimary submodule of   if and only if for 

    (   ( )), (    )  √(   ( )   )  (    ). 

Proof   Let   (    ), where     (   ( )), then     . If     , then   (    ), it follows that 

  √(   ( )   )  (    ). If        and N is a WNprimary with      ( ) then   √(   ( )   ). 

Hence   √(   ( )   )  (    ). Thus (    )  √(   ( )   )  (    ). 

  Suppose that (    )  √(   ( )   )  (    ) with     (   ( )). Let        for    ,    , 

      ( ), it follows that   (    ), implies that   √(   ( )   )  (    ). But     , then   

(    ), hence   √(   ( )   ). So   is a WNprimary submodule of  . 

Proposition 2.6 and corollary 2.4 directly lead to the following corollary. 

Corollary 2.7 Let   be an  -module, and    . Then   is a WNprimary submodule of   if and only if for 

    (   ( )), (    )  √(   ( )   )  (    ). 

Proposition 2.8 Let   be an  -module, and    . Then   is a WNprimary if and only if (    )  (  
 ( )   

 )  (    ), for    , and   is a positive-integer. 

Proof   Let   (    )  with      ( ) , it follows that     . If     , implies that   (    ) , so 
  (   ( )   

 )  (    ). If        and   is a WNprimary, and      ( ), then    (   ( )   ) 
for some positive-integer  . That is        ( ), so        ( ) for all    , it follows that   (  
 ( )   

 ) and hence so   (   ( )   
 )  (    ). Thus (    )  (   ( )   

 )  (    ). 

  Let        where    , and    , with      ( ) . Then   (    )  therefor   (    )  (  
 ( )   

 )  (    ), it follows that   (   ( )   
 ), that is        ( ) for all     (   ( )), it 

follows that        ( ) , that is    (   ( )   ) , so   √(   ( )   ) . Thus   is a WNprimary 

submodule of  . 

Before we present the following proposition, we must review the following lemma that appears in [11, Th.(5-1)]. 
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Lemma 2.9 "If   is an ideal of a ring  . Then   is a maximal if and only if         for all    ." 

Proposition 2.10 Let   be an  -module, and     with (   ( )   ) is a maximal semi-prime ideal of  . Then 
  is a WNprimary submodule of . 

Proof Assume (   ( )   ) is semi-prime ideal of  , that is √(   ( )   )  (   ( )   ). Let        

where    ,     with   √(   ( )   )  (   ( )   ). Since (   ( )   ) is maximal, it follows that 

√(   ( )   ) is maximal, so by lemma 2.9        √(   ( )   ) where     is an ideal in  , that is 
       (   ( )   ), implies that        for some    ,   (   ( )   ). Thus,           
   ( ), so   is a WNprimary submodule. 

Proposition 2.11 Let   be an  -module, and   is a maximal semi-prime ideal in   with     ( ) is a proper 
submodule of  .Then    is a WNprimary submodule of  . 

Proof Since        ( ), it follows that   (    ( )   ), means that there exists   (    ( )   ) and 
   . But   is a maximal, so be lemma 2.9. We have        , it follows that        for some    ,    , 
hence          for each    , it follows that       ( ) for each    . Thus       ( ). But 
    ( )   , it follows that     ( )   , this is a contradiction since     ( ) is a proper submodule of  . 
Therefore    , and so that we have (    ( )   )   , hence   (    ( )   ) which is maximal semi-prime 
ideal in  . Thus by proposition2.10 we have    is a WNprimary submodule of . 

Proposition 2.12 Let   be an  -module and     such that (   ( )   )= (   ( )   ) with    ( )    
for each submodule   of  . Then   is a WNprimary submodule of  . 

Proof Let       , where    ,    such that      ( ). Let   (   ( ))      , so    ( )   , 
then    . Since        and    , implies that   (    ) and      ( ), it follows that (    )   (  
 ( )   ). But by hypothesis we have (   ( )   )= (   ( )   ), it follows that (    )   (   ( )   ), 

implies that   (   ( )   ) √(   ( )   ). Thus   √(   ( )   ), that is   is a WNprimary submodule 

of  . 

Proposition 2.13 Let   be torsion free  -module and       with  ( )     Then, the following statements 
are equivalent: 

i.   is a WNprimary submodule of  . 

ii. (    ) is a WNprimary submodule of     ideal   in  . 

iii. (    ) is a WNprimary submodule of       . 

Proof i   ii Let      (    ) for    ,    , then  (  )   . If ( )   (  )    and   is a WNprimary 

submodule of  , it follows that       ( ) or   √(   ( )   ) . But  ( )   , then    ( )   , that is 

     or   √(    ). Thus   (    ) or   √(    ), that is   (    ) or   √(    )  √((    )   ). It 
follows that   (    )  (    )   ( )  or    (    )  (    )  ( )  for n is a positive-integer. So 

  (    )   ( ) or   √((    )  ( )   ). That is (    ) is a WNprimary submodule of  . If ( )   (  ), 

then  (  )    for some      , implies that     ( ). But   is torsion free, then  ( )   . Hence     , 
this a contradiction. 

ii   iii  Clear. 

iii   I  It follows easily by taking    . 

Proposition 2.14 Let   be an  -module, and       with    . If   is a WNprimary submodule of  , then 
 

 
 is a 

WNprimary submodule of 
 

 
. 

Proof Let    (   )       
 

 
 where     

 

 
,    , and    , implies that     . If     , then 

 (   )    this is a contradiction, so       . But K is a WNprimary submodule of  , it follows that 
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      ( ) or        ( ). Thus     
    ( )

 
 or   

 

 
 
    ( )

 
, it follows that     

 

 
 
    ( )

 
 
 

 
 

 (
  

 
) or   

 

 
 
 

 
 
    ( )

 
 
 

 
  (

  

 
). That is     

 

 
  (

  

 
) or   √.

 

 
  .

  

 
/   

 

 
/. Hence 

 

 
 is a WNprimary 

submodule of 
 

 
. 

Proposition 2.15 Let   be a semi-simple  -module, and       with    . If   and 
 

 
 is a WNprimary 

submodule of   and 
  

 
 respectively, then   is WNprimary submodule of  . 

Proof Let       , where        , implies that    (   )       
 

 
. If        and it is given 

that   is a WNprimary submodule of  , then      ( )     ( ) or        ( )     ( ) for some 

positive-integer  . Thus   is a WNprimary submodule of  . Suppose that     , then    (   )  
 

 
, but 

 

 
 is a 

WNprimary submodule of 
  

 
, implies that     

  

 
  (

  

 
) or   

 

 
 
  

 
  (

  

 
) . But   is semi-simple then 

 .
  

 
/  

   ( )

 
 [5, p.239], hence     

  

 
 
   ( )

 
 or   

 

 
 
  

 
 
   ( )

 
. But    , then    ( )     ( ) , 

hence 
  

 
 
   ( )

 
 
  

 
 
   ( )

 
, and since 

  

 
 
   ( )

 
, implies that 

  

 
 
   ( )

 
 
   ( )

 
. Thus we have either 

    
   ( )

 
 or   

 

 
 
   ( )

 
, implies that either      ( ) or        ( ), that is      ( ) or 

  √(   ( )   ).   is a WNprimary submodule of . 

Proposition 2.16 Let   be an  -module and     with 
 

 
 is a compressible module. Then   is a WNprimary 

submodule of  . 

Proof Let        where     and   is a submodule in   with     such that      ( ) . So 
 

 
 is a 

submodule of 
 

 
. Since 

 

 
 is compressible, then there exists a monomorphism    

 

 
 

 

 
 such that   (

 

 
)  ( ), that 

is  ( 
 

 
)  ( ), implies that  

 

 
 ( ), that is          ( ). Thus   (   ( )   )  √ (   ( )   ), 

that is   √ (   ( )   ). Hence   is a WNprimary submodule of  . 

Proposition 2.17 Let   be an  -module and     with  ( )   . Then (    ) is a WNprimary ideal of  . 

Proof Let      (    ), where      , that is    (  )   . But   is WNprimary submodule of  , then by 
corollary 2.4       ( ) or        ( ) for some positive-integer  . Since  ( )   , then    ( )   , it 
follows that      or      , that is   (    )  (    )  ( )  or    (    )  (    )  ( )  

 ((    )  ( )   ). So   (    )  ( ) or   √((    )  ( )   ). Hence (    ) is a WNprimary ideal of . 

The proposition 2.17's opposite is generally untrue, the example that follows clarifies. 

Example 2.18 Let   ( )    be a submodule of the  -module    , then (( )        )  ( )  is a 

WNprimary ideal of  , (since ( ) is a weakly primary ideal of  ). But   ( )    is not WNprimary of the  -module 
   , because (   )   (   )  (    )  ( )    for     and (   )     , but (   )   ( )      (   ), 

and   √(( )      (   )      )   √(( )          )    √( )   ( ). 

Proposition 2.19 Let   be a faithful multi.  -module, and    . Then   is a WNprimary if and only if (    ) is 
WNprimary ideal in  . 

Proof   Let ( )     (    ), where   ,   is an ideal in  , implies that ( )   (  )   . Since   is a 
WNprimary, then by corollary 2.4 we have       ( ) or        ( ). But   is faithful multi. implies that 
 ( )   ( ) . Thus, we have    (    )   ( )  or     (    )   ( ) . That is   (    )  ( ) or 

   (    )  ( ), it follows that   (    )  ( ) or    (    )  ( )  ((    )  ( )   ). Therefore by 

corollary 2.4 (    ) is a WNprimary ideal of R. 

  Let ( )      , where    ,   is a submodule of  . Since   is a multi. then        ,      for some 
ideals     in  , that is ( )       , so ( )     (    ). But (    ) is a WNprimary ideal in  , then by 
proposition2.3 we have   (    )   ( )  or    ((    )   ( )   )    (    )  ( ) , it follows that 
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  (    )  ( ) or     (    )  ( ). But   is faithful multi. hence  ( )   ( ), thus,       ( ) or 
     (    )  ( ), that is      ( ) or     (    )  ( ). Hence by corollary 2.4   is a WNprimary 
submodule of  . 

Before we introduce the behavior of WNprimary submodules under  -homoorphism, we need to recall the 
following lemma that appear in [5, Cor.(9.1.5)(a)]. 

Lemma 2.20 Let    
             
→            , and      is a small submodule of   then  ( ( ))   (  ) and    ( (  ))  

 ( ). 

Proposition 2.21 Let    
             
→            , and      is a small submodule of  . If    ( ) is a WNprimary 

submodule of  . Then   is a WNprimary submodule of   . 

Proof Since    ( )   , then    ( )   , that is      s.t      ( ) , so  ( )   , thus     . Let 
       and      (  ), where    ,     . Since   is epimorphism, then      s.t  ( )   , it follows that 
        ( )   (  )   . That is         ( )  with      ( )   ( ) . But    ( )  is a WNprimary 

submodule of  , implies that   √(   ( )   ( )   ), that is        ( )   ( ). To show that        
 (  ). Let      , but   is an epimorphism, then there exists     such that  (  )    . Thus       

  ( )  

 ( ), it follows that  (    )   
  (  )    

     ( 
  ( ))   ( ( ))        (  )by lemma 2.20. That is 

   √(   (  )    ). Hence   is WNprimary submodule of     

Proposition 2.22 Let    
             
→            , and      is a small submodule of  ,   is a WNprimary submodule of   , 

then    ( ) is a WNprimary submodule of  . 

Proof Let         ( ), where    ,     with      ( )   ( ), then  ( )   (   ( ))   ( ( ))  
   (  ) by lemma 2.20. Now, since         ( ), so   ( )   . But   is a WNprimary submodule of   , it 
follows that         (  )  for some positive-integer  . To show that      (  )     ( )   ( ) , if 

     (  ), then  ( )    . Thus    ( )   (   )      (  ), implies that         ( )   .  (  )/  

   ( )    ( ), that is      (  )      ( )    ( ), so    ( ) is a WNprimary submodule of . 

Proposition 2.23 Let   be an  -module, and     with  ( )   . Then   is a WNprimary if and only if 
 

 
   and 

for every zero divisor   of 
 

 
 there exists     and     such that   (    )  √(   

 

 
). 

Proof   Let   be a zero divisor of an  -module 
 

 
, then there exists a non-zero element     

 

 
 such that 

 (   )   , that is       , it follows that      and        ( ). If     , then   (    ), implies 

that   (    )  √(   
 

 
). If        and   is WNprimary submodule of  , then        ( ) for some 

positive-integer  . But  ( )   , then    ( )   , that is       implies that   
 

 
  , it follows,    (   

 

 
), 

that   √(   
 

 
). Hence   (    )  √(   

 

 
). 

  Suppose that 
 

 
 is a non-zero  -module it follows that    . Let        with        ( ), implies that 

 (   )      for       
 

 
. That is   is a zero divisor on 

 

 
, so   (    )  √(   

 

 
). But     , implies 

that   (    ). Thus   √(   
 

 
), it follows that   

 

 
   for some positive-integer  . That is         

 ( ), so   √(   ( )   ). Hence   is a WNprimary submodule of . 

Proposition 2.24 Let   be an  -module, and     such that  ( )   . If   is WNprimary submodule, then  , - 
(the set of all polynomial whose coefficients in ) is WNprimary submodule of  , -. 
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Proof Let    , -  
 

 
, - defined by  (       

       
 )  (    )  (    ) 

    (    ) 
  is 

an  -epimorphism, where   ,          , and                  
 

 
. The kernel of   is obtain by 

reducing coefficients in , it follows that  , - , -  
 

 
, -. Since 

 

 
 ( )   , implies that  , - , -  ( )   , -. 

Now, let   be a zero divisor of
 

 
, -, so there exists a polynomial (    )  (    ) 

    (    ) 
  in 

 

 
, - 

such that  ((    )  (    ) 
    (    ) 

 )  ( ), thus there exists       with  (    )  ( )  

  and      ( )   , it follows that       and       ( ). If       then   (     ). If         with 

      ( ) and   is a WNprimary submodule of  , implies that   √(   ( )   ), that is        ( )  

 , thus      , so   
 

 
 ( ) , therefore   √(   

 

 
) . Hence   (     )  √(   

 

 
) . But 

 

 
 
 

 
, -  so, 

  (     )  √(   
 

 
, -). Thus by proposition 2.23  , - is a WNprimary submodule of  , -. 

Proposition 2.25 Let   be an  -module, and       such that   containing   and  ( )   ( ) . If   is a 
WNprimary submodule of  , then   is a WNprimary submodule of  . 

Proof Let        for    ,       it follows that    . Since   is a WNprimary submodule of  , then 

     ( )  or   √(   ( )   ) But  ( )   ( ) Thus      ( )  or 

  √(   ( )   )  √(   ( )   ). Hence   is a WNprimary submodule of  . 

Proposition 2.26 Let   and   be WNprimary submodules of an  -module   with     and  ( )    or  ( )   . 
Then     is a WNprimary submodule of  . 

Proof Clearly that     is a proper submodule of  . Let         , where    ,    , with    
 ((   )   ( )   ) for some positive-integer  , that is      (   )   ( ), implies that         ( ) and 
        ( ). So,        and       . Since both   and   be WNprimary submodules of  , it follows 

that      ( ) and      ( ), it follows that   (   ( ))  (   ( )). Let  ( )   , then    ( )  
 . Thus     (   ( )), it follows by modular law   (   )   ( ). That is     is a WNprimary 
submodule of  . 

Proposition 2.27 Let   be a secondary  -module, and   is a non-zero WNprimary submodule of   with  ( )   . 
Then   is a secondary. 

Proof Let     and if     ( ) for some positive-integer  , then         ( ), implies that     ( ). 
Suppose that      we show that     . It is clear that     . Now, let      , it follows that      for 
some    . That is        and         ( )   , that is      , it follows that      ( )   , it 
follows that    . So,        . Thus     . Hence   is a secondary. 

We prove in the following proposition that, under certain conditions, the concepts of weakly prime and WNprimary 
submodules are equivalent. 

Proposition 2.28 Let   be an  -module and     with  ( )   . Then   is weakly prime if and only if   is 
WNprimary submodule of  . 

Proof   By remarks and examples 2.2 (1). 

  Suppose that   is WNprimary submodule of an  -module  . Let        for    ,    , and   (    )  

√(    )  √(   ( )   ). Since   is WNprimary submodule of , and   √(   ( )   ) then      ( ). 
But  ( )   , thus    . Hence   is weakly prime submodule of . 
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