Journal of Al-Qadisiyah for Computer Science and Mathematics Vol.17.(1) 2025,pp.Math 9-15

g}éﬁh\,w_iﬂmuum;,% 9
o Available online at www.qu.edu.ig/journalcm

=3
S z
K] g :)_‘C M ?_‘. JOURNAL OF AL-QADISIYAH FOR COMPUTER SCIENCE AND MATHEMATICS

ISSN:2521-3504(online) ISSN:2074-0204(print)

AL.

Journal o

University Of AL-Qadisiyah

Pure Essential-Coessential and Pure Essential-Coclosed Submodules

Omar Hameed Ibrahim 1, Nuhad Salim Al-Mothafar?

L2Department of Mathematics, University of Baghdad, College of Science. Baghdad, Iraq. Email: omar1979hameed@gmail.com

ARTICLEINFO ABSTRACT
Article history: During this work, we introduce concepts named pure-essential coessential
Received: 21 /10/2024 sub-modules and pure- essential coclosed submodules. Various properties

Rrevised form: 3 /12/2024
Accepted : 14 /1/2025
Available online: 30 /3/2025

related with these concepts are considered. Let K, N be sub-modules of an
T-module D in which case K < N < D, subsequently K is called pure

. . . N D . .
essential-coessential sub-module of D, if - Lpre = and K is said to be

Keywords: pure essential-coclosed sub-module, if y Lpre 2 implies that K = N.
pure submodules, K K

pure essential submodules,

coessential submodules, MSC.

coclosed submodules.

https://doi.org/10.29304/jqcsm.2025.17.11985
1. Introduction

T is a commutative ring with identity, and D is an T-module (shortly, T-mod). A proper sub-module (shortly, sub-
mod) N of D namely small (N « M), if for any sub-mod K of D such that N + K = D indicates K = D [1]. A sub-
mod N of D is said to be an essential (or D namely an essential extension of a sub-mod N) (N <. D), if N nW # {0},
for each nonzero sub-mod W of D [2-3]. The sub-mod N of a an T- mod D to be pureif ID N N =IN for each ideal I of
T [4]. Ibrahim and Al-Mothafar in [5] defined a generalization of essential sub-mod, which is called pure- essential (
Pr-essential), as follows, a sub-mod N is said to be Pr-essential in D,(denoted by N 2, D), ift NnW = {0},

indicates W is a pure sub-mod of D. For K < N < D, K is called coessential sub-mod of NinD (K <., N) if% < %,
and K is called coclosed in D denoted by(K <.. D), if K has no proper coessential sub-mod of D. Equivalently, if
% < % for any sub-mod L of D implies that D = L, see [2] and [6-8]. Many authors present generalization of a small

sub-mod such as [9-12]. In [13] the generalization of a small sub-mod known as pure essential small sub-mod,
briefly (Pre-small) was introduced by Ibrahim and Almothafar, where a sub-mod N of an T-mod D is called Pre-
small, and denoted by (N <. D ),if D = N + L, for any Pr- essential sub-mod L of D, indicatesL = D. Equivalent, if
N + L # D, for any proper Pr- essential sub-mod L of D. In section 2 of this work we study first a new concept,
named pure-essential coessential sub-mod (Pre- coessential), which is a generalization of the coessential sub-mod
and it is more powerful than the notion of pure-essential sub-mod, such as a sub-mod K namely pure- essential

coessential sub-mod of N in D, briefly(Pre-coessential sub-mod), denoted by (K 2, ., N ), if % Lpre % In section 3
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we study another term which is called pure essential coclosed sub-mod ( Pre- coclosed), as a generalization of
coclosed sub-mod, if K is Pre-coessential of N in D, (i.e. if% Lpre g), implies N = K. We give some results analogue
to the known results on coclosed submodules.

Main Results:
Lemma 1.1 [13]: For any T-mod D:
1. Every small submodule is Pre-small. But the converse is not true in general.
2. Letf:D — M be an epimorphisim, where D, M are modules, if N <. D then f(N) <., M.
3. IfN;®N, K, Hi®H,, then N; K., Hy, also N, <, Hy, where D = H@®H, and N; < H;, N, < H,,

4. Suppose that N, H are sub-mod of T-mod D, with N < H < D.If H <., D, then N &, D.

D
pre y

D
pre

5. Let N, K and H be submodules of an T-mod D, withN < K < H<D. If% ¢ , then % 3¢

5. Suppose that N, K are sub-mod of T-mod D, with N < K < D.IfN Lpre K, then N KLpre D.
6. Suppose that D be an T-mod, alsolet N < D. If D be a Pre-holow mod, hence % is Pre-holow mod.

Lemma 1.2 [5]:

For any T-mod D and N, K are sub-mod of D, with K < N . If il Dpr 2 and K <, D, then N <, D.
K K

2. Pure Essential Coessential Submodules.

In this part we introduce a new type of submodule called pure essential coessential submodule, we start with a few
characteristics of this category of submodule.

Definition 2.1:

Let D be an T-mod, and let N, K are submodules of D, in which case K < N < D. Then K is called pure essential

coessential submodule of N in D, briefly(Pre-coessential submodule), denoted by (K =2, ., N ), if% KLpre %.

Remarks and Examples 2.2

1. Clearly that each coesential sub-mod is Pre- coesential. Since every small submodule is Pre-small submodule, see
Lemma (1.1).

2. In general, the opposite of (1) may not be correct. Consider in Z,, as Z - module: 4(272)4 KLpre %, hence
(0) 2, co 4Z44. But4Z,, is not small sub-mod of Z,,, since 4Z,, + 3Z,, = Z,,, while 3Z,, # Z,,, implies (0) is not
coessential submodules in Z,,.

3. Let D be an T-mod, and let N be a sub-mod of D. Then N «<,,,.. D if and only if © Dprco Nin D.

4.1n Z, as a Z-module, (0) it cannot be Pre- coessential of (3) from Z,. Since % ~ (3) is not Pre-small in % = Z,.

Proposition 2.3:
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Let N, K and H are sub-modules of an T-mod D, withN <K < H < D. Then K 2, ., H in D if and only if s Dorco s
N Y N
in>.
N
Proof:
=) Since K 9, ., H, impliesE <<pre —. Then by second isomorphism theorem: = = Kﬂand5 Wl , hence K/N
K K%y K Ky’ /N
by H, D
Lpre ﬁ Thus = ~ ZpreoyinT.
— K H i ~ /N H H/n Hiy P/n
) Suppose that—<=,,. ., — , then by second isomorphism theorem —=~g—and — =, hence 7~ Ky, ;- -
N n! /N K Ry Kin /N
H D .
Thus — <pre =, 50 K 2, o Hin D.
Corollary 2.4:
Let A, B and C be submodules of an T-mod D, withA < B < C < D.IfB 2, ., C, then——2,, ., AerB
Proof:
C
SinceANB <B <CinDandB 2,, ., C, then by Proposition (2. 3) 5 prco g
Corollary 2.5:
Let A, B and C be submodules of an T-mod D, withA < B < C < D.If A+ B 2, ., C, then ﬂﬂprw <,
A YA
Proof:
SinceA<A+B<C(CandA+B 3, C,then by Proposition (2. 3) _pr co Z
Proposition 2.6:
Every non-zero epimorphic image of Pre- coessential is Pre- coessential.
Proof:
Suppose that f : D — M is an epimorpism, and let 4, B be submodules of D, such that A< B < D.IfA 2, ., BinD,
1(B) ()
implies that— <pre butf is an epimorphism, then by Lemma (1.1, 2) f(;) KLpre f(;), hencem Lpre 7 @ , thus
r(B)
) Lpre E Therefore f(4) 2.0 f(B)in f(D) =
Now, we will present some properties of Pre- coessential submodules.
Proposition 2.7:
Let A, B,N and K are sub-modules of an T-mod D.IfA 9, ., Nand B 2, ., KinD,thenA+ B 2, ., N + K.
Proof:
. N D :
Since A 9, ., Nand B 2, ., Kin D, so 7 Lore Sand% <<pre 5 . Now, letf AT be a map defined by f(x + A4) =
x + (A + B), for eachx € D, and 9: 5 25 —be a map defined by g(x + B) =x + (A + B), for eachx € D, clearly
each f and g are eplmorphlsms then by Lemma (1 1)f( ) i <<pre s —and g( )= K 5 Spre A— hence by

Lemma (1.1) — ME M« dha

— thus—<
A+B  A+B  PT€ A4p’ <

pre g . Therefore A +B =00 N+K.

Corollary 2.8:

Let A, B and C are submodules of D, if B 9, ., AthenB +C 2, ., A+ CinD.
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Proof:
Since C 2, ., C, then by Proposition (2.7) B+ C 2, ., A+ CinD.

Proposition 2.9:

LetN, L, K be sub-modules of D, such thatL <N <D, withLis pure inD. If N=L+Kand K KLpre D, then
L= N.
pr.co

Proof:
To prove — <<pre .LetZ T 7 2 such that— = f + —,henceD =U+N=U+L+K,thenD =U + K. Slnce iand
L <p,. D, then by lemma (1.2) U =, D. ButK <<pre D,implies thatD = U.Thus L =, ., N.

In the following propositions results:

Proposition 2.10:

Let A, B and C are sub-modules of anT-mod D, such that A<B<C<D. IfAg,,., CinD, thenA3,, ., BandB
Fpreo CinD.

Proof:

Suppose that A2, C, then% Lpre %, since — <% %then by Lemma (1.1)% pre —, hence A 9, ., B. Since

% Lpre Z’ then by Lemma (1.1)% Lpre g,thus B2, CinD.
Proposition 2.11:
Let N, L, K and A be submodules of D , then the following are equivalent:

1IN, ., N+LinD,thenNNL <, LinD.
2.IfN 9, LinD,then NNA 2. ., LNAinD.

3.IfN = Land A =2 K,thenNNA <

=pr.co =pr.co =pr.co

LNnKinD.

Proof:
(1=2) LetN 9, ,, LinD. SinceN <LandLNA <L, thenN+ (LNA) <L. SinceN <N+ (LNnA)inD, then by
Proposition (2.10) N 2, ., N+ (LN A).By ()NN(LNA) Zprco (LNA),but NNL <N hence NNA 2, ., LNA.

(2=3) Suppose thatN 9,, ., Land A 2, ., K. Since A < D, then by (2)NNA 2, ., LNA. AlsoA 2,, ., K and
L <D, thenby (2) L N A 2, ., L N K. Then by Proposition (2.10) NN A 2,, ., LN K in D.

(3=1) Suppose that N 2,.., N+ L. Since L <,,.., LinD, then by 3)NNL=2,. ., (N+L)NnL. Thus Nn
L= L.

=pr.co
3. Pure Essential Coclosed submodules:

Within this part we present a new idea, pure essential coclosed submodules, some properties related to this concept
will be discussed. First we have the following definition:

Definition 3.1:

A submodule N of an T-mod D is called pure essential coclosed submodule (Pre-coclosed), if2 <<pre , implies that
N = K, for each K contained in N and denoted by (N 2, .. D).

Equivalently, a submoduleN of an T-mod D is called pure essential coclosed submodule of D, if N has no proper Pre-
coessential submodule in D.
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Remarks and Examples 3.2:

1. Clearly that each Pre-coclosed sub-mod is coclosed.

Proof: Let% « =, then by lemma (1. 1) <<pre .But N is Pre-coclosed, hence N = K. Thus N is coclosed.

2. The converse of (1) in general may not be correct, for example. In Z, as Z-module, since (2) =~ ((ZT)) Lpre % ~ (6),

hence (2) is coclosed of Z4, but not Pre-coclosed in Z,. Since (0) is Pre-coessential sub-mod in (2) of Z.

3. Every simple module is not Pre-coclosed.

2)

4.(2)in Z, as Z-module is not Pre-coclosed. Since (2) = o and (0—) ~Z7,, by Lemma (1.1) (2) <, Z, and
(2) #(0).
5.LetD = Z @ Z, asZ-module. (0) be a proper sub-mod of Z, in D, but Z, ~ =%, D =~ 2 so Z, is not Pre-small of

(0) (0)
M and Z, # (0). Therefore Z, is Pre-coclosed of D.

Proposition 3.3:

Let N be a non- zero sub-mod of an T-mod, if N < D, then N is not Pre-small in D.

=pr.cc

Proof:

Assume that0 # N <, D, and N g, .. D. Since (0O)<NandN = Lpre (0) =D, butN =, .. D, implies N = (0)

contradiction. Therefore N is not Pre-small in D.

The following propositions gives basic properties for Pre-coclosed submodules:

Proposition 3.4:

Let A,B are submodules of an T-mod D, such thatA < B < D.If B 2, .. D, then 2 7 Drce Z

Proof:

Suppose that B is Pre-coclosed in D, and let— - such that L;A KLpre L;A then by third isomorphism theorem [1]
L/ﬁ —and //A —,S0— <<pre .Since B 2, . D, implies B = L and = o= Z' Therefore 2 ~ Dprce %.

Proposition 3.5:

Let D be an T-mod, and 4, B be submodules of D such thatA < B.If A9, .. D,then A<, .. B.

Proof:

Let L < A such that % Lpre % < %, hence by Lemma (1.1) % <<pre .Since A 9,,,. .. D, hence A = L. Therefore A2, ..
B.

Proposition 3.6:

,then B =2 D.

—pr ccy =pr.cc

Let D beanT-mod,andletA < B < D.If4 K BandZ2

Proof:
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B
Assume thatL < B such that£<<pn,2, so by third isomorphism theorem [1] L+£ T an dL+£‘; ~%. Let
mD - be the natural epimorphism, define as m(L)=L + A. Hence by Proposition [2 6) _pr cc , then L+£’}
D/ D L+A . .
Lpre TFa~ Ay, . Since 2 < Dprec 50—~ = Z ,then B = L + A. But A < B, implies B = L. Therefore B 9,,, .. D.
Corollary 3.7:
Let A is Pre-essential sub-mod ofanT-mod D and A < B < D.If A <p,, B and > < Drecy ,then B2, .. D.
Proof:
By the same argument of proof proposition (3.6) until, then B = L + A. But A <p,, B implies B = L. Therefore B
=] D
=pr.cc V-

Recall that a non-zero T-mod D is called pure-uniform, briefly (Pr-uniform), if every non-zero sub-mod of D is
Pr-essential. [5]

Corollary 3.8:

Let D be a Pr- uniform R-mod,and N < K < D.IfN &, K and = ,then K = D.

-—prcc =pr.cc

Proof:
Clear by Lemma (1.1) and by Proposition (3.6).

In the following results we have a Pre-coclosed submodule of direct summand is also Pre-coclosed:
Proposition 3.9:

LetD = D, ® D, be T-mod,and N =, . Dy, then N 2,,,. .. D.

Proof:
N D_Di®D; Dy L+D2
Let L <N, such that =~ &, —=—— Hence Lpre 7

implies N = L. Thus N Drce D-

, then by lemma (1. 1) pre . Since N 2, .. Dy,

Proposition 3.10:

Let D be T-mod, and let A 9,,,. .. D.If B <, D, then B <, 4, forevery B < A and for some A < D.

Proof:
4/

LetL 9, AsuchthatA = L + B to prove that A = L. Since A 2,,,. .. D, then by Proposition (3. 4) T et , hence % I,

=pr

« E whereB <L, then -= %. Thus A = L, therefore B <, A.

pre L/

Recall that, a non-zero T-mod D namely pure essential hollow (Pre-holow), if each proper submodule of D is
Pre-small submodule of D.[13]

Proposition 3.11:
Every Pre-coclosed sub-mod of Pre-hollow module is also Pre-coclosed.

Proof:
Assume that D is Pre-hollow module, and A be Pre-coclosed in D. Let L be a proper sub-mod of A and H be a Pre-

essential sub-mod of 4 such that A = L + H. Since D is Pre-hollow by Lemma (1.1, 7) %is Pre-hollow, then%is a
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Pre-small submodule of%. Since 4 is Pre-coclosed, hence A = D and H is Pre-small submodule of A. Thus 4 is Pre-
hollow.

Conclusion:

In this work, pure-essential coessential and pure- essential coclosed submodules, which are generalization of
coessential submodules and pure coclosed submodules respectively. We also show some of the following results:

K Syrco HinDifandonlyif ==, ., =in= withN <K < H < D.

Every non-zero epimorphic image of Pre- coessential is Pre- coessential.

If N=L+Kand K <., D,thenL & N,suchthatL <N <D, and L is purein D.

=pr.co

IfA9,,. . CinD,thenA = BandB =

=pr.co =pr.co

CinD,where ASB<C<D.

YV V VY V VY

IfN 9, .. D, then N is not Pre-small in D.

B D
IfB ﬂpr.cc D, then " ﬂpr.cc e

Y

» If A=, D,thenA= B,suchthatA < B < D.

=pr.cc
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