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A B S T R A C T 

Miller and Mocanu introduced the concept of differential superordination as the dual 
counterpart to differential subordination, as discussed in [3]. In [4], the notion of fuzzy 
subordination was introduced, while in [5], the authors extended this idea by defining fuzzy 
differential subordination. Furthermore, in [6], They derived conditions under which a 
function acts as a dominant in fuzzy differential subordination and determined the optimal 
dominant. This work focuses on investigating certain special cases of fuzzy differential 
superordination for univalent functions defined by an integral operator. 
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1. Introduction and Preliminaries  

Let   {    | |   } represent the open unit disk in the complex plane, with its closure denoted by 

 ̅  {    | |   }. Let      Represent the set of analytic functions within  . For      and    , we denote by  

 [   ]  {                   
         }   

Similarly, let 

   {                   
         }  

where for    , we denote    simply as  . The set of functions that are both analytic and univalent in  , denoted 

by  , consists of functions satisfying                   , and is given by the power series expansion: 
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Further, we define important subclasses of   as follows: 

The set of functions that are normalized starlike functions, denoted by 

 ∗  {      (
      

    
)       }  

The set of functions that are normalized convex functions, denoted by 

     {      (
       

     
  )       }              

The set of functions that are normalized close-to-convex functions, denoted by 

      {      {
     

     
}              }        

Differential Superordination Method 

The general framework of the differential superordination method can be expressed as follows. Let   and   be 

subsets of  , and let   be an analytic function within  . Consider a function                  , which is 

defined in terms of   and its derivatives. The primary objective is to investigate the implications of the following 

relationships: 

  {                              }                                                           

If   is a simply connected domain that includes a point  , and     , then there exists a conformal mapping 

      such that       . Under this condition, the given implication can be reformulated as follows: 

    {                              }                                                         

If   is also simply connected and    , then there exists a conformal mapping       such that      

          . Moreover, if the function                           is univalent in  , the relation can be expressed 

as: 

                                                                                  

For a more detailed discussion on the differential superordination method, refer to the monographs [1,8,9,10]. 

Definition (1.1) [3] We denote by  ̂ the set of functions   that are analytic and injective on  ̅      , were 

     {         
   

      }  

and are such that         for          . The set      is called the exemption set. 
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 Definition (1.2) [11] Let   be a non-empty set. A function     [   ] is called a fuzzy subset of  . A more precise 

definition can be given as follows: 

A fuzzy subset is defined as a pair (A,   ),       [   ] is a function and 

  {          }              

Here,   represents the support of the fuzzy set, consisting of all elements in   with nonzero membership values. The 

function    is referred to as the membership function of the fuzzy set (A,   ), which assigns each element of   a 

degree of membership in the fuzzy subset. 

Definition (1.3) [11]: Let          and          be two fuzzy subsets of a set  . We say that the fuzzy subsets    

and    are equal if and only if they have the same membership function, i.e., 

                      

This is denoted by: 

                   

A fuzzy subset          is contained in another fuzzy subset          if and only if its membership function does 

not exceed that of          for all elements in  , i.e., 

                    

This inclusion relation is denoted by: 

                    

Definition (1.4) [4] Let    , and let      be a fixed point. Suppose that          are analytic functions. A 

function   is considered to be fuzzy subordinate to , denoted as      or           , if the following 

conditions are satisfied: 

1-              

2-      (    )       (    )      

Remark [4] Let           are functions       is a univalent function then      if  

                          Thus, if   is a univalent function, then     if and only if       

  Let         , and assume that   is a univalent function. Then,   is said to be fuzzy subordinate to 

 , denoted as     , Provided that the following criteria are met 

i.            
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ii.            

From this, if   is a univalent function, it follows that           

Definition (1.5) [5] A function        where     and    , is called a fuzzy subordination chain as long as it 

meets the following conditions: 

i. For each fixed    , the function        is analytic and univalent in  . 

ii. The function        is continuously differentiable with respect to   on [     for all    . 

iii. The fuzzy membership function satisfies the monotonicity condition: 

  [  [    ](       )    [  [    ](       )        

Theorem (1.6) [1] Let    be convex in  , with            , with          and    [   ]    if      
 

 
       is univalent in  .  

            
 

 
                                                                      

and  

      
 

  
∫      

 

 

                                                                       

Then  

             

then function    is convex and is the fuzzy best subordinate. 

Theorem (1.7) [1] Let   be convex in   and let   be defined by  

          
 

 
                    If    [   ]         

 

 
       is univalent in   and 

     (    )   (    )(     
 

 
      )   

then 

            

                                                          
 

  
∫     

 

 

        

The function   is the fuzzy best subordinant. 

Theorem (1.8) [1] Let   be starlike in   , with              [   ]               is univalent in    then 
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     (    )   (    )(      )                                                

implies  

                         

where  

     ∫     

 

 

                                                                           

The function   is convex and is the fuzzy best subordinant. 

Let            as given in form (1.1), where  

        ∑    

 

   

            

the Hadamard product (or convolution) of       and       is defined by  

   ∗           ∑        

 

   

      ∗         

Definition 1.9 Let                      We define the differential operator     
       where 

    
            

    
      

     

      
∫     

 

 

        

    
      

     

      
∫     

 

 

(    
     )      

    
      

     

      
∫     

 

 

(    
       )   

   ∑(
     

       
)
 

  

 

   

                                                  

The general Hurwitz-lerch Zeta function 

         ∑
  

      
 

 

   

       
  {         }          | |     

Definition 1.10   Let                        
          we define the operator   

 
   
       were 

  
 

   
            [         

 

  
] ∗     
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                     ∑(
   

   
)
 

(
     

       
)

 

  

 

   

                                           

From (1.10), it can be easily seen that  

 (   
 

   
     )

 

          
 

   
                 

 
   
                          

and, we have  

        
 

   
          

       

      
 

   
             

Using the operator    
 

   
      defined in Definition (1.10), we study fuzzy superordination 

2. Main Results 

Theorem 2.1: Let      be convex function with         Let                       
       and 

suppose that (   
 

   
     )

 

is univalent and 
    
       

 
   [   ]     If 

     (    )   
(   

 
   
  )

   

 (   
 

   
     )

 

                                             

then 

     (    )   
(   

 
   
  )

   

(
  

 
   
     

 
)       

           
 

 
∫     

 

 
    The function    is convex and it is the fuzzy best  

subordinant. 

 Proof.  Consider 

     
  

 
   
     

 
 

  ∑ (
   

   
)
 

(
     

       
)
 

  
 
     

 
 

             ∑(
   

   
)
 

(
     

       
)

 

  

 

   

      

Evidently    [   ]  We have, 

            (   
 

   
     )

 

                       

Then the fuzzy differential superordination (2.1) becomes  

      (    )   (    )(           )               
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By using Theorem (1.6) for    , we have  

     (    )       (    )          (    )   
(   

 
   
  )

   

(
  

 
   
     

 
)  

Where      
 

 
∫     

 

 
    The function   is convex and it is the fuzzy best subordinant. 

Corollary 2.2: Let      
         

   
  a convex function in          If                    

       

    and suppose that (   
 

   
     )

 

   univalent and  
  

 
   
     

 
   [   ]        

         

   
  (   

 
   
     )

 

                                                     

then   

     (    )   
(   

 
   
  )

   

(
  

 
   
     

 
)       

where   is given by  

          
      

 
                

The function   is convex and it is the fuzzy best subordinant. 

Proof. We have  

     
         

   
              

       

      
  nd        

      

      
  therefore  

  (
       

     
  )    (

   

   
)     (

              

              
) 

 
    

           
           | |         

Following the same steps as in the proof of Theorem (2.1) and considering 

     
  

 
   
     

 
   

The fuzzy differential superordination (2.2) becomes  

         

   
                   

By using Theorem (1.6) for    , we have  

     (    )       (    )           (    )   
(   

 
   
  )

   

(
  

 
   
     

 
)  

and   
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∫    

 

 

   
 

 
∫

         

   

 

 

        
      

 
           

Theorem (2.3): Let   convex function in   sach that        and let   be defined by           
 

     
        

If                    
            and suppose that (   

 
   
       )

 

is univalent and  (   
 

   
     )

 

 

 [   ]    and satisfies the fuzzy differential superordination  

          
 

     
        (   

 
   
       )

 

                         

then  

     (    )   
(   

 
   
  )

   

 (   
 

   
     )

 

  

 where      
 

 
∫     

 

 
    The function   is the optimal fuzzy subordinant. 

Proof. By utilizing the properties of the operator   
 

   
  and differentiating with respect to   , we obtain  

(   
 

   
     )

 

 
 

     
(   

 
   
     )

  

 (   
 

   
     )

 

      

if we set,      (   
 

   
     )

 

  then the fuzzy differential superordination (2.3) becomes  

     (    )   (    )(     
 

     
      )                  

By using Theorem (1.7) for          we have  

     (    )       (    )           
 

 
∫     

 

 

    (   
 

   
     )

 

  

and   is the fuzzy best subordinant. 

Theorem (2.4): Let   be starlike in   with         Let                    
           and suppose 

that 
  

     
(   

 
   
     )

  

  (   
 

   
     )

 

is univalent and   
 

   
         [   ]   , then 

      

  

     
(   

 
   
     )

  

  (   
 

   
     )

 

                               

implies  

     (    )   
(   

 
   
    )

   

(   
 

   
       )       

where       ∫         

 
    the function   is convex and it is the fuzzy best subordinant. 
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Proof. Using the properties of operator    
 

   
  Additionally, by differentiating with respect to  , we obtain 

       
  

     
(   

 
   
     )

  

  (   
 

   
     )

 

  

then the fuzzy differential superordination (2.4) becomes  

                               

By using Theorem (1.8), we have   

     (    )       (    )           (    )   
(   

 
   
    )

   

(   
 

 
       )  

where      ∫          

 
   The function   is convex and represents the optimal fuzzy subordinant. 

Example 2.5: Let      
 

      
  with        and       

   

      
  

Since 

  (
      

    
)    (

   

   
)     (

              

              
) 

        
    

           
           | |         

the function   is starlike. 

Let                           we obtain   

  
 

   
        

 

 
         

 
   
        

 

 
    

Using Theorem (2.1), we obtain  

 

      
    

  

 
   

 

     
    

 

 
        

 Theorem 2.6: Let      be convex function with         Let                             
        and 

suppose that 

(
   

 
   
       

  
 

   
     

)

 

                  
  

 
   
       

  
 

   
     

   [   ]       

        (
   

 
   
       

  
 

   
     

)

 

                                                                    

then 
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       (
  

 
   
       

  
 

   
     

)             

           
 

 
∫     

 

 
                                                      subordinant. 

Proof.  Define the function by 

        
  

 
   
       

  
 

   
     

                                                                       

Then the function   is analytic in   and         Differentiating (2.6) with respect to  , we have  

            (
   

 
   
       

  
 

   
     

)

 

      

Consequently, the fuzzy differential superordination given in equation (2.5) transforms into: 

     (    )   (    )(           )                 

By using the theorem (1.6) for    , we obtain  

     (    )       (    )           (    )   
(

  
 

   
       

  
 

   
     

)   

(
  

 
   
       

  
 

   
     

), 

where      
 

 
∫     

 

 
    The function   is convex and serves as the optimal fuzzy subordinant. 

Upon setting          | |    in Theorem (2.6), As a consequence, we obtain the following result. 

Corollary 2.7: Let                          
            suppose that 

(
   

 
   
       

  
 

   
     

)

 

                  
  

 
   
       

  
 

   
     

  [   ]       

         (
   

 
   
       

  
 

   
     

)

 

     | |                                                     

then 

 
     

  
  (

   
 

   
       

  
 

   
     

)             

The function 
     

  
 It is convex and serves as the optimal fuzzy subordinate.  

Proof.  We have           with                       and               

Therefor 
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       (
       

     
  )              

the function h is convex. 

By following the same steps as in the proof of Theorem (2.6) and considering 

     
  

 
   
       

  
 

   
     

   

The fuzzy differential superordination (2.7) becomes  

                       

By applying Theorem (1.6) for    , we have  

     (    )       (    )        

     (    )   
(

  
 

   
       

  
 

   
     

)

   

(
  

 
   
       

  
 

   
     

)  

and   

     
 

 
∫    

 

 

   
     

  
      

Theorem 2.8:  Let      be convex function with         Let 

                          
         

     
   

    ∫       
 

 
                and 

suppose that (   
 

   
     )

 

 is univalent in  , (   
 

   
     )

 

  [   ]    and    

      (   
 

   
     )

 

                                           

then  

      (   
 

   
     )

 

            

where      
   

    ∫         
 

 
    The function   is convex and serves as the optimal fuzzy subordinant. 

Proof.  we have                ∫       
 

 
    and differentiating it, with respect to    we obtain            

                 and   
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       (   

 
   
     )

 

        
 

   
                    

Differentiating the last relation with respect to  , 

(   
 

   
     )

 

 
 

     
  (   

 
   
     )

  

 (   
 

   
     )

 

                  

Using (2.9), the fuzzy superordination (2.8) becomes  

      (   
 

   
     )

 

 
 

     
  (   

 
   
     )

  

  

Now, if we set      (   
 

   
     )

 

  we obtain  

           
 

     
            

Using Theorem (1.6) for        , we have  

     (    )       (    )           (    )   
(   

 
   
  )

 
   

(   
 

   
     )

 

  

where      
   

    ∫         
 

 
    The function   is convex and serves as the optimal fuzzy subordinate. 
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