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1. Introduction and Preliminaries

Let U = {w € C: |w| < 1} represent the open unit disk in the complex plane, with its closure denoted by
U = {w € C: |w| < 1}. Let X(U) Represent the set of analytic functions within U. For @ € C and n € N, we denote by

Rlo,n] = {f €R(V): f(w) = 0 + Qps1 0™ + -, 0 € C},
Similarly, let
A, ={f €RO): f(0) =0+ 0415+, 0 €C},

where for n = 1, we denote A, simply as A. The set of functions that are both analytic and univalent in U, denoted

by S, consists of functions satisfying f(0) = 0 and f'(0) = 1, and is given by the power series expansion:
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flw)=w+,0*+ -, w €. (1.1)
Further, we define important subclasses of A as follows:

The set of functions that are normalized starlike functions, denoted by

S*= {f € A:Re (w;(’g;))) >0,weE U},

The set of functions that are normalized convex functions, denoted by

wf”(w)
f'(w)

C={f€cA:Re( +1)>O,wEU},

The set of functions that are normalized close-to-convex functions, denoted by

f'(w)
g'(w)

K={f€cfl:Re{ }>0,g(w)€€,wEU},

Differential Superordination Method

The general framework of the differential superordination method can be expressed as follows. Let () and A be
subsets of C, and let p be an analytic function within U. Consider a function ¢(r,s, t; w): C3 X U — C, which is
defined in terms of p and its derivatives. The primary objective is to investigate the implications of the following

relationships:
0 c {pp(w), wp' (0), w?p" (w);w): w € U} = A c p(U). (1.2)

IfAis a simply connected domain that includes a point g, and A # C, then there exists a conformal mapping

4:0 - A such that ¢(0) = p. Under this condition, the given implication can be reformulated as follows:
Q c{p(pw), wp' (@), W p"(0); w): @ € U} = g(w) < p(w). (1.3

IfQis also simply connected and 2 # C, then there exists a conformal mapping p:U — Q such thatp(0) =
¢(0,0,0; 0). Moreover, if the function ¢(p(w), wp'(w), w?p" (w); w) is univalent in U, the relation can be expressed

as:

p(w) < 9(p(W), wp'(w), w?p " (w); w) = pw) < p(w). 1.4
For a more detailed discussion on the differential superordination method, refer to the monographs [1,8,9,10].

Definition (1.1) [3] We denote by Q the set of functions g that are analytic and injective on U\E(g,) , were
E(g) = {Z € 00: lirr% g(w) = 00},

and are such that g'({) # 0 for { € 9U\E(g). The set E(g) is called the exemption set.
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Definition (1.2) [11] Let Y be a non-empty set. A function F: Y — [0,1] is called a fuzzy subset of Y. A more precise

definition can be given as follows:
A fuzzy subset is defined as a pair (A, F,), F, : Y — [0,1] is a function and
A={yeY:0<F, <1} =supp(4,F,),

Here, A represents the support of the fuzzy set, consisting of all elements in Y with nonzero membership values. The
function F, is referred to as the membership function of the fuzzy set (A, F,), which assigns each element of Y a

degree of membership in the fuzzy subset.

Definition (1.3) [11]: Let (M',F,;») and (N', F,+) be two fuzzy subsets of a set Y. We say that the fuzzy subsets M’

and N' are equal if and only if they have the same membership function, i.e.,
Fuw ) =Fy () Vy €Y
This is denoted by:
(M',Eyr) = (N, Fy1).

A fuzzy subset (M',F,,s) is contained in another fuzzy subset (N', F,) if and only if its membership function does

not exceed that of (N', Fy+) for all elementsinY,i.e,
Fy ) <Fy()VyeY
This inclusion relation is denoted by:
(M',Eyr ) € (N, Ey).

Definition (1.4) [4] Let D < C, and let w, € D be a fixed point. Suppose that f, g € X(U) are analytic functions. A
function f is considered to be fuzzy subordinate tog, denoted as f <y g or f(w) <p g(w), if the following

conditions are satisfied:

1- f(wo) = g(wy),

2- Fr(p)(f (@) < Fypy(9(@)), w €U

Remark [4] Let f,h € X(U) are functions and # is a univalent function then f < # if

f(0) = h(0) and f(U) c A(U). Thus, if & is a univalent function, thenf < fif and only if f < A.

Let f, h € X(V), and assume that £ is a univalent function. Then, f is said to be fuzzy subordinate to

h, denoted as f < h, Provided that the following criteria are met

f(0) = r(0),
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ii. f(0) € A(0).
From this, if & is a univalent function, it follows that f <, A & f < h.

Definition (1.5) [5] A function L(w,t) wherew € Uand t > 0, is called a fuzzy subordination chain as long as it

meets the following conditions:

i. For each fixed t > 0, the function L(:, t) is analytic and univalent in U.
ii. The function L(w, t) is continuously differentiable with respect to t on [0, o) for all w € U.
iii. The fuzzy membership function satisfies the monotonicity condition:

Fi1x[0,0)] (L(w, t1)) < Fiiox[0,00)] (L(w, tz))' t; <ty

Theorem (1.6) [1] Let £, be convex in U, with#,(0) = ay # 0, with Re(y) = 0,and p € X[a,1] n Q if p(w) +
iwp’(w) is univalent in U.

1
21 (W) <p p(w) + )—/w;ﬂ(w), (1.5)

and

41 (@) = zy_v J 2,(8) t1dt. (16)
0

Then
11 (0) <p p(w),
then function g, is convex and is the fuzzy best subordinate.

Theorem (1.7) [1] Let g be convex in U and let £ be defined by

?(w) = g(w) + %wq’(w), with Rey > 0.If p € X[a, 1] N Q, p(w) + %w;a’(w) is univalent in U and

1
Fow) (3(0)) < F((c3><u) (#7(40) + ;CUW'(CU)),

then
g(w) <p p(w),

Y _
where g(w) = Jf £(t) tv1dt.
0

The function g is the fuzzy best subordinant.

Theorem (1.8) [1] Let £ be starlike in U, with £(0) = 0.1f p € X[0,1] N Q and zp'(z) is univalent in U, then
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Fy) (£(@)) < Fgap)(wp' (@), (1.7)
implies
Fywa() < Fymp(w), w €T,

where
g(w) = f{’(t)t_ldt. (1.8)
0

The function g is convex and is the fuzzy best subordinant.
Let f; € A,j = 1,2 as given in form (1.1), where
filw)=w+ Z Ay j W", (G =12),
n=2

the Hadamard product (or convolution) of f; (w) and f, (w) is defined by

(@) = 0+ ) anynz 0" = (f * f)@)
n=2

Definition 1.9 Let f € A,m € Nand a > 0, § = 0. We define the differential operator Igfa: A — A, where

19/ (@) = f(w),

a+f+2(®
I of (@) = Wjo t*F f(t)dt,

a+p+2(?
Ifg,af(w) = WL tath (Ié‘af(w)) dt

a+pB+2 (¢ _
Ig}af(w) = Wfo tath (Ig’la 1f(0.))) dt

“or ) (D) wer @

n=2

The general Hurwitz-lerch Zeta function

wn
d(w,s,p) = Zm, pEC\Zy ={0.—1,-2,..},s € C,when |w| < 1.
n=0
Definition 1.10 Letf e A,meN,a > 0,5 = 0,p € C\Z; and s € C,we define the operator ;Yg‘a: A — A, were

P @) = (0 + DI0,5,p) — =] + 1, f @)
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S R\ LTS I 110
¢ Li\p+n a+B+n+1 fn @ (110)

From (1.10), it can be easily seen that
o (Y7 f@) = (@+B+DNF (@)~ (@+ B+ DYFf(@),  (L11)

and, we have

D g f(w) =17, f(w);

ii) pYg of (@) = f(w).

Using the operator ;Yf, f (w) defined in Definition (1.10), we study fuzzy superordination

2. Main Results

Theorem 2.1: Let #(w) be convex function with #(0) =1.Letf €A, meN,a>0,8>0,p € C\Z;,s € C and

! S f(@)
suppose that (;Y[;faf(w)) is univalent and Saa7() eER[1,1]nQ.If

w

! (;Yglaf(w))’;

F, f(w))<F
KU)( (@) (5YBar )(U)

then

Ygof (@)
P Ba
Fya(a(@)) < F(gar), (—w ),w €U,

where g(w) = %fozﬁ(t) dt. The function ¢ is convex and it is the

subordinant.

Proof. Consider

w (P1\°( B+a+2 m n
_ > [;r,laf(w) _ w +Z"=2 (p+n) (ﬁ+a+n+1) n @

m

S o+ 1\ +a+2
=1+Z(p ) ( A ) a, w" L.
Lu\ptn f+a+n+1

Evidently p € X[1,1]. We have,

(@) + 0p' (@) = (VFf (@) , wev.
Then the fuzzy differential superordination (2.1) becomes

Fy)(0(@)) < F(e2p)(#(@) + wp' (@),  w €.

2.1)

fuzzy best
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By using Theorem (1.6) for y = 1, we have

SYm(Z ( )
Fs)(@(@)) < Fow (#(@), ey (a(@)) < Fipp 1y (%)

Where g(w) = % ) Ow £(t) dt. The function q is convex and it is the fuzzy best subordinant.
1+Q2y-1Dw
1+w

Corollary 2.2: Let #(w) = a convex function inU,0<y<1IfmeN,a>0,=0,peC\Z;,seC
YRS (@)

w

f € A and suppose that (;Yﬁ’_‘af(w)) is univalent and eX[1,1] N Q.If

1+Q@2y-1o
1+w

< (33 f @), 2.2)

then

JYiof (w)
O (‘l(w)) < F(gY?.af)(U) (%), w € U.

where g is given by

2(1-v)

gw)=2y—1+ >

In(l1+w). w€T,

The function g is convex and it is the fuzzy best subordinant.

Proof. We have

_ 1+Q2y-1w _ , _ —2(1-y) " _ 4(-y)
f(w) = o ,00)=1,¢"(w) = Tra? and ¢"(w) = —(1+w)3,therefore

R Z£’”(w)_l_1 _r (1—w>_R (1—r(cos€+isin0>
€ ' (w) - e 14+w/ e(1+r(c056+isin0

1—1?

T 1+ 2rcos +12 > 0,wherer = |0 < 1,0 €R.

Following the same steps as in the proof of Theorem (2.1) and considering

_ ;Yg,laf(w)
Y

»r(w)

The fuzzy differential superordination (2.2) becomes

1+Q2y-1Nw

Tto <r p() + wp'(w), w € U.

By using Theorem (1.6) fory = 1, we have
;Yglaf(w)>

Fow) (a(@)) < Fyan(@(@)) i e Fyp (a(@) < Fgym D ( ®

and
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z

@(w)=%f

0

14+ @y -t 21 -vy)

z
1
{’(t)dt—af 111 dt=2y—1+ > In(1 + w).
0

1
a+f+2

IfmeN,a>08=0p€C\Z;,s €C, f €A and suppose that (;Y[;’fojlf(w)) is univalent and (ngTaf(w)) €
X[1,1] n Q and satisfies the fuzzy differential superordination

Theorem (2.3): Let g convex function in U sach that ¢(0) = 1 and let £ be defined by £(w) = g(w) +

wq' (w).

2(w) = g(w) + 0a'@) < (Y5 @) wen,  (23)

1
a+f[+2
then
(S @),

F, <F
9w (% (Z)) (5Y7Br‘laf)(u)

where g (w) = i ) OZ £(t) dt. The function g, is the optimal fuzzy subordinant.
Proof. By utilizing the properties of the operator ;Y[{fa and differentiating with respect to w, we obtain
) w €D,

(3vpf@)) = (@) + (0 (@)

a+f+2

if we set, p(w) = (SYgfaf(w)) , then the fuzzy differential superordination (2.3) becomes

1
mw}? (w)), w €.

Fyw) () < F (c2xv) (#’(w) +
By using Theorem (1.7) fory = a +  + 2, we have

!
)

1 13)
Fq(U)(‘l(z)) < Fp(-u)(#?(Z)) ,i.e.&L(Z) = ZJ f(t) dt <r (;Y[,{‘af(w))
0

and ¢ is the fuzzy best subordinant.

Theorem (2.4): Let £ be starlike in U with #(0) = 0.Letm e N,a > 0,8 > 0,p € C\Zy,s € C, f € A and suppose

2 n 14
that a:;” (;Ygfaf(w)) +w (;Ygfaf(w)) is univalent and ;Y";lf(z) € X[0,1] n Q, then
0)2 " 1]
0@ <5 gz (VS @) +2 (3VFef @) 2.4)
implies

F%(U)(cg(w)) < F(gyrﬁrz:;lf)(u) (;Yg“(;lf(w)), w €T,

where g(w) = fow £(t)t~! dt, the function q is convex and it is the fuzzy best subordinant.
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Proof. Using the properties of operator ;Yg', Additionally, by differentiating with respect to w, we obtain

@ = =2 (@) + 0 (V@)
wpw—a+ﬁ+2pﬁlafw wpﬁlafw ,
then the fuzzy differential superordination (2.4) becomes

(W) <p wp'(w), w € U.

By using Theorem (1.8), we have
Fa)(8(@)) < Fpy(p (@) i e. Fy(g(@)) < F(gygzlf)@ (SYJen_lf(w)),
where g(w) = [ Ow £ (t)t~1 dt,The function g is convex and represents the optimal fuzzy subordinant.

Example 2.5: Let £(w) = with h(0) = 0 and ¢'(w) =

)2’ w)3'

Since

w?'(w) 1+ w 1+ r(cosf +isinf
Re = Re ( )—Re ( — )
£(w) 1- 1—7r(cosf +isinf

B 1—1?
" 1—2rcosf +1r2

> 0,wherer = |w| < 1,0 € R,

the function ¥ is starlike.

Letf(w)=(J)+2(J)Z’S=/1=0,m=1’n=2,weobtaln
0y1 4 2 0v2 8 2
pYo,0f (@) =w+§w and pY§,of(2) = w+§w )

Using Theorem (2.1), we obtain

6 2 w 2
?(IJ $m<pw+—0), w € 0.

<rFw+ 9

w
(1-w)?

Theorem 2.6: Let £(w) be convex function with A(0) = 1.Letf €A, meN, a>0,8=>0 ,p € C\Z;, s € C and

suppose that
wﬁﬂl'lf(w)) Y f @)
P Ba p Ba
——————— | isunivalentand ———— € &[1,1] n Q.If
( Y7 (@) ) NN
a)SYm_lf((u) !
2(w) <p L2 ) , 2.5

then
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Yo f(w)
@((D) <r (W , wE€DU,

where g(w) = % ) Om 2(t) dt. The function g is convex and it is the fuzzy best subordinant.

Proof. Define the function by

Y5t f (w)

p(w) = N (@)

Then the function p is analytic in U and p(0) = 1. Differentiating (2.6) with respect to w, we have

w € 0.

Yia'f (w))'
V5o f ()

Consequently, the fuzzy differential superordination given in equation (2.5) transforms into:

p(w) +zp'(w) = (

Fow) (A(@)) < Ficzxp)(p(@) + 0p' (@),  wET.

By using the theorem (1.6) for y = 1, we obtain

BYfa f(w)
Foy (a(@)) < Fo (p(@)) - € Fy (9()) <F<S;m€m 1ff(<a;>>( )<m>
B

where g(w) = i fowﬁ(t) dt. The function q is convex and serves as the optimal fuzzy subordinant.

Upon setting £(w) = e™, |7| < 1 in Theorem (2.6), As a consequence, we obtain the following result.

Corollary 2.7:Letf € A, meN,a >0, =0 ,p € C\Z;, s € C and suppose that

4 2 Yfa f(w)

sym-—1 !
(%Yﬁ,a f(w) ) e X[1,1] N Q.If
P Ba

is univalent an
Npof (@) )

a)SYm_lf(a)) !
et < L), w €U, 7| <1,
’ ( Y5 f (@)

then

w € V.

e -1 _ (wgy,gfglf(w))
20) F Npof (@) )

TWw_
11t is convex and serves as the optimal fuzzy subordinate.

The function £

Proof. We have £(w) = €™, with 2(0) = 1, £'(w) = te*™, and ¢ (w) = 7%e™

Therefor

(2.6)

2.7)
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w?" (w)
Re +1)=Re(tw +1) >0,
t'(w)
the function h is convex.

By following the same steps as in the proof of Theorem (2.6) and

S‘Y'm—lf(w)

p(o) ="

pP B,af(w)
The fuzzy differential superordination (2.7) becomes

e’ <p plw) +twp'(w), wEeD.

By applying Theorem (1.6) for y = 1, we have

Fyw) (‘l(“’)) < Fyu (ﬁ(w)) Ji.e.

SYTo f(w)
P Ba
Fy(a()) < F(M) (m)
SYM £(g a
pYgaf (@ )
and
1 w (10
et@ —
@(w)=—jertdt= , w € U.
w Tw
0

Theorem 2.8: Let £(w) be convex function with £(0) = 1.Let

fedA, meN, a>0,=0,p€eC\Z;, seEC,

c+2
W+l

F(w) =< [ te4(t) dt ,Re(c) > -2, and

suppose that (;Ygfaf(w)) is univalent in U, (gYEflaF(w)) € X[1,1] n Q and

L(w) <p (;Yglaf(w)),, w €U,
then
4@) < (Y7 F@), wev,
where g(w) = ;;22 fOZ t°*1¢(t) dt. The function g is convex and serves as the optimal fuzzy subordinant.

considering

(2.8)

Proof. we have w*1F(w) = (c + 2) fow t¢€(t) dt and differentiating it, with respect to w, we obtain (¢ + 1)F(w) +

wF'(w) = (c + 2)f(w) and
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(c + DYFLF(@) + 0 (YF@) =+ 2 f(0), weu.

Differentiating the last relation with respect to w,

., w€eU. (29

(3pF@) +— 0 (VFF @) = (V@)

(c+2)
Using (2.9), the fuzzy superordination (2.8) becomes

n

2(w) <¢ (VLF @) + o (3Y7F (@)

(c+2)

Now, if we set p(w) = ([S,Y[{_‘af(w)) , we obtain

1
L(w) <p p(w) + mw;ﬂ((u), w € U.

Using Theorem (1.6) for y = (¢ + 2), we have

Fy)(a(@)) < Fpy (p(@)) i €. Fy(a(@)) < F (3v7er) (SYElaf (w)) :

ct+2
wC+2

where g(w) = fow t°*1A(t) dt. The function g is convex and serves as the optimal fuzzy subordinate.
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