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1. Introduction

In the year 2011[1] S. Al Gore and S. Samarah provided
coc-open sets in the topological spaces, where they studied
continuity by using these sets. Later, some researchers
have studied those sets and expanded, in1937 [11],
regular open sets were introduced and used to define the
semi regularization space of a topological space[8],[12],
where in the first chapter we will be define coc-r-open set
and study its properties, N. Bourbaki [2] introduced the
concept of compactspace, in [3] D. E. Cameron
introduced the concept of I-compact space, where he
studied maximal C-compact spaces, maximal QHC spaces,
and maximal nearly compact spaces. He also discussed
covering property which turns out to be equivalentto S-
closed and extremally disconnected. In  section
two introduces the definition of coc-r-compact, compact, I-
compact spaces and give salutary characterizations of this
concepts.

2. Coc-r-open Sets and its Properties
In this section ,we give some basic definition ,properties
and theorems of coc-r-open sets.

Definition (2.1) [1]

A subset A of a space (X,t) is called cocompact open set
(notation : coc-open set ) if for every x € A there exists an
open set U € X and a compact subset K such that x € U —
K < A. the complement of coc-open set is called coc-
closed set
Remarks (2.2) [7]

i. Every open set is a coc-open set.
ii. Every closed set is a coc-closed set.
iii.The converse of (i, ii) is not true in general.

Definition: (2.3) [11]

A subset A of a space (X,t) is called regular open set
(notation : r-open set ) if A = Ko.
The complement of regular open set is called regular
closed (r- closed) set and it is easy to see that A is regular
closed if A = A° [12] .
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Remarks (2.4) [12]
i. Every r-open set is an open set.
ii. Every r-closed set is a closed set.

The converse of (i, ii) is not truein general as
the following example shows:

Example (2.5)

LetX={1,23} ,t={Xd{1},{2},{12}} be a
topology on X. Notice that {1,2} is an open set in X, but it
is not r-open set and {3} is a closed set in X, but it is not r-
closed set.

Remarks (2.6) [8]

1) The family of all r - opensets in X isdenoted by
RO(X, 1).
2) The family of all r - closed sets in X isdenoted by
RC(X, 1).

Definition (2.7)

A subset A of aspace (X,t) iscalled cocompact
regular open set ( notation : coc -r-open set) if for every
X € A there exists r-open set U € X and compact subset K
such that x € U — K € A, the complement of coc-r-open set
is called coc -r- closed set .

Remark (2.8)

i. Every coc -r-open set is not necessarily to be open set, ii.
Every coc-r-closed set is not necessarily to be closed set .
iii. Every open set is not necessarily to be coc -r-open set.
iv. Every closed set is not necessarily to be coc -r-closed
set

As the following examples show:

Examples (2.9)

1-Let X ={1,2,3},t = {0,X {1}, {2},{1,2}} be a topology
on X, the coc-r-open sets are
{X, &, {13, {2},{3},{1,2},{1,3},{2,3}} then {3} is a coc-r-
open but it is not open and {2} is coc-r-closed but it is not
closed set.

2- Let X=1{1,23, ..} t={GSX:1 €GU{@} be a
topology on X, the coc-r-open sets
are {G < X: G¢ s finite} U {@}. Notice that {1} is an open
but is not coc-r-open and {2,3, ...} is a closed but it is not
coc-r-closed.
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Remarks (2.10)

1- Every r-open set is coc - open set.

2- Every r-closed is coc - closed set.

3- Every r-open set is coc -r-open set.

4- Every r- closed set is coc -r- closed set.
5- Every coc -r-open set is coc-open.

6- Every coc -r- closed set is coc- closed.
Proof :

Clear.

The converse of Remarks (2.10) is not true in general
as the following examples show:

Examples (2.11)

1- Let X = {1,2,3}, T = {0, X, {1}, {2}, {1,2}} be a topology
on X. Notice that {1,2} is a coc-open, coc-r-open but it is
not r-open and {3} is a coc-closed, coc-r- closed but it is
not r- closed.

2- Let X={1,23,..}, t={GcX:1e€G}u{p} be a
topology on X, the coc-r-open sets
are {G <€ X: GC s finite} U {@}, thus {1} is a coc-open but
it is not coc-r-open and {2,3,...} is a coc- closed but it
is not coc-r- closed.

The following diagram shows the relation among types
of open sets

Open ‘+} r-open

i it

Coc-open ‘—/—> coc-r -open
Remarks (2.12)
1- The intersection of two r-open set is r-open [12].
2- The intersection of r-open set and open set is open .
3- The intersection of two coc -r -open sets is coc -r -open

4- The union of coc-r-open sets is coc-r-open set .

5- The intersection of coc-r-open set and coc-open set is
coc-open .

6- The intersection of two coc-open sets is coc-open[1].
Proof :

2) Clear.
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3) Let A, B be coc -r —open, to prove A N B coc -r -open
set. Suppose x € AN B, thenx € A and x € B, since A, B
are coc -r - open, thus there exist two r-open sets U,V € X
and two compact subsets K,L suchthatx e U—-KCcA,
xEV—-LCB, there forexe U-K)n(V-L)SANB
imply that xe (UNK)N(VNL)<SANB then xe€
UnNnV)N(K‘NL)SANB thus we get xe (UNV) —
(KUL)S AnNnB, by using (1) UNV is r-open, since
KULC X is compact set in X. Hence AnNB is coc -r -
open.

4) Let A, , a € A be coc-r-open to prove Ugep A, iS COC-T-

open. Suppose X EUgep Aq, then x € A, for some o € A,
since A, is coc-r-open, thus there exist r-open sets U, € X
and compact subset K, such thatx € U, — K, € A, for
some a € A, since Ay, S Ugep Ay - Hence Ugep A, 1S COC-
r-open.

5) clear.

Definition (2.13) [10]
Let X be a space and A € X, apoint x € A is called r-

Interior point of A if there exists r - openset UinX
containing x suchthatx e U S A.

The set of all r-Interior points of A is called r-Interior set
of A and it is denoted by A°’".

Remark (2.14) [10]
Let X bea space and A c X, then A" =U{B:Bisr-
opensetinXandB<S A}

Definition (2.15) [10]
A space X issaid to be r - compact if every r - open
covering of X has a finite sub covering.

Proposition (2.16) [10]

1) Every compact space is r - compact space.

2) Every r-compact subset of T,-space is r- closed set.
3) AT C A
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Theorem (2.17)

Let Xbe T,-space, A c X, if A is a coc-r-open in X,
then A = A°".
Proof :

Let A be coc -r-open in X, since A" € A° € A, we need
to prove that A € A", Let x € A, since A is coc-r-open,
then there exist r-open U, compact subset K such that
x € U—K < A. Since every compact is r-compact and X
be T,-space, thus K is r- closed set ( by using Proposition
(2.16), (1), (2) ) , so K€ r-open subset in X and xe UnN
K€ € A and U, K€ are r-open sets in X, there fore U n K€ is
r-open in X, hence x € A°T.

Remarks (2.18)
1) The coc-r-open sets forms topology on X denoted by t™

2) Every compact subset of T,-space is closed set. [9]
3) A space X is regular space iff for every x € X and each

open set U in X such that x € U there exists an open set W

suchthatx € W € W < U. [4]

4) A space (X, T) is called Ts;-space if Xisregular space
and T;-space. [4]

5) Every T;-space is T,-space. [4]

Proposition (2.19) [10]

Let X be regular space, if A € X is an open then A €
RO(X, 1).

Corollary (2.20)
Let X be regular space, if F € X is a closed thenF €

RC(X, ).

Proof :
Clear.
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Theorem (2.21)

Let (X,T) be a T,-space, then ™ C T.
Proof :

Let A € T™ to prove A € T.
Let x €A, thenthere exists r-open set Uc X and
compact subset K such thatx e U— K< A, thus xeUn
K® ¢ A. Since K is compact and X is T,-space, there fore K
is closed, so K¢ is open. By using remarks (2.18), (2), so
U n KC is open set in X. Hence A € t

Remarks (2.22)
Let (X, 1) be T,-space, then
1) Every coc-r-open set is open set.
2) Every coc-r-closed set is closed set.
Proof :
Clear.
Theorem (2.23)
Let (X,T) be regular-space, then T © ',
Proof :
Clear, by using Proposition (2.19) and Remarks (2.10), (3).

Theorem (2.24)
Let (X, 1) be a T;-space, then Tt = t%.
Proof :Clear

Definition (2.25)
Let X be a space and A < X . The intersection of all coc-
r-closed sets of X containing A called coc-r-closure of A

. —Coc—r —CoCc—r
and is denoted by A , such that A =n {F:F coc-r
-closed setinXand A S F }

Remark (2.26)

A" is asmallest coc-r - closed set containing A.
Proposition (2.27)
Let X beaspaceand A € B < X. Then:

. —coc-r .

i.. A is an coc-r - closed set .

. - . . —CoCc—r

ii. Aisancoc-r-closedsetifandonlyif A=A
—F—COoC—r

... —coc—r —CoCc—r

. A =A

. —CoCc—Tr —Coc—r

iv. A cB

Proof:

Clear.

Raad. A/ Fadhel . A

Proposition (2.28)

LetX beaspaceand AC X. Thenx € A iff for
each coc-r - open set U in X contained point x we have
UNA#d.

Proof:

Assume that x € A . and U coc-r-open setU in X
suchthat xe U. Let UNnA=¢ , then A < U€, since U
coc-r-open setU in X suchthat x € U, thus U€ coc-r-

smallest coc-r-
closed set containing A, there fore A € US x ¢ US.

So xg¢A . this contradiction, hence U N A # ¢.
Conversely:

—CoC—r —CoCc—r . —CoCc—r
Assume x ¢ A ,thenx € (A )¢, since A coc-

closed set in X and x ¢ U€, since AT

r-closed set in X, thus (Kcoc_r)C coc-r-open set U in X and
—Coc—r —CoCc—r —CoC—r .
A n (A )¢ = o, there fore An (A )¢ = o, this
complete the proof.

Proposition (2.29)
Let X be space, A,B € X.

—Coc—r —Coc—r

1- ¢ =¢,X =X.
——COoC—T — Ccoc—r — COoC—r
2-AUB =A B
—COoC—T1 —CoCc—r —COoC—T
3-ANB cA B
Proof:
Clear.

Definition (2.30)
Let X bea space and A < X. The union of all coc-r-

open sets of X containing in A is called coc-r-Interior of A
denoted by  A°¢°“™", such that A°°°“~" =u {U: U coc-r -
opensetinXandU € A }.

Proposition (2.31)

Let X be a space and A € X, then A°°“7" is the largest
coc-r-open set containing in A
Proof :

Clear by definition of A°€°¢7".
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Proposition (2.32)

Let X bea spaceand A <X , then x € A*°T if
and only if there exists coc-r- open set U containing x such
thatxe UCA.

Proof :

Let x € A°°“ T, then X € Ugyep V,, such that V, coc-r-
opensetand V, € A , a € A.Thus x € V, for some a € A,
since V, €A a €A, thenxe U=V, € A for some a €
A.

Conversely, let there exists U coc-r-open set such that
x€UCA thenxeuU, UcAand U coc-r- open set
then x € A*°¢™ T,

Proposition (2.33)
Let X be aspace and A € B <€ X then .

1- A°€°“T is coc-r- open set.

2- Ais coc-r-open if and only if A = A°€°¢™ T,
3_ AOCOC— r — (AOCOC— r )OCOC— I‘.

4-if A € B then A°°¢~ T c Bococ™ T,

5_ AOCOC—K' U BOCOC—K' g (A U B)"COC—I’l

6_ A° coc—r n B° coc—r — (A n B)O COC—I‘.

Proof :
Clear.

Definition (2.34)

Let Y be subspace of a space X. A subset B of a space X
issaid to be coc-r-open set in Y if for every x€B
there exists a r-open set U in Y and a compact subset K in Y
such that x e U —-K S B.

Theorem (2.35)

Let Y be subspace of a space X. If Y is an open set in X
and UC Y, thenUisar-opensetinY ifandonly if Uis a
r-open set in X.

Proof :

LetU S Y < X, Ybe an open set in X and U be a r-open
) —v°Y — —oY —oY
setinYthenU=U = (UnY)Y=U nYY=U n

Y = ﬁo, hence U is a r-open set in X. Conversely, let U

i —o —oY —oY

bea r-open set in X, then U=U =U NnY =U n
_ _vye°Y

YY=(UNnY)Y=U ,henceUis ar-opensetiny.
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Definition (2.36) [6]
A subset S of a topological space (X, ) is said to be
clopen if it is both open and closed in (X, T).

Remarks (2.37)

1) In any space, the intersection of compact set with
a closed set is compact [9].

2) Every clopen set is r-open set [6].

Theorem (2.38)

Let Y be a subspace of a space X,BCY. If Yis a
clopen set in X then B is a coc-r-open set in Y if and only if
B is a coc-r-open set in X.

Proof :

Let B be a coc-r-open setin Y and x € B € Y then there

exists a r-open set U, in Y and a compact subset K, in' Y
such that x € U, — K, € B. Since Yis a clopen set in X
then Y is an open set in X, thus U, is a r-open set in X (
Theorem (2.35)), therefore U, — K, is a coc-r-open set in X
for all x € B. Put V =U,g (U, — K,), thus V is a coc-r-
open set in X. Now, we need to prove B =1V, since
U, — K, € Bforall x € BthenV € B, lety € B, thus there
exists a r-open set U, in Y and a compact subset K,, in'Y
such that y € U, — K, € B, therefore y €Uyep (Uy —
K,) =V,sothat B< V.Hence B=V.
Conversely, let x € B then there exists a r-open set U in X
and a compact subset K in X such that x € U—- K S B,
since Y is a clopen set in X, then Y is a r-open set in X (
Remarks (2.37), (2) ), thus U N Y is a r-open set in X, since
UNnY cYand Yisanopen setinX, there fore UNYisa
r-open set in Y ( Theorem (2.35) ). Now, since K is a
compact inX and Y is aclosed inX, so KN'Y is a compact
in X (Remarks (2.37), (1) )andKNY €Y, hence KNYis
a compact inY. Since x e U—K then x €U but x ¢ K,
thus xeUNY but x¢KnY, there fore xe (UnN
Y)-(KNnY) € (U-K) nY < B. Hence B is a coc-r-open
setiny.

Corollary (2.39)

Let Y be a subspace of a space X, F € Y. If Yis a clopen
set in X then F is a coc-r-closed set in Y if and only if Fisa
coc-r-closed set in X.
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Proof :

Let F is a coc-r-closed set in Y then F€ is a coc-r-open
set in Y, thus F€is a coc-r-open in X( Theorem (2.38) ),
there fore F is a coc-r-closed set in X.

Conversely, let F is a coc-r-closed set in X then F€ is a coc-
r-open set in X, thus F€is a coc-r-open in Y ( Theorem
(2.38) ), there fore F is a coc-r-closed set in Y.

3. Coc-r-compact space.

In this section, we are introduces the definition of coc-r-
compact, compact, l-compact spaces and give salutary
characterizations of this concepts. And the relationship
between them.

Definition (3.1) [2]
A space X is said to be compact if every open cover of X
has finite sub cover.

Definition (3.2)
A space X issaid to be coc-r-compact if every coc-r-
open covering of X has a finite sub covering.

Examples (3.3)

The following are straight forward examples of coc-r-
compact spaces.
1) Any finite topological space is coc-r-compact space.
2) LetX={123,..},1={GSX: 1€G}u{@}, then
™% = {G € X: G¢ is finite} U {@}, then X is coc-r-compact
space.

Remark (3.4)
1) Compact —~» coc-r-compact.
2) Coc-r-compact —*% compact.

Examples (3.5)

1) Let X =Q,with indiscrete  topology, then t™ =
{A: A € X}, thus X is compact but X is not coc-r-compact.
2) Let X={123.}t={GSX: 1eGu{d},
thent™ = {G € X: G is finite} U {@}, thus X is coc-r-
compact but X is not compact.
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Proposition (3.6)

If X is T,-space, then every compact space is coc-r-
compact space.
Proof :

It is clear to show that, since in T,-space every coc-r-
open is open set in X.

Proposition (3.7)
If X is regular space, thenevery coc-r-compact
space is compact space.
Proof :
Clear, by using Proposition (2.19), remarks (2.10), (3).

Definition (3.8)

A subset B of a topological space X is said to be coc-r-
compact relative to X if every cover of B by coc-r-open sets
in X has a finite subcover of B.

The subset B is coc-r-compact in X iff it is coc-r-
compact as a subspace.

Definition (3.9)

A space X iscalled coc-r-T,-space (coc-r-Hausdorff)
ifand only if foreach x # yin X thereexist U and V
disjoint coc-r-open sets suchthatx e U,y € V.

Remarks (3.10)

1) The space (X, T) is coc-r-compact iff (X, t™) is compact.
2) The space (X,t) is coc-r-T,-space iff (X, t™) is T,-
space.

3) The subset B € X is coc-r- closed in (X, T) iff B closed
in (X, ).

Theorem (3.11) [9]
A closed subset of compact space X is compact relative
to X.

Proposition (3.12)

1) A coc-r-closed subset of coc-r-compact space X is coc-r-
compact relative to X.

2) In any space, the intersection of coc-r-compact set with
a coc-r-closed set is coc-r-compact.

3) Every coc-r-compact subset of coc-r-T,-space is coc-r-
closed set.



Journal of AL-Qadisiyah for computer science and mathematics
Vol.9 No.l Year 2017

Proof :

(1) Clear by using remarks (3.10), (1), (3) and theorem
(3.12).

(2) Clear by using remarks (3.10), (1), (3) and remarks
(2.37), (D).

(3) Clear by using remarks (3.10), (1), (2) and remarks
(2.18),(2).

Corollary (3.13)
Every r-closed of coc-r-compact space X is coc-r-

compact relative to X.

Proof :
Clear.

Proposition (3.14)

If X is atopological space such that every coc-r-open
subset of X is coc-r-compact relative to X, then every subset
is coc-r-compact relative to X.

Proof :

Let G be an arbitrary subset of X, {U,: a € A} be cover
of G by coc-r - open subsets, then the family {U, : a € A}
is a coc-r-open cover of the coc-r-open set U {U, : a € A}
Thus by assumption there is a finite sub family {U, : i =
1,2,...,n} which coversu {U,:a € A}, since GZS U
{Ug:aeA}cu{U,:i=1,2,..,n}, hence G is coc-r-
compact.

Theorem (3.15)

Let Y be asubspace in X, X is coc-r-compact, if Y
clopen set, then Y is coc-r- compact.
Proof :

Let Y be a subspace in X, {U,: a € A} be cover of Y by
coc-r-open subsets of Ysuchthat Y< u{U,:ae€ A},
since U, is coc-r-open in Y, Y is clopen set in X, then U, is
coc-r-open in X for all a € A ( by using theorem (2.38) ).
Thus X =YUY'cuU{U,:a€A}UY" CU
{U,UYC: a €A}, since Y is clopen setin X, then Y is r-
closed, thus Y is coc -r-closed, there fore Y€ is coc -r-open
in X. Since X is coc-r-compact, then X c U {U, UY :i=
1,2,...,n},s0
that ' Y =XnYcu{U,UY‘:i=12,..,n}nY=U
{UsnY:i=12,..,n}=u{U,:i=1,2,..,n},
hence Y is coc-r-compact.
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Theorem (3.16)

If Xis coc-r-compact space, thenevery r-
open covering of X has a finite sub covering.
Proof :

Clear

Remark (3.17)
The convers of Theorem (3.16) is not true.

Example (3.18)
In Examples (3.5), (1), all r-open covers are {@, X }, and
it is finite cover of X, but X is not coc-r- compact space.

Theorem (3.19)
If X is T,-space, then the following statements
are equivalent.
i) X is coc-r-compact.
ii) Every cover of X by r- open subsets has a finite
subcover.
Proof :
(i) = (ii) Clear.

(ii)—> (i)

Let U be coc-r-open cover of X, then X € U {U: U € U},
since X is T,-space, thus U is equal to the union of r-open
sets in X contained in U for each U € U (by using theorem
(2.17) ). There fore all r-open sets in U for each U € U are
r-open cover of X, this r-open cover has a finite subcover.
Since every element of this a finite subcover contained in U
for some U € U, hence U has a finite subcover.

Theorem (3.20)

If X is T,-space, then the following statements
are equivalent.
i) Every proper r- closed subset of X is coc-r-compact
relative to X.
ii) X is coc-r- compact.
iii) X is r- compact.
Proof :
(i) — (ii)
Let {U,:a € A} be a coverof X by r - open subsets of
X suchthat X € U {U, : a € A}. If U; =X, A € A then the
proof is complete, if U, # X, A € A then X — U, is proper
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r- closed subset and X — U, € U {U, : a € A — {A}}, by
the hypothesis there exist a finite subfamily {U,; : ai €

A—{A},i=12,..,n}, such that X—-U, cu
{Uy:aieA—{A},i=12,..,n}, thus Xcu
{Ug4UUy:ai€e A—{A},i=1,2,..,n}, hence X is coc-r-
compact.

(i) — (iii)

Clear, by using Theorem (3.19), Definition (2.16).

(iii))— (i)

Suppose F be proper r- closed subset of X, then F = X, let
{U,:a € A} be cover of F by r - opensubsets of X,
since F is r- closed subset of X, thus F€ is r-open, since
FUF¢cU{U, : a € A} UF€, there fore {U,,F:a € A} is
r-open coverof X and X is r-compact, so XS U
{Ug:i=12,..,n} UFS, hence Fcu{U,:i=
1,2,..,n}.

Definition (3.21) [3]

A space (X, T) is called I-compact if every cover F of
X by r - closed subsets of the space (X, T) contains a finite
subcover £ suchthat X=U {F*:Fe L }.

Remark (3.22)
coc-r-compact €4—<—» I-compact.

Examples (3.23)

1) Let X =R,with indiscrete  topology, then t™ =
{A:A € X}, thus X is

I-compact but X is not coc-r-compact.
2)LetX={1,2,3,...},1={G < X: 1 ¢ G}U {X}, then

™™ ={GcX:1¢G}U{GCX:1E€G,GEis finite}, thus X
is coc-r-compact but is not I-compact because {{1, x}:
l1eX,x#1} is rclosedcover of X but has not a
finite subcoverand {1, x}* ={x}, x # L.

Definition (3.24) [5]
A space (X, T) is called extremally disconnected (e.d ) if
U is open for each open set U in X.

Remark (3.25) [5]

A space X is e.d iff for all UV e RO(X, t) with
UNV=g,then UNV=0.
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Proposition (3.26) [4]

Let X be a topological space, A € X, then:
1- If Aaclosed set, then A°isa r-open set.
2- If A an open set, then A isa r-closed set.
3-If Aa r-closed set, then A is closed set.

Remark (3.27) [5]

If a topological space X is e.d space, then every r-
closed set in X is an open set.

Theorem (3.28)

If a topological space X is e.d space, then every coc-r-
compact is I-compact.
Proof :

Let {F,:a € A} be r-closed cover of X, then F,
is closed for each a € A, thus F,” is r-open for each a € A
( by using Proposition (3.26), (1,3) ). Since F, is r-closed
for each a € A and X is e.d space, there fore F, is open
set in X for each a € A ( by using Remark (3.27) ), so
F,is r-open, then F is coc- r-open set in X for each o €
A. Since X is coc-r-compact, thus the cover {F,:a € A}
has a finite subcover such that X = U{F,:i=
1,2,..,n} =U{F, :i=12,..,n}. Hence X is I-
compact.

Theorem (3.29)

If a topological space X is T,-space, thenevery I-
compact is coc-r-compact.
Proof :

Let {U,: « € A} be r-open cover of X, then U, is open
and U, isa r-closed setinX for each a € A ( by using
Proposition (3.26), (2) ), thus {U, :a €A} is I-
closed cover of X and X I- compact, there fore this cover

o

has a finitesub cover such that X = u{@ 1=

1,2, n} =uU{U,:i=12,..,n}. HenceX is coc-r-
compact ( by using Theorem (3.19)).
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Theorem (3.30)

If Xis T;, ed space then the following statements
are equivalent.
i) X is compact.
ii) X is I-compact.
iii) X is coc-r-compact.
Proof :
(i) —>(ii)
Let {F,: a € A} be r-closed cover of X, since X e.d space,
then {F,: o € A} is an open cover of X ( by using Remark
(3.27) ) and X is compact, thus {F,: « € A} has finite sub
cover such that X=U{F4;:i=12,..,n}=U
{Fu :i=12,..,n}. Hence X is I-compact.
(if) —»(iii) Clear .
(iii)— (i) Clear.

Proposition (3.31)

If a topological space X is T,-space, then every r-
closed set of I-compact space is coc-r-compact relative
to X.

Proof :
It is clear by using theorem (3.29),Corollary (3.13).

Definition (3.32)

A subset B of a topological space X is said to be I-
compact relative to X if every cover F of Bby r- closed
sets in X has a finite subcover £ such that B € U {F*:F €
L}

Proposition (3.33)

If a topological space X is e.d space, then every r-
open set of I-compact space is I-compact relative to X.
Proof :

Let X be e.d space, U be r-open in X and {F,:a € A}
cover of U by r-closed subsets of X suchthat U € U
{Fea€A}, then UUUcU{F, UUa€eA} thusX S
U{F,UU%aeA}, UCisr-closed. Since X is I-compact
space, there fore the cover {F, U U a € A} has a finite
sub cover such that X € U {(F, UU9*:i=12,..,n},
since X be e.d space, so F,;, U€ is open set ( Remark
(3.27) ) for each i = 1,2,...,n, then X € U{F, UU%i=
1,2,..,n}, thus UC U{F,; nU:i=12,..,n} S U{F :
i=12,..,n}= U{F,:i=12,..,n}. Hence U is I-
compact relative.

Raad. A/ Fadhel . A

Corollary (3.34)

If a topological space X is e.d space, then every r-
open set of coc-r-compact space is coc-r-compact relative.
Proof :

It is clear by using theorem (3.28), Proposition (3.33).
Definition (3.35)

Let f: X — Y be a function of a space X into a space Y,
thenf is called coc-r- irresolute ( coé-r-continuous )
function if f~1(U) coc-r-open set in X for each coc-r-open
setUinY.

Definition (3.36)

Let f: X — Y be a function of space X into space Y, then
fis called coc-r-open function if f(U) is coc-r-open setin'Y
for each coc-r-open set U in X.

Proposition (3.37)

Let f: X — Y be a co¢-r-continuous function, onto, if X
is coc-r-compact then Y coc-r-compact.
Proof :

Let {U,:a € A} be coc-r-open cover of Y, since fis a
co¢-r-continuous function, then f=1(U,) is coc-r - open
inX foreach a € A, but Y € Ugey Uy , thus X = £71(Y)
C Ugen 71U, since X is coc-r-compact and {f~1(U,) :
a € A} forms a cover of X, therefore the cover {f=*(U,) :
a € A} has a finite subcover suchthatX € U {f~1(U),:
i=12,..,n}, sincef onto, so fX) = Y
CU{ff1(U)):i=12,..,n} c U{Ugy:i=
1,2,...,n }. Hence Y coc-r-compact.

Proposition (3.38)

Let f: X — Y be a coc¢-r-open function and bijective, if
Y is coc-r-compact then X coc-r-compact.

Proof :

Let {U,: a € A} be coc-r-open cover of X, since fis a
coc-r-open function, then f(U,) is coc-r - open in Y for
each a € A , butX € Ugep U, , there fore Y = f(X) <
Ugen f(Uy), so {f(Uy) : a € A} forms a cover of Y, since
Y is coc-r-compact, then the cover {f(U,) : « € A} has a
finite subcover such that Y<E U {f(Uy):i=12,..,n},
thus X = 1Y) <cU{f*(f(Uy):i=12..,n} =
U {Uy:i=1,2,...,n}. Hence X coc-r-compact.
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Definition (3.39)

Let f: X — Y be a function of a space X into a space Y,
then f is called coc-r-continuous function if f=1(U) coc-r-
open set in X for each openset Uin Y.

Proposition (3.40)

Let f: X — Y be a coc-r-continuous function, onto and
Y be e.d space, if X is coc-r-compact then Y I-compact.
Proof :

Let {F,:a € A} be r-closed cover of Y and Y be e.d,
then F is open in Y for each o € A ( Remark (3.27) ), since
f is a coc-r-continuous function, thus f~1(F,) is coc-r -
open inXforeachaeA,butY € Uyep F,, thus X =
f71(Y) S Ugen f71(Fy), since X is coc-r-compact and
{f"1(Fy) : a € A} forms a cover of X, there fore the cover
{f~1(F,): a € A} has a finite subcover suchthatX € u
{f1(Fy),:i=1.2,..,n}, since f onto, so f(X) =YC U
{f(f*(Fy):i=12,..,n} SU{F,:i=12,..,n}=

U{F,  :i=12,..,n}. Hence Y I-compact.

The following diagram explains the relationship among
these types of compact spaces.

)‘2 Compact i\\A\

coc-r-compact —PIA I- compact
*
4 e.d space
& Regular space

* T2-space
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