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1. Introduction

Letting A represents the set of functions f which are analytic within the open unit disc€={z€ C: |z| <1},
constrained by f(0) = 0 while f '(0) = 1, and conforming to the stated form:

[@=3+) a7 . (L.1)
r=2

S denotes the subset of A including functions in (1.1) which are univalent in €. As per the Koebe one-quarter
theorem (see [10]), each function f € § has an inverse f ! that fulfills

f(f@)=12,z€0),

and

1
) =w, (Wl <n(.n() 23),
where
gw) = f71(w) =w —a,w? + (2a2 — a;)w? — (543 — 5a,a; + a,)w* + -+ . (1.2)
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A function f is considered bi-univalent in € if f and its inverse f~! are univalent in €. We designate Y to be the
collection of bi-univalent functions in €as defined in (1.1). The seminal work of Srivastava et al. [19], has
reinvigorated the investigation of bi-univalent functions in the past few years, where a substantial number of
sequels his work are established and examined many families of the bi-univalent function family by numerous
authors (see, for instance, [1,2,5,6,8,11,15,16,17,18,23,24,26]). For every function f € S, the function h(z) =
"/f(z™), where z € € and m € N, is univalent as well as maps the unit disc into an area exhibiting symmetric m-
fold.

A function is classified as m-fold symmetric (see [11]) if it possesses the following normalized representation:

@) =7+ Z GnenZ™ ™, (EC,mEN). (1.3)

Letting S,,, be the collection of m- fold symmetric univalent functions in €, normalized by the series expansion (1.3).
The functions of the § family exhibit unilateral symmetry.

In [20], Srivastava et al. delineated m-fold symmetric bi-univalent functions, paralleling the notion of m-fold
symmetric univalent functions. Their findings demonstrate that each function f € ) yields an m-fold symmetric bi-
univalent function across all m € N. Furthermore, using the normalized form delineated by (1.3), they calculated
the series expansion for f ! as follows:

IW) =w + @ W™+ [+ 1)ad g — gy W

1
— [E m+1)@Bm+2)ad ., — Cm+3)an10rmes + A3mer | W3+ -, (1.4)

hence f =1 equals g. We represent Y, as the collection of m-fold symmetric bi-univalent functions in €. It is obvious
that for = 1, equation (1.4) corresponds with equation (1.2) of the family.
Examples of m-fold symmetric bi-univalent functions are presented as follows:

1 1
7™ \m 1 7™ \m _ om %
(l—gm) ! [2 lOg (1_7:m):| and [ lOg(l 7 )] )
alongside the respective inverse functions in that order:

1 1 1
_ m m
( wm )m eZw -1 mand eW' —1\m
1-wm/) 7 \e2w™y1 ew™ ’

In recent years, numerous writers examined bounds for different subfamilies of m-fold bi-univalent functions (

[3,4,9,7,14,20,21,22,25]). To substantiate our principal findings, we necessitate the following lemma.

Lemma 1.1 [3]. Ifh € J, then |c, | < 2 for every k € N, where J denotes the set of all h such that Re(h(z)) > 0, with
z€C

h(z) =1+ ¢z + 7% + -+, (ze@®).
2. Coefficient Bound for the Function Family SFy,,(p, 8,8)

Definition 2.1. A function f(3) in (1.3) is classified into the class SFy ,,(p, 8, ®B) if the subsequent requirements are
met:

‘arg< Lol 7 7°f@) )‘ B eo 2D
(o' @) (f @)’

and

g, (weG), (2.2)

wz-ﬁg(w)”] B [wl-ﬁg(wy)
arg(" w2 T AP Gy )| <

where g(w) givenby (1.4),g=f"1L,meN,§ =20, 0<p<1,0<P<1.
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Remark 2.1: By specializing the parameters 9B, p and m, one can delineate the numerous new and established

subclasses of analytic bi-univalent functions previously examined in the literature.

1- Consideringm = 1, we derive a novel class of bi-univalent functions.

SFZm(p' 5,P) = SFZ(,D' S, EB) .

2- Forp = 0and d = 0, we derive a class that comprises m-fold symmetric bi-starlike functions as defined by

Altinkaya and Yalcin [3].

3- Assumingp = 1landé§ = 0, we derive a class comprising m-fold symmetric convex bi-univalent functions

as established by A. Wanas and Majeed [18].

SFZm(p' 6' EB): EZm(O'l'l' EB)

4- Assumingp = 0,6 = 0,andm = 1, we derive the class of bi-univalent functions presented by Brannan

and Taha [9].

5- Consideringp = 1,m = 1,withd = 0, we derive a family of convex bi-univalent functions as presented

by Brannan and Taha [9].

SFs.m(p, 6, PB)=S51(P).

Theorem 2.1.If f € SFy,,(p,8,B), (m€EN, §20,0<p <1,0<P < 1),then

2P

|am+1| <

‘ [(m + D[2m(L+2mp) + 81— p)] — 2(1 — 8) [m(L + 2mp +m?p) + 26(1 ~ p)”

=B - D[m@A +mp) + (1 —p)]?
and

| < | 2% 2P (m + 1)
Gml = |2m + 2mp) + 601 —p)I * [m( + mp) + 61 — PP

Proof: Let f € SFy,,(p,5,B). Then

@ i)
=[p@I*
“lar@)™ ( @)
and
P (wg'(w))1-3 +1-p) Q)| ~ [aWm)]?,

where p(z) as well as g(w) are in § and possess the following forms:

2@ =1+ pnz" + pomz*™ + P3mz>™ +

and

(23)

(2.4)

(2.5)

(2.6)

2.7)
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gWw) =14 +g,w™ + GopW?™ + ggpmw3™ ... . (2.8)
This yields the following relations

[m(l + mp) + 5(1 - p)]am+1 = C‘B;’m' (29)

1
[2m(1 +2mp) + (1 = p)aznas — (1= 8) [m(1 +2mp +m2p) +5 801 = p)] @y

-1

= QBWZm + %pmz (210)

and
_[m(l + mp) + 5(1 - p)]am+1 = EB%m' (211)

(m+ D[2m@ +2mp) + 5(1 —p)] — (1 = &) |m(1 + 2mp + m?p) + %6(1 — p)” az .1
-1
~[2m(1 + 2mp) + 51~ p)lazmes = Bom + oD g2 (2.12)
By (2.9) and (2.11), we get that

Pm = —9m (2.13)

and
2[m(1 +mp) +6(1 = p)I*ah1 = B2 (@m® + an?) - (2.14)

Now, from (2.10), (2.12) and (2.14), we obtain that
w2 B2 (P2 +42)
m+1 = .
$B|(m + D[2m(1 +2mp) +6(1 — p)] - 2(1 — 6) [m(1 + 2mp +m2p) +25(1 - p)”
=P - D[m@A +mp) +6(1 — p)]?

(2.15)

Utilizing Lemma 1.1 for the coefficients p,,, with g,,,, we promptly obtain

2P

lamq| < )
‘513 [(m +D[2m(L +2mp) +8(1 — p)] — 2(1 — 8) [m(1 + 2mp +m2p) + 15(1 ~ p)]”
=B - D[m@A +mp) +5(1 - p)]?

which gives us the desired estimate on |a,,. | as asserted within (2.3).
To determine the bound on |a,,, 4|, we subtract (2.12) and (2.10), resulting in
2[2m(1 + 2mp) + 8(1 = p)lagmes — [(m + D[2m(1 + 2mp) + §(1 = p)l]a..,

PE-1

2 (sz _%mz)- (2-16)

= S/B(WZm - %Zm) +
From (2.13), (2.14) and (2.16), we obtain

a _ SB(Wzm - 42m) + m+1 SBZ(#ng - %mz)
Al o2m(1 + 2mp) + 6(1 — p)] 2 2[m(1+mp)+8(1—p))2°

(2.17)
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Using Lemma 1.1 to the coefficients p,,,, and g,,,, yields that

o | < 2% s 202(m + 1)
= 2m@ + 2mp) + 61— p)]  [m(L+mp) + (1 — p)]?|’

which complete the theorem.
Whenm = 1,6 = 0in Theorem 2.1, we obtain the subsequent Corollary.

Corollary 2.1. Letting f, as defined in (1.3), belongs to the class SFy ,,(p, §,B). Subsequently

2B

|a2| < )
2B +p) + (1= B)(A + p)?

and

I
T(@+2p) A+p)*

|a3

Assumingp = Oaswellasé = 0in Theorem 2.1, we deduce the subsequent Corollary.
Corollary 2.2. Letting f, as specified in (1.3), belongs to the class S?m. Subsequently

layey] < —2
a —_— )
mr1l ST 1

and

P 2P*(m+1)
lagmysl <+ ———.

Assumingp = 0,m = 1,aswellasd = 0in Theorem 2.1, the following corollary is established.
Corollary 2.3. Suppose f, as defined in (1.3), belongs to the class S5 (). Subsequently

2P
JB+1

|a2| <

and
lag| < PP + D).
By substitutingp = 1 aswellasd = 0in Theorem 2.1, we derive the subsequent conclusion.

Corollary 2.4. Assume f, as defined in (1.3), belongs to the class Ey,,(0,1,1, B). Subsequently

2
my2B+m) + (1 — P)(A +mp)?’

|amq| <

and

B 22
m(1 + 2m) + m2(1+m)?’

|a2m+1| <

Assumingp = 1,m = 1,with§ = 0in Theorem 2.1, we deduce the subsequent Corollary.

Corollary 2.5 Assume f, as defined in (1.3), belongs to the class Sy ; (*B). Subsequently
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|a2| S EB;
and
sl s§+ B2

3. 2. Coefficient Bound for the Function Family SFy. . (p, 6, B)

Definition 3.1. A function, such as f () stated in (1.3) is classified as belonging to the class SFy,,, (p, 6, B) if it meets
the subsequent requirements.

2 ) 17 1-68 ’
( @ Z—f(f_)5>>513, (z € ©) 3.1)
&f' @)~ (f@)
and
Re (p %h( —p)[ﬁ)>i& (w € ) (3.2)
where g(w) given by (1.4),

Remark 3.1 By specializing the parameters %, p, as well as m, one can delineate the numerous new and established
subclasses of analytic bi-univalent functions previously examined in the academic literature.

1- Consideringm = 1, we derive a novel class of bi-univalent functions.
SFym(p,6,B) = SF5.(p, 6,).

2- Assumingp = 0and§ = 0, we derive a class that comprises m-fold symmetric bi-starlike functions as
established by Altinkaya and Yalcin [3].

SF 1 (0,8, %8)= Ng,, (B, 1) .

3- Consideringp = 1and§ = 0, we derive a class comprising m-fold symmetric convex bi-univalent
functions as established by Wanas with Majeed [18].

SF%m(p’ 6’ $)= Eg:m(oilil; 1;)'

4- Assumingp = 0,6 = 0,and m = 1, we derive the class of bi-univalent functions presented by Brannan
with Taha [9].

SF5 (0, 8,8) =55 (B).

5- Assumingp = 1,m = 1,withd = 0, we derive a class of convex bi-univalent functions as presented by
Brannan with Taha [9].

Theorem 3.1 1If f € SF*Zm(p, 6,B),(meN, §>0,0<p<1,0<P<1),then

4(1-P)
[2m(1 +2mp) + 6(1 — )L +m) — 2(1 — &) [m(1 + 2mp +m?p) + 15(1 - p)”

(33)

|| <

and
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Y 2(1 —B) N 21 -P)*(1 +m)
A= m(1 4+ 2mp) +5(1 —p)  [m(1+mp) + 81— p)]?

Proof. Consequently, using (4.23) along with (4.24), there exist p and g € J which means that

Eaiol (z)” 37 f (z)'
+A-p)|——=|=B+ A -P)r()
@)™ (r@)"°

and

P - [ g
(p[(wg'(W))1‘5 A= (gw))—s =P+ 1 =PBgWw),

where p(z) and g(w) in J given by (2.7) and (2.8).
This, we get the following relations
[m(1+mp) + 61 = plamss = (1 = By,
[2m(1 +2mp) + 5(1 — p)lazmes — (1 = 6) [m(l + 2mp + m?p) + %6(1 - p)] a2, =
and

—[m@ +mp) +5(1 —p)lans = A =BG,

2m(l+2mp)+6(1—p) A +m)—(1-6) [m(l + 2mp + m?p) + %6(1 - p)” a4

=[2m@1 +2mp) + 6(1 — p)lazms1 = (1 = B)Gopm.

According to (3.7) as well as (3.9):
Pm = —9m
and
2[m(1+mp) +6(1 = p)I*agy = (1 = T)*(Pw” + Gm”)-
Now, from (3.8) and (3.10), we obtain that

(1 - SB) (372m + %Zm)

(1 - %)WZm

2 _
Am+1 =

By applying Lemma 1.1 to the coefficients p,,, as well as g,,,, yields

[2m(1+ 2mp) + (1 — p)](1+m) —2(1 —6) [m(l +2mp + m2p) + %6(1 — p)” .

41 -9P)

|amql <

This provides the requisite estimate for |a,,, | as stated within (3.3). To determine the bound on |a,,, |, we

remove (3.10) and (3.8), resulting in

a _ (1 - g'B)(ﬁzrn + @Zm) m+1 a2
AT om(1 + 2mp) + 5(1 — p) 2 b

and a?,,, from (3.12), we obtain

[2m(1 +2mp) + 6(1 — )L +m) — 2(1 — &) [m(1 + 2mp + m?p) + 15(1 - p)”

(3.4)

(3.5)

(3.6)

3.7)

(3.8)

(3.9)

(3.10)

(3.11)

(3.12)

(3.13)



8 Sara Falih Makttoof et al,, Journal of Al-Qadisiyah for Computer Science and Mathematics Vol.17.(1) 2025,pp.Math 121-129

a _ (1_$)(p2m +['l2m) +m+1 (1_$)2(pm2 +Q‘m2)
AT om(1 + 2mp) + 5(1 — p) 2 2[m(1+mp)+8(1—p))*

By computing the absolute value of (39) and reapplying Lemma 1.1 to the coefficients p,,, as well as g,,,, we derive

a < 2(1-P) N 2(1-P)*(m+ 1)
A= Am@1 4+ 2mp) +5(1 —p)  [m(1 +mp) + 81 —p)]?|’

This concludes the evidence of Theorem 3.1.
Assumingm = 1withé§ = 0 in Theorem 3.1, we obtain the subsequent corollary.

Corollary 3.1. Suppose f, as defined by (1.3), belong to the class SF5.,, (p, §,8). Subsequently
2(1-P)
la,| < |——+
1+p)

20-9) 4(1— P
=TTz TaTer

and

las

Assumingp = 0andd = 0in Theorem 3.1, we obtain the subsequent corollary.

Corollary 3.2. Suppose f, as specified by (1.3), belong to the class N%,m (B, 1). Subsequently

1
|am+1| < E\/ 2(1 - SB) )

and

|zl <

1-P) N 21 -=P)*(n+1)
- :

m2
Assumingp = 0,m = 1,and§ = 0, Theorem 3.1 yields an additional corollary.

Corollary 3.3. Suppose f, as defined in (1.3), belongs to the class S5 (). Subsequently

la,] <2(1 =),
and
lasl < (1 =) +4(1 - B)*.
Assuming p = 1aswellas§ = 0in Theorem 3.1, the subsequent corollary is derived.

Corollary 3.4. Suppose f, as defined in (1.3), belongs to the class Ey; ,,(0,1,1,B). Subsequently

1 121 -9P)
< =7
Iamﬂl_m m+1"’

1-  20-9P)°

< :
|azmaa| < m(1+2m) m2(1+m)

and

Assumingp = 1,m = 1,with§ = 0in Theorem 3.1 yields the subsequent corollary.



Sara Falih Makttoof et al,, Journal of Al-Qadisiyah for Computer Science and Mathematics Vol.17.(1) 2025,pp.Math 121-129 9

Corollary 3.5. Suppose that f, defined in (1.3), belongs to the class Sy ; (). Subsequently

|a2|S\/(1_SB);

and

1_
las| s—( 3§‘B)+(1—213)2.

Conclusion
This study has introduced new subfamilies SFy ., (p, 6,*8) and SF5. . (p, 8, B) of ¥.,,, with have derived estimates for

the coefficients |a,,,1|, and |a,,,, | for functions within each of these subfamilies.
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