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A B S T R A C T 

In this paper, we proved the approximation of homomorphism and derivation related to the following 

functional equation: 

                                             

 On Fuzzy Banach Algebras space by means of direct and fixed point methods.  
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1. Introduction  

Starting with Ulam's question on stability posed in 1940 [16], and following the first response to Ulam's question by 

Hyers [8]                 ,  along with the extension of        result by      [3] and Rassias [15], the study of 

stability became a focal point for mathematicians due to its significance and applications. 

 Concurrently, with the emergence of the                                  by Lotfi          1965 [17] as a 

generalization of classical sets, the theory of fuzzy spaces witnessed significant development when Katrasas [9] 

defined a fuzzy norm on a linear space to create a fuzzy vector topological structure on this space. 

Subsequently, intensive efforts were made by mathematicians to define fuzzy norms on linear spaces. With the 

substantial progress made in fuzzy theory, efforts to study the stability of functional equations in fuzzy spaces 
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increased, leading to important results. In this context, we have reference some significant research papers on the 

topic [1, 2, 4, 5, 6, 10, 11, 12, 13 and 14].  

In this paper, we studied the stability of the                             :  

                                                                                                                                    

  Furthermore, we discussed the homomorphism and derivation of the previous functional equation in the fuzzy 
Banach algebra space in the case of the function being odd, and we reached valuable results and good conclusions, 
whether by the direct method or the fixed-point method. 

2. Preliminaries.   

Definition2.1. [12] Let   be a                  . A function       [   ] is called a            on 

                                , 

              for                                                                                         

                                                                                                                                               

                 
 

| |
  if                                                                            

                  {            }                                                     

                                                                                 

     for                              . 

The pair       is a called a                          . 

Definition2.2. [1] Let       be a fuzzy normed vector space. A sequence         is said to be convergent or 

converge if there exists an        such that                  , for all     . In this case   is called the limit of 

the sequence {  } and we denote it by                 

Definition2.3. [1] Let       be a fuzzy normed vector space. A sequence    in   is called Cauchy if for each       

and each       there exists an        such that for all        and all      , we have                       . 

It is well-known that every convergent sequence in a fuzzy normed vector space is Cauchy. If each Cauchy sequence 

is convergent, then the fuzzy norm is said to be complete and the fuzzy normed vector space is called a fuzzy Banach 

space 

Definition2.4. [12] Let   be an         and       a                     

1.  The              space       is called a                      if 

                        

             , for all      . 

2.  A complete                      is called                       

Definition2.5. [11] Let        and       be                        Then a multiplicative  -               

               is called a                             

Definition2.6. [11] Let       be a                       Then an  -linear mapping                is called 

a                           if                                   

Definition2.7. [7] Let   be a set. A function       [   ]   is called a                    on   if, 

(i)                               
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(ii)                                 

(iii)                                        

Theorem2.6. [7] Let       be a complete                    space, and let       be a strictly contractive 

mapping with the Lipschitz constant   . Then, for each    , either 

                            or there exists a natural number   ₀ such that 

       (1)                        

            The sequence     is convergent to a fixed point  ∗        

         3   ∗ is the unique fixed point of  J in the set  {              ∞}  

                ∗  
 

   
                      

3. Stability of function equation (1.1) in F.B.A. space using the direct method.  

Theorem3.1 Let     be two F. B. A. spaces,       odd mapping,                                       

Suppose function      [     such that                             , and 

∑ 3  
    (

 

     
 

    
)                                                                                                                                                          (3.1) 

       (               )                                                                                                                                                           (3.2) 

where   

                                                     

        (                 ̃     )   .                                                                                                                                   (3.3) 

 ̃      ∑3  (
 

3   
 

 

3   
)

 

   

  

               Then            3   
 

    exists for each     and defines                            

       such that if for some         

  (                )   ,                                                                                                                                                   (3.4) 

Then  (            ̃     )               .                     (3.5) 

Hence the                                  is a                           

         (            ̃     )                                            (3.6) 

Proof. Let     in (3.2).                            

 (     3 (
 

 
)     

 

 
 
 

 
 )       for all                              (3.7) 

By induction on  , we will show that  
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 (     3  (
 

  
)   ∑ 3      

   
 

     
 

     )          (3.8) 

           ,    , and all       

It follows form (3.7) that (3.8) holds for    . 

Assume that (3.8) holds         . Then 

 (     3    (
 

3   
)   ∑3   

 

3   
 

 

3   
 

 

   

)     

{
 
 

 
  (     3  (

 

3 
)   ∑3  (

 

3   
 

 

3   
)

   

   

)  

 (3  (
 

3 
)  3    (

 

3   
)  3   (

 

3   
 

 

3   
))

}
 
 

 
 

    {       }      

Let      and repealing                  
 

   in (3.8), respectively, we get 

 (3  (
 

  
)  3    (

 

    
)  3   ∑ 3    

     
 

       
 

       )     , 

                          (3.9) 

It follows from (3.1) and the equality 

∑3     
 

3     
 

 

3     

   

   

  ∑ 3   
 

3   
 

 

3   
 

     

   

 

   ∑ 3 

     

   

  
 

3   
 

 

3   
    

             and    . From (3.9) we get  

  (3  (
 

  
)  3    (

 

    
)   )   (3  (

 

  
)  3    (

 

    
)  3   ∑ 3    

    (
 

       
 

      
))      

Thus the sequence {3   
 

   } is Cauchy in   Since   F. B. A, the sequence{3   
 

   } converges to some      . 

             3    
 

    , for each            . 

                                         (3  (
 

  
)        )     

                      . Since       3  (
 

     
 

    
)   , there is an      such that   3

   
 

     
 

      
 

 
  

for all     . 

Hence for each      we have  
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{
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
  (        3  (

      

3 
)  

 

 
)  

 (        3  (
      

3 
)  

 

 
)  

 (       3  (
     

3 
)  

 

 
)  

 (       3  (
     

3 
)  

 

 
)  

 (       3   (
  

3 
)  

 

 
)  

 (      3   (
 

3 
)  

 

 
)  

 

(

 
 
3  (

      

3 
)  3  (

      

3 
) 3  (

     

3 
)  

3  (
     

3 
) 3   (

  

3 
)  3   (

 

3 
)  

 

 )

 
 

}
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 

     

 

The           terms on the right-hand side of the a above inequality end to 1 as     and last term is greater then 

 

(

 
 
3  (

      

3 
)  3  (

      

3 
) 3  (

     

3 
)  

3  (
     

3 
)  3   (

  

3 
)  3   (

 

3 
)  

 

 )

 
 

  

(

 
 

3  (
      

3 
)  3  (

      

3 
)  3  (

     

3 
) 

3  (
     

3 
) 3   (

  

3 
)  3   (

 

3 
)    3

   
 

3   
 

 

3   
 
)

 
 

     

           . Since                                                    For all    , 

by     . 

                                              

Hence   is satisfying the functional equation.  

Hence the               is        . 

               .             3  (
  

  
)         3  (

 

  
)        

It results from (3.3) that               , for all         

Let β and α be positive. 

                   ∑ 3   
 

     
 

     
   
   ,                

It can be inferred from (3.4) that    (     3  (
 

  
)   ∑ 3   

 

     
 

     
   
   )      (3.10) 

           . Let      We have  
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                      { (     3  (
 

  
)          )   (     3  (

 

  
)   )}                                                                        (3.11) 

From (3.10) and (3.11) and        (3  (
 

  
)        )     we get  

                          

Letting    ,  

 (            ̃     )    

Let  ̀ be another                  satisfying (3.5) and (3.6). Suppose that                    

 (            ̃     )      

 (      ̀      ̃     )      

            and     and      . Find some integer    such that  

  ∑ 3   
 

3   
 

 

3   
 

 

   

 
 

3
 

Since  

∑ 3   
 

3   
 

 

3   
 

 

   

 3 ∑ 3      (3     
 

3   
 3     

 

3   
)

 

   

 

 3 ∑3   
 

3 

 

3   
 
 

3 

 

3   
 

 

   

 3  ̃ 
 

3   
 

 

3   
  

we have  

  (      ̀     ) 

                 { (3  (
 

  
)       

 

 
)   ( ̀    3  (

 

  
)  

 

 
)   (          

 

 
)} 

                { ( (
 

  
)   (

 

  
)  3   

 
)   ( ̀ (

 

  
)   (

 

  
)  3   

 
)   }                                 

                {
 ( (

 

  
)   (

 

  
)  3    ∑ 3  (

 

     
 

    
) 

   )  

 ( ̀ (
 

  
)  (

 

  
)  3    ∑ 3  (

 

     
 

    
) 

   )   
}                                                     

               {
   (

 

  
)   (

 

  
)     ̃ (

 

     
 

    
)  

    ̀ (
 

  
)   (

 

  
)     ̃ (

 

     
 

    
)   

} 

              {
   (

 

  
)   (

 

  
)    ̀ ̃ (

 

   
 

  
)  

    ̀ (
 

  
)   (

 

  
)    ̀ ̃ (

 

   
 

  
)   

} 

             {         }                                                                                                     □ 
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Theorem3.2 Let     be two F. B. A. spaces,       odd mapping,                                       

Suppose function      [     such that                             , and 

∑ 3  
    (

 

     
 

    
)                                                                                                                                            (3.11) 

       (               )                                                                                                                             (3.12) 

           (                    ̃     )                                                                                                (3.13) 

 ̃      ∑3  (
 

3   
 

 

3   
)

 

   

  

               Then            3   
 

    exists              and defines                          

       such that if for some         

   (                )   ,                                                                                           (3.14) 

Then  (            ̃     )               ,         (3.15) 

The                                is a                such that  

        (            ̃     )                         (3.16) 

Proof. This Theorem can be readily demonstrated utilizing the same way to the Theorem 3.1. 

Theorem3.3. Let     be two F.B.A. spaces,       odd mapping,                                       

Suppose function      [     such that                 ,                 

∑
 

    
 
     3   3                                                                                                            (3.17) 

       (               )                                                                                                    (3.18) 

       (                 ̃     )   .                                                                                (3.19) 

 ̃      ∑
 

3   
  3   3    

 

   

  

               Then            
      

   exists for each     and defines                                   

       such that if for some         

  (          ̃     )   ,                                                                                              (3.20) 

 (            ̃     )                ,      (3.21) 

 The                                  is a                such that  

        (            ̃     )                        (3.22) 

Proof. . This Theorem can be readily demonstrated utilizing the same way to the Theorem 3.1. 
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Theorem3.4. Let     be two F.B.A. spaces.       Odd mapping,                                       

Suppose function      [     such that                             ,and 

∑
 

    
 
     3   3                                                                                                           (3.27) 

       (               )                                                                                                   (3.28) 

           (                    ̃     )                                                                     (3.29) 

 ̃      ∑
 

3   
  3   3   

 

   

  

               Then            
      

   exists for each     and defines                                 

such that if for some         

   (                )   , for all                                                                                                                                      (3.30) 

Then                 ̃        , for all                     (3.31) 

  Hence the                                is a                such that  

        (            ̃     )                              (3.32) 

Proof. This Theorem can be readily demonstrated utilizing the same way to the Theorem 3.1. 

4. Stability of function equation (1.1) in F.B.A. space using the fixed point method.  

Theorem 4.1 Let     be two F.B.A. spaces,        odd mapping,                           . Suppose 

function      [      there exist     such that  

                                                           (
 

 
 
 

 
)  

 

 
      

         (         )  
 

        
 .                                                                                                                                                             (4.1) 

                    
 

        
.  (4.2) 

Then              3   
 

    exists              and defines a                                                

      such that  

                  
       

               
                                                                                                                                                 (4.3) 

Proof. if     in (4.1), then 

                                                    3   3      

                                       3   3        
 

        
    

                                (     3 (
 

 
)   )  

  

          
                                                                                                                   (4.4) 

Let the set   {     }and introduce the generalize matric on : 
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          {                    
  

          
          }. 

       is complete. By [7] 

Let       the linear         such that  (    )  3  
 

 
 ,         . 

Let       be given such that         . Then  

                 
  

         
, for all          

Hence 

                           (3 (
 

 
)  3 (

 

 
)     ) 

                                                =  ( (
 

 
)   (

 

 
)  

 

 
  ) 

                                                
 
  

 

 
  

 
   (

 

 
 
 

 
)
 

 

   (
 

 
 
 

 
)
 

                                                
 

  
 

 
      

  

                                               
  

         
,                  

we have ,           

                       

                           ,                

form (4.4)          . 

By [7], there exists a               satisfying the following: 

   1.    is a fixed point of  , i.e., 

                                                      (
 

 
)  

 

 
    , 

            , the                                   of   in the set 

  {            }  There exists a         such that           

                
3 

3         
  

   2.            as      This implies the equality 

                                                    3   
 

          

    3.                               
 

   
         

                                       
 

   
  



10         Mohammed Salih Sabah, Shaymaa Alshybani, Journal of Al-Qadisiyah  for Computer Science and Mathematics Vol.71.(7) 2025,pp.Math 50–60

 

By (4.2) we get,                          

  (3  (
      

  
)  3  (

      

  
) 3  (

     

  
)  3  (

     

  
)  3   (

    

  
)  3    

   

    3
  )  

 

    
 

  
 
 

  
 
                                                                                       

 (3  (
      

  
)  3  (

      

  
) 3  (

     

  
) 3  (

     

  
)  3   (

    

  
)  3    

   

     )  

 

  

 

  
 

  

  
      

 ,   for all    

                                                                                                                                                                                                             (4.5) 

Since       

 

  

 

  
 

  

  
      

                       

                                                        

Thus                                             . The        is additive and 

  linear. By (4.3), 

    (3   (
  

   
)  3  (

 

  
) 3  (

 

  
)  3   )  

 

    
 

 
 
 

 
 
 

   (3   (
  

   
)  3  (

 

  
)3  (

 

  
)   )  

 

   

 

   
 

  

  
      

   for all                                                                                        (4.6) 

Since       

 

   

 

   
 

  

  
      

  , for all           

                                           (              )    

Thus                 .      is a                              

Theorem 4.2 Let     be two F.B.A. spaces,        odd mapping,                            . Suppose 

function      [      there exist                

                                               (
 

 
 
 

 
)  

 

 
      

         (         )  
 

        
 .                                                                                                                            (4.7) 

                       
 

        
.           (4.8) 

Then              3   
 

    exists for each     and defines a                                such that  

                  
       

               
                                                                                                                      (4.9) 

Proof. This theorem can be readily demonstrated utilizing the same way to the Theorem 4.1. 

Theorem 4.3 Let     be two F.B.A. spaces,        odd mapping,                           . Suppose 

function      [      there exist     such that  

                                                3  3   3        

         (         )  
 

        
 .                                                                                                                                                       (4.10) 
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.          (4.11) 

Then              
      

   exists for each     and defines a                                  such 

that  

                  
       

              
                                                                                              (4.12) 

Proof. This theorem can be readily demonstrated utilizing the same way to the Theorem 4.1. 

Theorem 4.4 Let     be two F.B.A. spaces,        odd mapping,                           . Suppose 

function      [      there exist     such that  

                                                3  3   3        

         (         )  
 

        
 .                                                                                                      (4.16) 

                       
 

        
.  (4.17) 

Then              
      

   exists              and defines a                                such that  

                  
       

              
                                                                                                                                                 (4.18) 

Proof. This Theorem can be readily demonstrated utilizing the same way to the Theorem 4.1. 
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