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1. Introduction

Starting with Ulam's question on stability posed in 1940 [16], and following the first response to Ulam's question by
Hyers [8] in Banach spaces, along with the extension of Hyers' result by Aoki [3] and Rassias [15], the study of
stability became a focal point for mathematicians due to its significance and applications.

Concurrently, with the emergence of the concept of fuzzy sets introduced by Lotfi Zadeh in 1965 [17] as a
generalization of classical sets, the theory of fuzzy spaces witnessed significant development when Katrasas [9]
defined a fuzzy norm on a linear space to create a fuzzy vector topological structure on this space.

Subsequently, intensive efforts were made by mathematicians to define fuzzy norms on linear spaces. With the
substantial progress made in fuzzy theory, efforts to study the stability of functional equations in fuzzy spaces
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increased, leading to important results. In this context, we have reference some significant research papers on the
topic[1, 2,4,5,6,10,11, 12,13 and 14].

In this paper, we studied the stability of the additive functional equation:

fCx+y)+fC2x—y)=flx+y)+flx—y)+2f(2x) + 2f (x). 1.1
Furthermore, we discussed the homomorphism and derivation of the previous functional equation in the fuzzy
Banach algebra space in the case of the function being odd, and we reached valuable results and good conclusions,

whether by the direct method or the fixed-point method.

2. Preliminaries.

Definition2.1. [12] Let X be a real vector space. A function N: X X R - [0, 1] is called a fuzzy norm on
Xif forallx,y € Xand all s,t € R,

(N;))N(x,t) =0fort <0,
(N,)x=0if and only if N(x,t) =1 forallt > 0,
(N3) N(cx, t) = N(x,ﬁ) ifc #0,

(NJON(x +y,s +t) = min{N(x +s), (y + t)},
(Ng)N(x, -) is a non — decreasing function of R and lim,_,, N(x,t) =1,
(Ng) for x # 0, N(x,") is continuous on R.

The pair (X, N) is a called a fuzzy normed vector space.

Definition2.2. [1] Let (X, N) be a fuzzy normed vector space. A sequence x,, in X is said to be convergent or
converge if there exists an x in X such thatlim,,_,,, N(x, — x,t) = 1, forallt > 0. In this case x is called the limit of
the sequence {x, } and we denote itby N — lim,,_,,, x,, = x.

Definition2.3. [1] Let (X, N) be a fuzzy normed vector space. A sequence x,, in X is called Cauchy if for eache > 0
and eacht > 0 there exists ann, € N such thatforalln = nyandallp > 0, we have N(x,,p, — xp,t) > 1 — &.

It is well-known that every convergent sequence in a fuzzy normed vector space is Cauchy. If each Cauchy sequence
is convergent, then the fuzzy norm is said to be complete and the fuzzy normed vector space is called a fuzzy Banach
space

Definition2.4. [12] Let X be an algebra and (X, N) a fuzzy normed space.

1. The fuzzy normed space (X, N) is called a fuzzy normed algebra if
N(xy,st) = N(x,s) .N(y, t)

forall x,y € X, foralls,t € R.

2. A complete fuzzy normed algebra is called fuzzy Banach algebra.

Definition2.5. [11] Let (X, N,)) and (Y, N) be fuzzy normed algebras. Then a multiplicative R-linear mapping
H:(X,N,) - (Y,N)is called a fuzzy algebra homomorphism.

Definition2.6. [11] Let (Y, N) be a fuzzy normed algebra. Then an R-linear mapping §: (Y, N) = (Y, N) is called
a fuzzy algebraderivation if §(x,y) = y6(x) + x6(y) for all x,y € X.

Definition2.7. [7] Let X be a set. A functiond: X X X — [0, ] is called a generalized metric on X if,

D) d(x,y)=0if andonly if x =1y,
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(i) d(x,y)=d(y,x) forall x,y €X,
(ii)d(x,z) <d(x,y) + d(y,z) forall x,y,z € X.

Theorem?2.6. [7] Let (X, d) be a complete generalized metric space, and let J: X — X be a strictly contractive
mapping with the Lipschitz constantL < 1. Then, for each x € X, either

d(J™x, J""1x) = +oo, for all n > 0 or there exists a natural number n, such that
(1) d(J™x, ] 1x) < +00,Vn = no,
(2) The sequence J™x is convergent to a fixed point y* of J,
(3) y* is the unique fixed point of | in the setY = {y € X, d(J™x,y) < oo},
®d,y") < —d(v.Jy) forally €Y.

3. Stability of function equation (1.1) in F.B.A. space using the direct method.

Theorem3.1 Let X,Y be two F. B. A. spaces, f: X - Y odd mapping, f(0) = 0, f(Ax) = Af (x) forallx,y € X,1 € R.
Suppose function 8: X? - [0, o) such that p8(x,y) = 0(px, py), for all p € R, and

{ZOSiG(;ﬁ,#) < o, forallx,y € X, (3.1)
lim,.c. N (D; (x, ), t0(x, ) = 1. (3.2)
where

De(x,y) = fQx+y) = f2x = y) = flx + y) = fx —y) + 2f (2x) + 2f (x),

lim,_,o, N(f(xy) = FCOf ), t8(x,¥)) = 1. (3.3)

[oe]

~ . X y
B(X,y) = Z 3'0 (W,W)

i=0

forall x,y € X. Then H(x) = lim,,_,, 3" f(3in) exists for each x € X and defines fuzzy algebra homomorphism
H:X =Y such thatif forsome 8 > 0,a > 0

N(Df(x, v),B6,,(x, x)) >a, forall x € X, (3.4)
ThenN(f(x) —H(x),ﬁé(x,x)) >a, forallx € X. (3.5)
Hence the fuzzy algebra homomorphism H: X — Y is a unique mapping such that

lim,_, N(f(x) — H(x),t0(x,x)) = 1, for all x € X, (3.6)
Proof. Let x = y in (3.2). for a given € > 0 such that
N(fG) -3f(%).t0¢,5) 21— forallx,y €X. 3.7)

By induction on n, we will show that
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N(fG) —3nf(2) tEpt3 (oo o)) 21— ¢ (3.8)
forallx € X,n € N,andall t > t,.
It follows form (3.7) that (3.8) holds forn = 1.

Assume that (3.8) holds all n € N. Then

; [ (03 (E S olns). |
k=0 UV (3"]" 3n+1f (3n+1) 3n¢0 (3n+1 ' 3n+1))J

>min{l —g1—¢}=1-—¢

Lett = t, and repealing n and x by p and 3% in (3.8), respectively, we get

N (3nf (SX ) 3”+Pf (3"*‘?’) 3"t Z 3k 9(3n+k+1 'W)) 1-—¢
foralln=0,p > 0. (3.9)

It follows from (3.1) and the equality

p-1 n+p-1
Z3n+k9( X X )= Z 3k9( X X )
3n+k+1’3n+k+1 3k+1’3k+1
k=0 k=n
n+p-1

_ Kk X X
=ty ) 30 5 <P
k=n

foralln = nyandp > 0. From (3.9) we get

N (Snf (3x) 3n+pf (3"“’7—") ﬂ) =N <3nf (3x) - 3n+pf (3n+p) 3nt0 Zp . 3k 6 (3k+n+1’#)> =21-¢

Thus the sequence {3"f( )} is Cauchy inY. Since Y F. B. A, the sequence{3"f(—)} converges to someH(x) €Y.
H(x) = N —lim,,_,, 3" f(3—n), foreacht > 0 and x € X.

lim,.o N (37 (&) — H@),t) = 1.

t
) <3

X
3n+1'3n+1

forallt >0and 0 < e < 1.Sincelim,,_,, 3" 9( = 2 ) = 0, there is ann; > n, such that t,3"0(—=

3n+1’3n+1

foralln = n,.
Hence for each k > n; we have

NHQCx+y)+HQRx—y)+HXx+y)+H(x —y) — 2H(2x) — 2H(x), t)
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N(H(2x+y) 3"f<(2x +y)),7),

(H(Zx ) — 3’7(%),7),
o5}
N(H(x—y) 3"f<(x y))'_)'
> min < 7 r
N <2H(2x) — 3k2f <3—k);)
N <2H(x) —3k2f (i);)
/3kf((2x+3’)> 3kf<(2x—y)) 3kf<(X+y)> \

N|

\ W&y»yﬂﬁﬁwgﬁ

SN—

The first six terms on the right-hand side of the a above inequality end to 1 as k — oo and last term is greater then

/3kf ((2x Jkr y)) 13k ((2x3; y)) 3ef ((x + y)) _\
N| (x—y) 2x x\ t |
\ 3kf( ) 3of (55) - 327 (55) 5 /
/ 3kf(( +y)> 3kf<( y)) 3kf<(x+y))

|
\3kf((x y)> 3k2f<3_j:>_3k2f(;) t03 6(3k+1’3k+1)

forallt > 0.Since N(H2x +y)+ HQ2x —y)+ H(x+y)+ H(x —y)— 2H(2x) — 2H(x),t) = 1. Forall t > 0,
by (Ny).

|-
)

H2x+y)+HRx—y)+Hx+y)+ Hx —y) —2H(2x) — 2H(x) = 0.
Hence H is satisfying the functional equation.

Hence the mapping H: X = Y isadditive.
forallx € X,A € R. H(Ax) = lim,_o, 3"f (2) = Alim,,_., 3" (5) = AH(x)
It results from (3.3) that H(xy) = H(x)H(y), for all x,y € X.

Let B and a be positive.

0, (x,y) = Xz 3k9(3k+1,3k+1) forallx,y € X.

It can be inferred from (3.4) that N (f(x) —3"f (Sin),[)’z 3"9(3k+1,3k+1)) >a (3.10)

foralln € N. Lett > 0. We have
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N(f(x) — H(x), B0, (x,x) + 1)
> min{N (f(x) - 3"f (ﬁ),ﬁ@,&x,x)),N (f(x) - 3"f (3%), t)}

From (3.10) and (3.11) and lim,,_o, N (3"f (&) — H(x),t) = 1, we get
N(f(x) =H(x),B0,(x,x) +t) > «a
Lettingt — 0,
N (f(x) - H(x),,[?é(x,x)) >a

Let H be another additive mapping satisfying (3.5) and (3.6). Suppose that ¢ > 0, & > 0 such that

N (f(x) - H(x),té(x,x)) >1—¢
N (f(x) - I:I(x),té(x,x)) >1—¢

forallx € Xandt > 0 and t = t,. Find some integer n, such that

- k X X Cc
to Z 30GET 3e) <3
k=n

Since
i 3k9(3k+1 3k+1) =3n i 3k-n)g (3(n—k) 37i:l,g(n—k) 3:“)
k=n k=n
= 3”2 319(3: 3n+1 3 3n+1) = 3né(3n+1 Qgrfﬁ)
we have

N(H(x)—H(x),c)
>min{N (3" (%) - H®,5),N (A - 3" (%),9), N (H@) - Hw),£)}

= i (7 (2) -1 (2). 59N (0 () 1 (2).572).1)
= mln{ ) H(3 ) 3 ntoz’?"3k9(3k+1 3:+1)) }
N (3(E) 1 (). 37003 (. 50).

(

3n 3
— mll’l{ N(f (31") H 3171) t0~§ (3n+1 3n+1) }
N(H (3171) f 3in 10 (3n+1 3n+1)

>min{l—¢1—¢1}=1-¢

(3.11)
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Theorem3.2 Let X, Y be two F. B. A. spaces, f: X —» Y odd mapping, f(0) =0, f(1x) = Af(x) forall x,y € X,1 € R.
Suppose function 8: X? - [0, o) such that p8(x,y) = 8(px, py), for all p € R, and

§°°=03i9(3;1,33;1) < oo, forallx,y € X, (3.11)
lim,_ o, N (Df(x, ), t0(x, y)) =1. (3.12)
lim,_o, N(f (xy) = f()y — f()x, t0(x,y)) = 1. (3.13)

[oe]

- . x y
0(x,y) = Z 30 (3i+1'ﬁ)'

i=0

forall x,y € X. Then §(x) = lim,,_,,, 3" f(3in) exists for each x € X and defines fuzzy algebra derivation
6:X = Y such thatifforsomef > 0,a >0

N(Df(x, ), B6,,(x, x)) >aq, forallx,y€X, (3.14)
Then N (f(x) — H(x),B0(x, x)) >aq, forall x €X, (3.15)
The fuzzy algebra derivation §: X = Y is a unique mapping such that

lim,_ e, N(f(x) — 6(x),t0(x,x)) = 1. (3.16)
Proof. This Theorem can be readily demonstrated utilizing the same way to the Theorem 3.1.

Theorem3.3. Let X, Y be two F.B.A. spaces, f: X - Y odd mapping, f(0) =0, f(Ax) = Af(x) forallx,y € X,1 € R.
Suppose function 8: X? — [0, o) such that p8(x,y) = 8(px, py), for all p € R, and

;-”:0#9(3%, 3iy) < oo, forall x,y € X, (3.17)
lim,_,,, N (Df(x,y), t0(x, y)) =1. (3.18)
lim,o N(f (xy) = FO)f 1), t6(x, ¥)) = 1. (3.19)

i o1
06y = ) 770G %3 y).
i=0

forall x,y € X. Then H(x) = lim,_, f(:ZX)

H:X =Y such thatif forsome 8 > 0,a > 0

exists for each x € X and defines  fuzzy algebra homomorphism

N(Df(x, y),B8(x,x)) = a, for all x,y € X, (3.20)

N (f(x) — H(x),ﬂé(x,x)) >a, forall x € X, (3.21)
The fuzzy algebra homomorphism H: X = Y is a unique mapping such that

lim;_o N(f(x) — H(x),t8(x,x)) = 1. (3.22)

Proof. . This Theorem can be readily demonstrated utilizing the same way to the Theorem 3.1.
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Theorem3.4. Let X, Y be two F.B.A. spaces. f: X - Y 0dd mapping, f(0) = 0, f(Ax) = Af(x) forall x,y € X,1 € R.
Suppose function 8: X? - [0, o) such that p8(x,y) = 8(px, py), for all p € R,and

®o 3;1 0(3ix,3'y) < oo, forall x,y € X, (3.27)
lim,,, N (Df(x,y), tH(x,y)) =1 (3.28)
limg e, N(f (xy) = F(y = fF(0)x,t8(x, ¥)) = L. (3.29)

[oe]

_ 1
0(x,y) = Z 37 0(3x, 31).

i=0

3™
311

forall x,y € X. Then §(x) = lim,,_,, exists for each x € X and defines fuzzy algebra derivation §: X - Y

such that if forsome § > 0,a > 0
N(Df(x, ), B6,,(x, x)) >a,forallx,y € X, (3.30)
Then N(f(x) —8(x),0(x,x)) = a,forallx,y € X, (3.31)
Hence the fuzzy algebra derivation §: X — Y is a unique mapping such that
lim,_ o N(f(x) — 8(x),t8(x,x)) = 1. (3.32)
Proof. This Theorem can be readily demonstrated utilizing the same way to the Theorem 3.1.
4. Stability of function equation (1.1) in F.B.A. space using the fixed point method.

Theorem 4.1 Let X, Y be two F.B.A. spaces, f:X — Y odd mapping, f(0) =0, f(Ax) = Af(x),x € X, A € R. Suppose
function 8: X? — [0,00) there exist L < 1 such that

o (535 <t

t
N(Df(x, y),t) = v (4.1)
t
NG = FRFO),D 2 s (42)
Then H(x) = N —lim,,_,, 3"f(3in) exists for each x € X and defines a fuzzy algebra homomorphism

H:X - Y such that

3(1-L)t
N(f(x) —H(x),t) = D186 (4.3)

Proof. if x = y in (4.1), then

Dy (x,x) = f(3x) = 3f (x)

t
t+6(x,x)

N(f(3x) = 3f(x),t) =

N(re-37(%).¢) 2 FrawE e (4.4)

Let the set S = {g: X — Y}and introduce the generalize matric onS:
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d(g,h) = inf{c € R:N(g(x) — h(x),ct) = L,Vx EX,Vt > 0}.

3t+L6 (x,x)
(S, d) is complete. By [7]
LetJ: S — S the linear mapping such that J(g(x)) = 3g(§), all x € X.
Let g, h € S be given such that d(g, h) = €. Then

N(g(x) — h(x),et) = ‘ 5 forallx € X,t > 0.

3
3t+0(x,x

Hence

N((g(0)) =] (h()), Let) = N (3g (£) = 3h (%), Let)

N (o) n(2). )

Lt
33 t

~350(35) T e+o(55)

t

Tt +§9 (x,x)

3t

=m,forallx€X,t>0.

we have, d(g, h) = ¢,
d(Jg,Jh) < Le
d(Jg,Jh) < Ld(g,h), forall g,h € S.
form (4.4)d(f,Jf) < 1.
By [7], there exists a mapping H: X — Y satisfying the following:
1. H is a fixed point of /, i.e.,
H(5)=5HE,
for all x € X, the mapping H is a unique fixed point of ] in the set

A={g € S:d(f,g) < o}. There exists a ¢ € (0,0) such thatd(f,h) < ¢

3t
— > @
NG —HEx),et) 2 - 10 )
2.d(J"f,H) = 0asn — oo. This implies the equality
N = limy, e, 3"f(5) = H(x),
3. d(f, H) < 7= d(f,Jf)

1
d(f,H) < P
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By (4.2) we get,
v (3 (572 + 37 (552) -3 (57) -3 (557) - 327 (57) - 3127 (3% 2 ey

.
Wt (55 + 37 (572) =3 (5) -3 (55) =327 () - 397 Q) 2 o foralley €
X,t>0, (4.5)
Since hme#fw) =1, forallx,y€X,t>0.

N HQRx+y)+HRx—y)+H(x+y)+H(x—y)—2H(2x) — 2H(x),t) = 1.

Thus H2x +y)+ H2x —y)+ Hx + y) + H(x —y) — 2H(2x) — 2H(x) = 0. The H:X - Y is additive and
R —linear. By (4.3),

v (327 () -3 (3) 37 (3).3%0) 2 s

(32Lf (321) 3'f (i) 3if (%)t) > % forallx,y € X,t > 0. (4.6)
E+;9(x,y)
t
Since lim;_,c, — L312[ =1, forallx,y € X,t >0,
Jaita0 ()

N(H(xy) = HOH®)) =1
Thus H(xy) — Hx)H(y) = 0. H(x) is a fuzzy algebra homomorphism.

Theorem 4.2 Let X,Y be two F.B.A. spaces, f:X — Y odd mapping, f(0) =0, f(1x) = Af(x),x € X, 1 € R. Suppose
function 8: X? — [0,00) there exist L < 1 such that

o (55 <t

N(Df(x y), t) > (4.7)

t+9(xy)

N(f(xy) —=yf() = xf (), 1) = (4-8)

t+6(x )
Then §(x) = N —lim,,_,, 3"f(3in) exists for each x € X and defines a fuzzy algebra derivation §: X — Y such that

3(1-L)t
3(1-L)t+LO(x,y)

N(f(x) —6(x),t) = (4.9)

Proof. This theorem can be readily demonstrated utilizing the same way to the Theorem 4.1.

Theorem 4.3 Let X,Y be two F.B.A. spaces, f:X — Y odd mapping, f(0) = 0, f(1x) = Af(x),x € X,1 € R. Suppose
function 8: X? — [0,00) there exist L < 1 such that

0(3x,3y) < 3LO(x,y)

N(Ds(x,y),t) = (4.10)

t+9(xy)
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N(FGy) = fFf D), 8) = —— (4.11)

t+6(x,y)

Then H(x) = N —lim,,_,, ﬂz—:x) exists for each x € X and defines a fuzzy algebra homomorphism H: X = Y such
that

3(1-L)t
3(1-L)t+6(x,y)

N(f(x) —H(x),t) = (4.12)

Proof. This theorem can be readily demonstrated utilizing the same way to the Theorem 4.1.

Theorem 4.4 Let X,Y be two F.B.A. spaces, f:X — Y odd mapping, f(0) =0, f(Ax) = Af(x),x € X, A € R. Suppose
function 8: X? — [0,00) there exist L < 1 such that

6(3x,3y) < 3LO(x,y)

t

N(Ds(x,y),t) = pvret (4.16)

t
t+6(x,y)

N (xy) — f)y —xf(y),6) = (4.17)

Then §(x) = N —lim,,_,, ﬂz:x) exists for each x € X and defines a fuzzy algebra derivation §: X — Y such that

3(1-L)t
N(f(x) —6(x),t) = D80G (4.18)

Proof. This Theorem can be readily demonstrated utilizing the same way to the Theorem 4.1.
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