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Abstract 
Let   be an BA- finitly additive set function on a measurable space ),( F . 

In this paper, we proved the following statement  

(1) If   is BA- countably additive, then   is continuous at A  for all FA .  

(2) If   is - continuous from below at every set FA , then   is BA- countably 

additive . 

(3) If   is , finitly and  continuous  from above at  , then   is BA- countably 

additive. 

 

1.preliminaries 
[1] introduced the notations of Banach algebra valued- measure. 

         

        Definition (1.1) 
 Let X be a real vector space. A partial order relation   on X  is called vector 

order if the following axioms are satisfied 

(1) zyzxyx            Xzyx  ,,  

(2) yxyx                    0,  andXyx  

   A real vector space endowed  with a vector order is called an ordered vector space. 

An element x  of an ordered vector space X  is said to be positive if 0x , and negative 

if 0x . The set of all positive elements of an ordered vector space X  will be denoted 

by X , i.e. }0:{  xXxX ,  X  is called the positive cone of X . It is easy to 

show that 

(1) X  is a convex  cone of X , i.e.   XXX    and    XX  

(2) }0{)(   XX  

 

      Definition (1.2) 

Let X  be a real vector space. A function RX :.   is said to be norm on 

X  if the  following axioms are satisfied 

(1) Xxx  0            

(2) 00  xiffx                   

(3) xx                ,Xx  

(4) yxyx              Xyx  ,  

A normed space is the pair ),( X  where X  is a real vector space and   a norm on X . 

A Banach space is a normed space which is complete in the metric defined is by its norm.  
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Definition (1.3) 
An algebra is a vector space in which a multiplication is defined that satisfies  

(1) zyxzyx )()(    ,  Xzyx  ,,  

(2) zxyxzyx  )(   ,  zyxzzyx  )(   ,  Xzyx  ,,  

(3) )()()( yxyxyx     ,  Xzyx  ,, ,    R  

 

Definition (1.4) 
 A real vector space X is  called Banach algebra  if the following axioms are satisfied 

(1) X  is a Banach space  

(2) X  is algebra 

(3) Xe  s.t  Xxxxeex   and 1e  

(4) Xyxyxyx  ,  

A commutative algebra is an algebra where the multiplication satisfies the condition: 

Xyxyxxy  ,,  

       An algebra with identity is an algebra with the following property. There exists a non – zero 

element in the algebra, denoted by 1 and called the multiplication identity element, such that  

,11 xxx   for all x . 

A normed algebra X , is a normed space, also an algebra over F  and yxyx   

Xyx  , . 
 

Example (1.5) 
 Let X  be a Banach space, and let )(XB denote the set of all bounded (or continuous ) 

linear function of X  into itself  then )(XB  is a Banach algebra with the algebra operation  

(1) )()())(( xgxfxgf   

(2) ))(())(( xgfxfg   

(3) )())(( xfxf    

and the operator norm }1,:)(sup{  xXxxff  

 

 

Remark  
       If }0{X , then the identity linear function   is the identity element of )(XB  such that 

1 . 
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2. The main results 
 

 

Definition (2.1) 
         Let ),( F  be a measurable space , and let X  be an ordered Banach algebra. A set 

function XF : is said to be  

(1) BA- finitely additive if 



n

k

k

n

k

k AA
11

)()(    , whenever nAAA ,,, 21   disjoint sets  

in F . 

(2) BA-countably additive  if 









11

)()(
k

k

k

k AA    , wherever }{ kA is a sequence of 

disjoint sets  in F . 

(3) BA- measure if   is BA- countably additive and 0)( A    FA  

  

Definition (2.2) 
Let   be an BA- finitly additive set function on a measurable space ),( F , for all 

FA . We say that   is  

(1) Continuous from below at FA , if )()( AAn    wherever }{ nA  is a sequence 

of sets in F  with AAn   

(2) Continuous from above at FA , if )()( AAn    wherever }{ nA  is a sequence 

of sets in F  with AAn   

(3) Continuous at FA , if it is continuous both from below and from above at A . 

 

  

Theorem (2.3) 

Let   be an BA- finitly additive set function on a measurable space ),( F , for all 

FA .   

(1) If   is BA- countably additive, then   is continuous at A  for all FA .  

(2) If   is - continuous from below at every set FA , then   is BA- countably 

additive . 

(3) If   is , finitly and  continuous  from above at  , then   is BA- countably additive. 

Proof 

Let  }{ nA  be a sequence of sets in F  with AAn   

}{ nA  is an increasing sequence and AA
n

n 
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
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Since   is BA - finitly additive on F . Thus   is continuous from below at A  
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Now suppose }{ nA  be decreases sequence and 





1n

n AA   

Put nkn AAB |   for  kn   

}{ nB  is increasing to AAk | . Hence, as n , we have  

)()()|()( AAAAB kkn    

But 

)()()( nkn AAB   so that )()( AAn    as n  since )( nA  is 

finite , and   is also continuous from above at A . 

 

(2) 

Suppose FA , FAn  , ,2,1n  are such that 





1n

nAA  and the sets nA  are 

disjoint. Put 
n

i

in FAB
1

  ,   ,2,1n  , and }{ nB is a monotone  sequence of sets in F  

which converges to FA . If   is continuous from below at A .  





n

i

ni ABA
1

)()()(   as n  

  So that again 





1

)()(
i

iAA   and   is BA-countably additive.  

 
   (3)  

    In the notation of (2), put FBAG nn  , ,2,1n  . Then }{ nG  is a monotone 

decreasing sequence converging to   and, for ,2,1n  





n

i

ni GAA
1

)()()(   

If   is finite and continuous from above at   we must have 0)( nG  as n . 

So that again 





1

)()(
i

iAA  . 
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