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Abstract. This  work consists of two sections. In section one we recall the definition 

concerning semi-open sets. In section two we recall the definition of paracompact 

space and we introduce similar definition by using semi open sets also we proof some 

results about it. 

 

Introduction. N. Levine (1963) in [6] gives the definition of semi open set ( s open ) 

and studies the properties of it. The concept of paracompact is due to Dieudonne and 

was studied in [8] and [10]. In this work we will give similar definition 

s paracompact space using s open sets. 

 

Section one: 

         We start this section by recalling the following from [2]. 

Let X  be a topological space then a subset A  of a space X is called s open iff 
0AA  and A  is called s closed iff cA  is s open. It is clear that A  is s closed set 

iff AA 
0

. 

 

Example 1.1 

           It is clear that every open set is s open but the converse is not true : 

Let  cbaX ,, ,    ,, Xa . The s open sets are       Xcabaa ,,,,,,   

 

Proposition 1.2[5] 

               Let X  be a topological space then G  is open set in X  iff AGAG   for 

each XA  . 

 

Remark 1.3 

           The intersection of an s open set and an open set is s open. 

 

Example 1.4 

         The intersection of two s open sets is not s open in general. In fact let 

 cbaX ,, ,     Xbaba ,,,,,   . Then each of  ca, ,  cb,  is an s open set, where as 

     ccbca  ,,  is not s open. 
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Proposition 1.5 [6] 

            For any subset A  of a space X  the following statements are equivalent : 

(i)  A  is s open set.  

(ii) 0AA   

 (iii) There exists an open set G  such that GAG  . 

 

Proposition 1.6 [6] 

            Let  
A  be a collection of s open sets in a topological space X , then 




A is s open. 

 

Proposition 1.7 [1] 

           Let X  be a topological space. Let XY   and A  is s open set in Y . Then there 

exists an s open set B  in X  such that YBA  . 

 

Proposition 1.8 [3] 

            For any subset A  of a space X  the following statements are equivalent: 

(i) A  is s closed  

(ii) 
0

0 AA   

(iii) There exists a closed set F  in X  such that FAF 0 . 

 

Proposition 1.9  

            Let X  be a topological space. If A  is closed set in F  and F  is s closed set in 
X , then A  is s closed set in X . 

 

Proof. 

        Let A  be a closed in F  and F  be a s closed in X , then AA
F

  and FF 
0

. 

   AAFAFAFAFAFAA
F


000

00
0

)( .     

Then A  is s closed set in X .■ 

 

Proposition 1.10 [9] 

          If X  is a topological space then 
000

BABA   for every  open sets BA, in X . 

 

Proposition 1.11. 

            If X  be a topological space and let ,G H  be disjoint s open sets in  X . If 

HG   is both open and closed in X , then G  and H  are s closed sets in X . 

 

 

Proof.  

        Since G  and H  are disjoint s open sets in X  such that HG   is open and 

closed set in X , then 0GG  , 0HH   and HGHG  0)( . 

But      
0

0

)( GHGG   
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0

0)( GHG   

                
0

0)( GHG     by Proposition 1.2. 

                
0

00

)( GHG     by Proposition 1.10. 

                
0

0)( GHG   

            )()(

0

0

0

0 GHGG   

    )(

0

0GHG   

    

0

0
( cHHG   

Thus  )( 0
0 c

HHGG    

              GHHG c  )( . 

Then G  is s closed in X  and by the same way we can prove that H  is s closed in 
X .■ 

 

Definition 1.12 [7] 

           Let X  be a topological space. If XB  , then the semi closure of B  is defined 

by the intersection of all s closed sets in X  containing B  and is denoted by 
s

B . 

 

Now, a point Xx ,  is called an s limit point of XA   if each s open set 

containing  x , contains a point of A  distinct from x . And the set of all s limit 

points of A  is called the s derived set of A  and is denoted by 
s

A ' . 

 

The following results hold: 

 

Proposition 1.13.[7] 

             Let X  be a topological space and XA   then 
ss

AAA ' . 

 

Proposition 1.14.[4] 

              Let X  be a topological space and XBA  , then  

(a) A  is s closed set in X  iff 
s

AA  . 

(b) AA
s

 . 

(c) 
ss

BA  . 

 

 

Proposition 1.15. 

              Let X  be a topological space , A , O  are subsets of X  with O  s open. If 

Ox  and  AO  then 
s

Ax . 
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Proof. 

         Suppose 
s

Ax . The either Ax  or 
s

Ax ' . If  Ax  then  AO  which 

contradicts the assumption. And if 
s

Ax '  and Ax  then    xAU /)(  for every 

s open set in X  containing x  and hence  AU  which is contradiction since O  is 

s open set containing x  and  AO  and hence 
s

Ax .■ 

 

 

 

We recall the following from [8]. 

        The family  
A  of subsets of a space X  is said to be locally finite if for each 

Xx  there exists a neighbourhood  xN  of x  such that the set     ANx:  is 

finite. If  
A  is locally finite family of subsets of a space X  and there exist a 

family  
B ,  AB   for each  , then  

B  is locally finite. So that if  
A  is 

locally finite family of subsets of a space X , then   A  is a locally finite family of 

subsets of X . 

 

Theorem 1.16. 

              Let  
F  be a locally finite s closed family of a topological space X , 

then 
ss

FF 









 . 

 

Proof. 

        Since 





 FF  then 
ss

FF 





  by Proposition 1.14, and hence 

ss

FF 









 . Now we want to prove that 
ss

FF 









 . Let 
s

Fx 





  such that 









s

Fx , then 
s

Fx   for every  . Since  
F  is locally finite then there 

exists an open set xV  containing x  such that   xVF  for only a finite number of 

n ,...,1 . Since 
s

Fx   for every  , then Fx  and 
s

Fx '

  for every   by 

Proposition 1.13. Thus there exists an s open set xU  which contains x  such that 

  xUF  for every n ,...,1 . 

OVUx xx   is s open and since   xUF  for every n ,...,1 , UO , then 

 
i

FO  for every ni ,...,2,1 . Since    xVF  for n ,...,1  then  FO  for 

every n ,...,1 , hence  
i

FO  for every  . Now we have 


 


)( FO , so 

that since Ox , then 
s

Fx 





  by Proposition 1.15 which contradicts. Thus 









s

Fx . So that 
ss

FF 









 , then 
ss

FF 









 .■ 
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Corollary 1.17. 

        In a topological space, the union of members of a locally finite s closed sets is 

s closed. 

 

Proof. 

     Let  
F  be a family of locally finite s closed sets. Then 




s

F


 









 FF
s

 by Theorem 1.16 and hence 


F  is s closed set by 

Proposition 1.14. 

 

Theorem 1.18. 

           Let  
E  be  a family of subsets of a space X  and let  

B  be a locally 

finite s closed covering of X  such that foe each  , the set     EB:  is 

finite. Then there exists a locally finite family  
U  of s open sets of X  such that 

 UE   for each  . 

 

Proof. 

      For each  , let    EBBXU :/ . Clearly  UE   and since  
B  is 

locally finite, it follow that U  is s open by Corollary 1,17. Let x  be a point of X , 

there exists a neighbourhood N  of x  and a finite subset K  of   such that  BN  

if K . Hence 
K

BN





 . Now  UB  iff   EB . For each K , the set 

    EB:  is finite. Hence the set     UN:  is finite. ■ 

 

Section two. 

          Recall that the space X  is called paracompact iff each open cover of X  has a 

locally finite open refinement ( see[8]). 

 

This suggests the following  

 

Definition 2.1 

         A space X  is called s paracompact space iff each open covering of X  has a 

locally finite s open refinement. 

 

Example 2.2. 

         It is clear that every paracompact space is s paracompact. However, the 

following example shows that the converse is false. 

Suppose  0,0,,,),( 2   yxZmmxyRyxXm  and let  0)(
1







m

mXX . Let ma  be 

the point in the intersection of the line mxy   with the circumference of the unit 

open disc D  with center 0 , Dam  . Denote the topology of mX  by m , take a case for 
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a point mm axXx  ,  to be the family of open intervals containing x  but not ma   , and 

the base for  
ma  is  mX  . 

    Let      be the topology on X  generated by   


1m

m   and the base at  0   the family 

D   . Now we want to show that   ),( X is not paracompact space for the open cover 

   DmXm ,...2,1:     is an open cover having no locally finite open refinement, 

because every open refinement must contain D    as a member and D   intersects X  

in infinite number of points. Now to prove    ),( X     is s paracompact. Let  G   be 

an open cover of X . If one member XG   then   X     is a locally finite refinement 

of s open sets, otherwise at least one DG     call it DG 
0

. Moreover for each m   

, at least one    G  say   
mXG

m
    because the only open set containing  ma   is  mX   . 

There is no loss of generality if we suppose that   G  is   open interval when 

,...,...,, 10 m    Then each  mm aX /    is a collection of open intervals. So that 

 ),...,[),...,,[),,[ 21  maaaD is an s open refinement since each ),[ ia  is s open 

set for each i    and since this s open refinement are disjoint then it is locally finite 

s open refinement. Then X  is s paracompact. It is clear that  ),( X   is  0T  space, 

but not 1T   , not  2T  not regular  and not normal. ■ 

 

 

 

 

 

 

 

 

 
 

 

 

 

 

 

We recall the following from [10]. 

  A space X  is called almost paracompact iff for every open covering   
U   of 

X there is a locally finite family  
V  of open subsets of X , which  UV   for 

each  , and the family of the closures of members of  
V forms a covering of 

X . 

 

 

Proposition 2.3. 

                 If X  is s paracompact space, then it is almost paracompact. 

 

 

x4 

x3 

x2 

x1 

a4 

a3 

a2 

a1 0 

D 
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Proof.  

         Let  
G  be an open covering of X , then it has a locally finite s open 

refinement  
W . Thus by Proposition 1.5, there exists an open set V  such that 

. VWV  Therefore  
V  is a locally finite open family such that  GV   for 

each  , and XV 





 . Then X  is almost paracompact space. ■ 

 

Proposition. 2.4[10] 

             If X  is almost paracompact space regular space then is paracompact space. 

 

Proposition. 2.5. 

           If X  is s paracompact space regular space then is paracompact space. 

 

Proposition 2.6. 

            Let X  be an s paracompact space, let A  be a subset of X  and let B  be a 

closed set of X  which is disjoint from A . If every Bx  there exist disjoint open sets 

xU  and xV  such that xUA , xVx , then there exist an open set U  and an s open set 

V  such that VBUA  ,  and VU . 

 

Proof. 

          The open covering of s paracompact space X  which consists of BX /  

together with the sets xV  for x  in B  has a locally finite s open refinement  
W  . 

Let  BxsomeforVW x  ::1  . If 1  then  WU x  for some x  so 

that  WA . Now let 
1

/





WXU  and 
1




WV . Then VBUA  , , U and V  

are disjoint. Clearly U  is open set, and V  is s open set. Since   W  is locally 

finite family so that 
1

W  is closed set. ■ 

 

Theorem 2.7. 

          If X  is s paracompact Hausdorff space then for each x  in X  and a closed set 
B  such that Bx  , there exists disjoint s open sets VU ,  such that Ux , VB  . 

 

Proof. 

         Let Xx  and B  be a closed set in X  such that Bx . Then for every By , 

there exist disjoint open sets xU , xV  such that  xx VyUx  , . It follows from 

Proposition 2.6 that there exist disjoint s open sets U  and V such that Ux , 

VB  .■ 

 

 

Proposition 2.8 [8]. 

             If X  is paracompact regular space then X  is normal. 
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Corollary 2.9. 

             If X  is s  paracompact regular space then X  is normal.  

 

 

Theorem 2.10 

            If each finite open covering of a space X  has a locally finite s closed 

refinement, then for every disjoint closed sets A  and B , there exist disjoint s open 

sets VU ,  such that UA  , VB  . 

 

Proof. 

           Let X  be a space each finite open covering of which has a locally finite 

s closed refinement and let A  and B  be disjoint closed sets of X . The open 

covering  BXAX /,/  of X  has a locally finite s closed refinement  . Let E  be the 

union of the members of    disjoint from A  and let F  be the union of the members 

of   disjoint from B . Then E  and  F  are s closed sets and XFE  . Thus if 

EXU /  and ,/ FXV  then VU ,  are disjoint s open sets such that UA  , VB  . ■ 

 

Theorem 2.11 

          Let X  be a topological space. If each open covering of X  has a locally finite 

s closed refinement, then X  is s paracompact space and for every disjoint closed 

sets A  and B  there exists disjoint s open sets VU ,  such that UA  , VB  . 

 

Proof. 

      Let  be an open covering of X  and let  
F  be a locally finite s closed 

refinement of   . Since   
F  is locally finite, each point x    of X   has a 

neighbourhood   xW   such that      FWx:      is finite. If  
E     is a locally 

finite s closed refinement of the open covering    
XxxW


  of   X , then for each       

in     the set      FE:   is finite. It follows from Theorem 1.18. that there 

exists a locally finite family  
V   of s open sets such that  VF      for each    . 

For each     in    , let  U  be a member of    such that   UF    . Then 

 



 UV      is a locally finite s open refinement of     . Thus X  is 

s paracompact and satisfy the last condition of theorem by using Theorem 2.10. ■  
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