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Abstract: We have introduced a new class H(a,u 8,4) of

univalent meromorphic functions defined by Ruscheweyh

derivative in the punctured unit disk U*. We study several

properties, like , coefficient estimates , region of univalency,

Hadamard product (or convolution).

We also obtain some results connected to (n,s)- Neighborhoods

on H(a, 1, $,A) and integral operator.
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1.Introduction :
Let > denote the class of functions f(z) of the form:

f(z):%+ianz”, (1)
n=1

which are analytic and meromorphic univalent in the punctured
unit disk U'={z:ze € and 0< |¢| <1} = U\ {0}

The class > is closed under the Hadamard product (or
convolution).

(f *g)(z):%+ianbnz“ =(g* f)(2),
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where f(z)=1+2anz”,g(z)=1+anz“.
Z ma Z ‘=

Let M be a subclass of a class ) consisting of functions of the
form :

f(z):%+ianz",an20. (2)
n=1

Here , we introduce the clasé H (a, 1, p,A) consisting of functions
f e M and satisfying :
|a(zz(D‘f(z))'+zD’lf(z))|< 3
\12*(D* £ (2))' + poaD* £ (2)| 4 ®)

for 0<a<10<pB<10<u<1 and D‘f(z)=%+zw:anDn(ﬂ)z" 4)

n=1

(Ruscheweyh derivative of f of order 4 [5], [6]), where

Dn(/l):(’“1)(’“2)“'(’“””),/1>-1,zeu*. (5)
(n+1)!

2.Main Results :
We need the following result in our work (coefficient estimates).

Theorem 1 : A function f(z) defined by (2) belongs to the class
H(a, 1, B, A) if and only if

S [putn+) +a(+D]D, (Da, < ful-a) ©)

The result is sharp.

Proof : Assume that the inequality (6) holds true and let |z =1,
then from (3), we have

‘a(zZ(Dﬂ f (z))' + 2D f (2)

- ﬂ‘yzz(Dﬂ f (z))' + uezD* £ (2)

(7)

n=1 n=1

—ﬂ‘ﬂ(l—a)—i(nuwa) D,(A)a,z"*

a(i(n +1)D, (ﬂ,)anz””j

<3 [Butn+e) + a(n+1)]D, (D), - full-a) <0.

n=1



Hence by the principle of maximum modulus, f(z) e H(a, i, S, 2).
Conversely, suppose that f(z) defined by (2) is in the class
H(a, 1, 5, 1) , then from (4) , we have

\ a(zz(D‘f(z)),+zD‘f(z) \
‘yzz(D* f(2)) +yalef(z)\

a(i(n +1)D, (A)anz””j

= _ <p.
pl—a)=> (nu+ pa)D, (1)a,z"*
Since |Re(z) <|| for all z, we have
a(i(n +1)D, (}t)anz””j
Re nl <p.

u-a) -3 (N + pa)D, (Ha 2™

z(D’1 f (z)),

Choose the value of z on the real axis so that T is real.

Upon clearing the denominator of (7) and letting z—1 through
real values , we get

S a(n+1)D, (A)a, < Bull-a)~ Y. fuln +a)D, (A)a,,
V\;hiCh implies the inequality 65). Sharpness of the result follows
by setting :

1 pr-a) n
@)= z +[ﬂ,u(n+a)+a(n +1)|D, (1) Zin=l (®)

Corollary 1: Let f(z) e H(a, 1, 8,4) Then
a < Pul—ca)

" [Bun+a)+a(n+1)]D, (1)
where 0<a <1,0<p<1,0<u<land 2>-1.
Next, we obtain the region of univalency, in particular,
starlikeness and convexity for the class H(a, u, 5, 1).




Theorem 2: Let f(z)eH(a, 1 6,1)Then f(z) is meromorphic
univalent starlike of orderé (0<6<1) in |7<r =r(a,uB,1,6),
where

(1-O)[Bun+ay+a(n+D]D, @)}”“ 9)

fl(“#’ﬂ’ﬂ’e):iqf{ (2+n-0)Bul-a)

The result (9) is sharp.

Proof : Let f (z) e H(a, i, 5, 2). Then by Theorem 1

= [Bu(n+a) +a(n+1)]D, (1) <1 10
2, fill-a) e 4o
It is sufficient to show that

Z; ,((ZZ)) +J‘ <1-6 for |z| <r(a, 1, B, 2,6), (11)

where r(a, 1, B,2,0), is given by (9).
Since f(z):%+zw:anz”. Then zf'(z)=—%+inanz“.

Therefore

- 1 n+l
5 (z)+4_ nZ:l:(nJr )a,z
f(2) ‘ 1+ia z"

n=1

i(n +1)an|z|"+1

< <1-6,
1_zan|z|n+l
n=1
provided that
n=1

Now makmg use of (10). We observe that (12) holds true if
" < (AL-O)[Bu(n+a) +a(n+1]ID,(1)

(2+n-0)pul-a)

Hence |7 <| =O)Bun +a) +a(n+ DD, (4) el (13)
- 2+n-0)pul-a)




setting |z =r,(a, 11, B, A)In (13), we get the radii of starlikeness ,

which completes the proof of Theorem2. The result is sharp for
the function is given by
fn(z)=l+ pll-a) z",

z [Bu(n+a)+a(n+1)]D,(1)
Theorem 3: Let f(z) eH(a,u B,4).Then f(z)is meromorphic
univalent convex of orderg (0<o<1)in |z<r,=r(a, 1, 2.6),
where

_i ] @=0)[Bu(n+a)+a(n+1)]D, (1) i
R 20 qu{ n2+n-0)pul-a) } ' (14)

Proof of Theorem 3 is similar to that of Theorem 2 and hence
details are omitted .
Theorem 4: Let the function f(z) defined by (2) and the function

9(2) =%+ibn2“(bn >0,ne/N)be in the class H(a, u, 5, 4). Then the

n=1

function w(z) defined by W(z):%+ianbnz” IS in the class

H(a, 1,0,1), Where0<a<1,0< f<1,0<c<1, 0<pu<l,ne/N
and n>1 and & is given by:
o< prra(n+)(-a)

" [Bun+a) +a(n+1)FD, (1) - frA(n+a)l-a)

Proof : We must find the largest & such that
= [ou(n+a) +a(n+1)|D, (1)
= ou(l-a)

]

a b, <1.

Since f(z)and g(z) are in H(e, 1, 5,4) , then
i [fun+a) +a(n+DID, (1) _

1,
s IB,u(l—a) n
and
i[ﬂﬂ(n+a)+a(n+l)]Dn(’1)b <1
n=1 ﬁ/u(l_a) n

By Cauchy — Schwarz inequality , we get
i [Bu(n+a)+a(n+1)|D, (1)
n=1 ﬂ/u(l_a)

ab, <1.



We want only to show that
[utn+@)+a0+9P,(A) , |, _[Bun+a)+an+DI0,() fp-
ou(l-a) Bul-a)

This equivalently to

—— O'[ﬂ,u(n +a)+a(n +1)]

by < Blou(n+a)+a(n+1)] Then
o< Brua(n+)(n-a)

~ [Buln+a)+a(n+D)f D, (1) - 1’ N+ a)L—a)

n

3. (n,5)- Neighborhoods on H(a, 1, 5, A)
The next , we determine the inclusion relation involving (n,s)-

neighborhoods. Following the earlier works on neighborhoods of
analytic functions by Goodman [2] and Ruscheweyh [4], but for
meromorphic function studied by Liu and Srivastava [3] and
Atshan [1], we define the (n,5)- neighborhoods of a function

f(z)eM by
N, () ={g eM:g(2) :%+ibnz”andin|an —b,[<6,0< 5}. (15)

Definition_1: A function geM is said to be in the class
H (e, i, B, A) I there exists a function f e H(a, u, 5, 2) such that

‘%—J_‘<1-U,(ZGU,OSU<1). (16)

Theorem 5: Let f(z) eH(a, 1, B,A) and
S(Bul+a)+2a)(A+1) (A +2)
(Bul+a)+2a(a+D)(a+2)-28ul-a)’

Then N, ,(f) cH (e, 1 B, A).

(17)

Proof: Let geN, ;(f).Then we have from (15) that

in|an —b,| <5,

n=1

which implies the coefficient inequality i]an —b,|<6,(ne/N).
n=1

Also since f e H(a, i, 5, 4),we have from (6)



ia < 2Bul-a)
=T (Bud+ o)+ 2a)(A+D)(A+2)]

so that
y -b )z a,
‘Ml‘z 7| T o
f(@) ‘ —+Zanz” 1—Zan
Z O n=1

O(ful+a)+2a)(A+1)(A+2) .
T (Bul+a)+20)A+)(A+1) - 2Bul-a)

Thus, by definition 1, geH(a, 1, 8,4) for o is given by (17).
This complete the proof.

4. Integral Operator :
Next , we consider integral transform of functions in the class

H(a, 1, 8,4) .

Theorem 6: Let the function f(z) is given by (2) be in the class
H(a, 1, £, 2). Then the integral operator

F(2) =cj:u°f(uz)du, (O<u<1, 0<c<w) (18)

Is in the class H(a, u, 3, 1) .

Proof : Let f(z):%+ianz” in the class H(a, 1 B3,4) .
n=1
Then
1
F(z):cIUCf(uz)du
0

It is sufficient to show that Zc[ﬂ“((::ﬁ);(tl)]? ) 5 <1 (19)
=1 M o

Since f eH(a, i, B, A), We have
3 [Bun +a) +a(n+1)]D, Dy <1
n=1 ﬂ/u(l_a)




Note that (19) is satisfied if
c[fun+a) +a(n+1]D,(2) _ [Bun +a) +a(n+1)|D,(4)
C+n+)ful-a) pul-a) '

Since

<1 for all ne/N. Hence , we obtain the request
c+n+1

result.
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