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Abstract. We define an m-paraLindel6f, countable paraLindel6f, m-semipara-
Lindel6f, countable semiparaLindel6f topological and study some properties of
these concepts and give the relation between these concepts. And we give the
relationship between the paraLindel6f space and regular (normal) space.
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1. Introduction .The concept of paracompactness is due to Dieudonne [7] . The
concept of para- Lindelof is due to Fleissner [4]. A collection of subsets of X is
locally finite ( resp. locally countable ) [3,6,7]if every xe X has a neighborhood
meeting finitely many ( resp. countable many ) elements of the collection. A
collection has the o —property [7]if it is the union of countabley many collection
with the property. A cover (or covering ) of a space (X,z) [3,6,7] is a collection of
subset of X whose union is all of X . An open cover of X is a cover consisting of
open sets , and other adjective applying to subsets apply similarly to cover . If IT and
dare covers of X , we say @ refines 11[3,6,7]if each number of @ is contained in
some member of IT . Then we say @ refines ( or refinement of ) IT . A subset of a
topological space (X,7) isan F, (G,)[3,6,7]if it is a countable union ( intersection)
of closed (open) sets . A topological space is said to be a P-space [1] if every G, is
open. A topological space (X,z) is said to be (countable) compact space [3,6,7]if
each (countable) open cover of X has a finite open subcover, and is said to be
m—compact [5] if each open cover of X with cardinality<m has a finite open
subcover. .A topological space (X,z) is said to be(countable) paracompact space
[6,7] if each (countable) open cover of X has a locally finite open refinement, and
Is said to be m- paracompact[5] if each open cover with cardinality<m has a locally
finite open refinement . A topological space is said to be a—paracompact[1] if every
open cover has a locally finite refinement ( not necessarily open or closed). A
topological space (X,z) is said to be(countable) Lindelof space [3,6,7]if each
(countable) open cover of X has a countable open subcover, and is said to be
m-—compact [5] if each open cover of X with cardinality<m has a countable open
subcover. The function f :(X,z) - (Y,&)is called (r - &) -closed if the image of each
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r—closed set is &-closed set. And is called (z-¢&)-continuous if the inverse
image of each £-openset is r—openset [3,6,7].

2- Main results

We shall state below some new concepts such as m— paraLindel6f (where m is
an infinite cardinal number), countable paraLindel6f, semiparaLindel6f and a—para-
Lindel6f spaces. Also we give some properties of these spaces and the relation
among them.

Definition 2.1.[ 4] A topological space is said to be (m-) paraLindelof if every open
cover of the space has a locally countable open refinement (with cardinality <m).

Definition 2.2. A topological space is said to be countable paraLindelof if every
countable open cover of the space has a locally countable open refinement .

Definition2.3[3,7] A topological space (X,z)is said to be semiparacompact , if
each open cover of X has a o—locally finite open refinement

Definition 2.4.A topological space (X,z)is said to be semiparaLindel6f, if each
open cover of X has a o—locally countable open refinement .

Definition 2.5.A topological space is said to be a—paraLindel6f if every open cover
has a locally countable refinement ( not necessarily open or closed).

Cleary that every (m-,countable) compact, (m-countable) Lindel6f, and
(m-countable) paracompact space is (m—countable) paraLindel6f.

Theorem 2.6.A topological space is paraLindelof if and only if it is countable
paraLindel6f and semiparaLindel6f.

Proof. Let ®={U,:1<A} be an open covering of X . By hypothesis, ®has a

o—locally countable open refinement, @ say. Then Q=[JQ,, where each @ is

n=1
locally countable ,say @, =14, :yer}and let v, =| v, :y eT}. Since @ covers X,
therefore {v,:5<N} is a countable open covering of X . Since X is countable
paraLindeldf, then the collection {v,:5<N} has a locally countable open
refinement {w, : 5 e N} such that W, cV, for each 5 N . The collection
E={\/yﬂW5:7/el",5e N}

form a locally countable open refinement of @®. Thus X is paraLindel6f. The
converse is obvious.m

Now, every paracompact is semiparacompact [3,6,7]Since every locally
countable collection is o—locally countable, then we can conclude that every



semiparacompact is semiparaLindel6f. Consequently, every paracompact space is
semiparaLindel6f.

Theorem 2.7. Every semiparaLindelof space is a— paraLindelof.

Proof. Let ®={U,: 1A} be an open cover of X. By hypothesis @ has
o —locally countable open refinement Q:OQn, where each where each Q. is

n=1
locally countable ,say @, ={, :yeI}and let W, = Jv, :»eT}. Then W, :neN}
covers X . Define A =w, —| W, . Then {A :ne N} is locally countable refinement

of W, :neN}. Now consider {A NV, :neN,yeT}. This is a locally countable
refinement of @ and hence of ©.m

Corollary 2.8. Every paraLindel6f space is a— paraLindel6f.

Theorem 2.9. [7].A regular topological space is paracompact if and only if it is
a—paracompact.

Since every paracompact space is paraLindelof, then we have the following :
Corollary 2.10.A regular topological space is paraLindel6f if it is a—paracompact.
Theorem 2.11. Every Hausdorff paraLindel6f P - space is regular.

Proof. Suppose that X is Hausdorff and paraLindel6f P -space. Let A be a closed
set, and xe X —A. Since X is Hausdorff, then for each ye A, we can find two

disjoint open sets U, and Vv, such that xeU, and y eV, . The collection

=Y, :yeAjU{X-A}
form an open cover of X . By paraLindel6fness of X the collection 11 admit
locally countable open refinement

Q:My :]/EF}
V=W :w ~nAzg

yell

Set

Then Vv is an open set containing A. Now, since Q is locally countable, then x
admit an open neighborhood N which meet countable manyw, , n=12,....

If W, nA#¢, n=12,..., then W< X —A is impossible. Thus there exists v, such
that W, cV, . Set

U- Nﬂ(ﬁuynj.



Since X is P-space ,then the G, —set (U, isopen. Hence U is an open set and

n=1

x eU . Finally, we have U nV = ¢, which implies that X is regular. m

Theorem 2.12. Every Hausdorff paraLindel6f P - space is normal.

Proof. Suppose that X is Hausdorff and paraLindel6f P-space. Let A and B are
disjoint closed subsets of X . Since X is Hausdorff, then for each xe A and yeB,

we can find two disjoint open sets U, and Vv, such that xeu,  and yeV,. The
collection

M=1{, :xe AJU{X - A}
form an open cover of X . By paraLindel6fness of X the collection IT has locally
countable open refinement

Q:{\Ny:yef}
u=UWw, :w ~nA=g|

yell

Then U is an open set containing A. For each yeB we can find an open
neighborhood N, which meet countable many w, ,say W, (Y)W, ,.....( the value

of n also depending on vy)
If W, nA=g, n=12,.., then W, < X —A is impossible. Thus there exists v, such

that w, ,, <V, . Set

Set

G, =N, ﬂ(ﬁv}

Since X is P-space ,then the G, —set (v, is open. Hence G, is an open set

n=1

which contains y but does not meet U. Let vV =[G, then v is an open set
yeB

containing B and disjoint from U . Therefore X isnormal. m

Theorem 2.13. Let (X,7r) be a regular space and x e X having a fundamental system
of open neighborhoods N(x) with property that X —N is m—paraLindel6f for each
N e X(x) . Then the topological space (X,z) is m—paraLindel6f.

Proof. Let ®={U,:1eA} be an open cover of X with cardinality<m. The some
member of @ contains x, say U, . Since X is regular space, therefore there exists
an N eN(x) such that xe N cCI(N) cU,,,. Then Q={(X-N)NU, : 1€ A} isan open

cover of X — Nwith cardinality<m. By hypothesis @ has a locally countable open
refinement ¥ =1y :yer}. Set

2=, UIX -N)V, :yeT}.
Then= is a locally countable open refinement of ®. Hence X is m—paraLindel6f. m



Corollary 2.14. Let (X,z) be a regular space and xe X having a fundamental
system of open neighborhoods &(x) with property that X —N is paraLindelof for
each N eNX(x). Then the topological space (X,7) is paraLindelof.

Corollary 2.15. Let (X,7r) be a regular space and xe X having a fundamental
system of open neighborhoods (x) with property that X -N is countable
paraLindel6f for each N eN(x). Then the topological space (X,z) is countable
paraLindelof.

In[ 1] P.T. Daniel Thanapalan state and proof the following theorem

Theorem 2.16.Let f:X —Y be a continuous closed surjection with the point

inverse being Lindelof subsets of X, where X and Y are P-spaces. Then if Y is
paraLindelof, so is X .

Theorem 2.17.Let f:X —Y be a continuous closed surjection with the point
inverse being m— Lindel6f subsets of X . Then if Y ism—paraLindel6f, sois X .

Proof. Let ®={U,: 1< A}, |A|<mbe an open covering of X . And let T be the
family of all countable subsets y of Athen [[j<m. Since f™(y) is m—Lindelof

for every y of Y, there exists a countable subset y of A such that
f(y)c|Ju,. Let

Aey

vV, =Y -f(X-JU,),

Aey

then v, is open by the closedness of fand yev, and f*(v,) = JU, . Therefore

Aey

3= {\/y Ly € F}
is an open covering of Y with cardinality <m. If Y is m—paraLindelof, then there
exists a locally countable open refinement W, :5eA} of 3. Since, for each ¢

there exists a y, T such that f*Ww,)< f*(v, )< (Ju,,and

Aeys
Hz{f ’1(\N5)mUy :5eA,ﬂ,ey5}
Is locally countable open refinement of @. Thus we get the theorem. m

Corollary 2.18. Let f:X —Y be a continuous closed surjection with the point
inverse being Lindelof subsets of X . Then if Y is paraLindelof, sois X .

Corollary 2.19. Let f:X —Y be a continuous closed surjection with the point

inverse being countable Lindel6f subsets of X . Then if Y is countable paraLindelof,
SOis X .



Theorem 2.20. Let f:X —Y be a continuous closed surjection with the point

inverse being m—Lindel6f subsets of X .Then if Y is m—semiparaLindel6f, so is
X .

Proof. Let ®={U,:1eA}, |[A|<mbe an open covering of X . And let T be the
family of all countable subsets y of Athen [[j<m. Since f~(y) is m-Lindelof
for every y of Y, there exists a countable subset y of A such that
f*(y)c|Ju, . Let

Aey

vV, =Y -f(X-{Ju,),

Aey

then v, is open by the closedness of fand yev, and f*(v,) | JU, . Therefore

Aey

J= {\/y Ly € F}
Is an open covering of Y with cardinality <m. If Y is m—semiparaLindel6f, then

there exists a refinement o =|Jo, where every  is locally countable. Set

n=1
Q, =W, :5eA}. Thus Q:Cj{vvms .5 eA}. Set H:OHn , Where
n=1 n=1
T, ={f *W,,)"U, :5eA dey,|.
Then 11 is o —locally countable open refinement of @.Thus we get the theorem. m

Corollary 2.21. Let f:X —Y be a continuous closed surjection with the point
inverse being Lindel6f subsets of X . Then if Y is semiparaLindeldf, sois X .

Corollary 2.22. Let f:X —Y be a continuous closed surjection with the point

inverse being countable Lindel6f subsets of X . Then if Y is countable
semiparaLindel6f, sois X .

It illustrates the relation among some of the spaces given in this paper:
compact —¥paracompact ———*semiparacompact — >a-—paracompact

L | |

Lindel6f ———paraLindel6f —semi paraLindelof — a— paraLindel6f
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