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ABSTRACT

In this work we introduce and study the generalization of
combinatorial realizability of J.H.C.Whitehead and a new notion
analogous of J,-complex , which we call J, ;-complex .

Consider the following sequence :
O-FHLQ O-M
l Vi l
' p

* Jp-q - X -l -
_)ﬂ.p+q+1(kp 1'kp)—>ﬂ-p+q(kp)—) 7[p+q(kp'kpl)—)ﬂ-p+q+l(kp )_> ﬂ.p+q+1(kp 'kp)_)

Denote 7, (kP k") by C,.and 7,,(kP) by A,
{In case q<-p, then C ,,=A, =0, by the convevtion a mong
algbraic topologists to assume z,(X,A)=0 and z,(X)=0 if n<0}
The above sequence { T, } is called a composite chain
system , if the following tow conditions are satisfied ;
(1)Cpq=Apg=0 if ,<2,and
(2)each C,is a free abelain group .

Denote
jpfl,qopr,q by Opq
kero,,/Imo,.,, by H,,
kerjpyq by L,
”P*q (kp)/lmﬁpﬂvq by zpyq
and
E, ¢ o > H,, Y, Py My
q ) p+1,q p.q p.q p.q
Let
Ea: —>H§+1Jq —:-TI;q AZEH —:-HP_H —3 e ng -0



be an exact sequence in which the groups are abelain .
A composite chain system T, will be called a combinatorial
realization of E; if and only if E,(K) isisomorphic to Ej .
We obtain some results , which are ;
Under certain condition the "a new exact sequence”
has a combinatorial realization .
If Kisacomplexand 4,, = T,44 (K7), then

ipg:Ap_1q+1 = Apgq ,Mapsd,_14+10nt00,

Vp=234.-.m < K isa J,,-complex.

If KisaJyg-complex, then
ZFJq = Hqu ‘?{p=112131"'1m and ﬁlm—kqu ES Onto'

INTRODUCTION

This work is inspired by the papers of " combinatorial
homotopy | ", and " combinatorial homotopy Il " of
J.H.C.Whitehead ,[W1] and [W2],respectively . We introduce in
it a generalization of the main concept of that papers .

This work contains two sections;In first section,we introduce
the generalization of the combinatorial realizability and Jy, 4-
complex . In second section , we establish some results about
combinatorial realizability and the J,, ;-complex .
Section(1) ""Definitions"”

We mean by the term "complex" in the sequel "connected
cw-complex”. Let k be a cw-complex ,

where T4 4(kP,kP71) by Cpq and m,44(k?) by A

{Incase q<-p ,thenC,,=A,4=0, by the convention a

mong algebraic topologists to assume
T, (X,A) =0 and m,(X)=0 if n =0}

Now conS|der the followmg sequence ;

T .

Bp+1, Jp Bp,
q* pﬂq;@‘q JC _q""j‘p 19
where  B,. , Jpq are f:he homotopy

boundary and the realativizing operators ,respectively .
The system T, is called a composite chain system , if
the following tow conditions are satisfied ;
(1) Cpg=A4,,=0 if p<2,and




(2) each C,, isa freeabelain group .
The a new exact sequence E, (k) induced by T, as

follows:;
’J”p+1,-r\g

(1) : frg .
Eq(k) i = Hyy1q— Dy q = Ypq = Hpqg =
Where
jp— qu 18 p.q b}’ G'p,q
kera,,/im 0,14, by Hy,
kerj, . by  Ipg
Tyeq(KP)/iMPBpiag DY Ypg
Let
Egiv > Hypy1q = Lo > g 2 Hyg = > Hyg =0

be an exact sequence in which the groups are abelain .
A composite chain system T, will be called a
combinatorial realization of E; iff E (k) isisomorphic

to Ej .
D ret E,=E,(k), Ef =E, (k™) , where T, and
T, are composite chain system.If a homomorphism

e(q) : E; » E; isinduced by a homomorphism
6(q) = (hq,fq) : T, > T, ,weshallcall §(q) a

combinatorial realization of £(q) .

@ we say that a complex k isa J,,, —complex if

kerjp’q =0 V p=234,,m.
Section (2) ""results and conclusion'"

We obtain some results . some of these results purely
algebraic and others depend on topology of space . we use
the " a new exact sequence " mention in [Dh] . we will write
some of these results without proof .

Theorem 1

E[; has a combinatorial realization.

Proof
the proof consistsof two stage .the first is to construct

(1) Borrowing from [Dh] the our symbols .
(2) Inan analogous terminology of J.H.C.Whitehead ,see[W1] .



a convenient composite chain system , the second is to
prove that auch a construction is a realization of E; .
We start with the second stage ,that is assuming the
constructionis already done .Thus we are assuming that
we have at our disposal .
Assume that T, is a composite chain system which is

constructed and a homomorphisms
Zp-l-qu - I;'l'l_,q Y
Voa i Ipa ® Ipgq and

g Apg = Lpaq -
are given, for every p=1,2,3,--- such that the

following condition are satisfied ;
*

p+iq *

(c1) (}’p_ﬂ,q i E;HJ{?)(Z) = (ﬁ*p,qc ﬁp+1jq)(3) VZE€ Zyi1,q-
(c2) (cp:;q © ,pJq)(x) = tyqo(x) vx €l,, and
(c3) (:“:;Jq ° t:;Jq)(x) = (E;Jq °jm)(x) Vx € 4,4
(**)
(r1) g (ZIH 1,q) = Hpi1gq
(r2) 0y114 (Cp+ Lq) kerl}, , and

(r3) ﬁp+1,q(cp+1,q) < ker t};q
Then it follows from {x+} that one can determine
homomorphisms

Tpi1q* Hpr1q = Hpiig for p=1,23,..
Ppa * 2pg - 2n.q for p=123,..
by t°l=10 and p°t=1t" |,

where H,.1,,Yp, arein E,= E (k), and
l 2 Zpi1q = Hypnq isdefined by 1(z) = [z],

t : A,y 2 Yog is defined by t(x) = [x] .
Clearly t,,1, by {**} is anisomorphism.

Consider the following diagram ;



Yo+1.q Pp, Hp,

E, 0= Hyi14 > Ipg znq Hyq
l 1 l
ey ¥p.q Pp.q pr q
E; 10— Yp+1q Pp.gq Upgq H-
a ~e 8 o B oy I

It is easy to show that this diagram commutes in

each square by simply chasing the diagram and utilizing

{*} and {**} . Therefore

e(q) = (ﬂq,pq,rq) : E; - E; is a homomorphism.
Since Tyi14,Upq,Tpq and 9, , areisomorphism for
every p,solis p,.,(by the five lemma theorem, see [H]).

Now we turn to the first stage namely the construction
stage .The proof is by inductionon p.
Starting with C,;, = Agq = 0.

Let p =1 ,and assume that we have constructed
the groups and homomorphisms ;

Coq g Ap-1q = Cp-1q4 = = 7 Cig & Aog -

Likewise 1., and t, ;, are also constrected satisfying
{*} and {*},for n=10,1,23,... ,p— 1.

We need to construct A,, and J,,.this task is carried
as follows ;

Wedefine A,, and j,, as follows;
Apg = Lg@kerfp, and a3 Apg = (g
by Jj,q(eb)=Db foree€[,, and b €EKkerp,, .

It is easy to show that ; j,, iswell —defined , and

since C,,is a free abelian group so is ker 8, .. Let {b;}

be a family of generators of kerp, , indexed by asetl,
it follows from {*}when n=p —1,that

(VIJ_,QG L.q )(jp,q (b)) = (ﬁp—l,qc By.a ) Jp.q(b1) )
= Up_1q (ﬁnq( Jpq(b1) ))



= 0 .
= bp.a( Jpq(b)) € keryy, = Impg,,
Therefore,thereis for each by an x; € Y, .,
such theat I;;’q( jp’q(bi}) = ,u;,q(x,:_ )
By axiom of choice we choose an x; foreach b;
and will denote such x; by c(b;).

We define tpg * Apg — Xpgq DYy
tyq (e,b;) = (@ﬁqoﬂp’q)(e) +x; ,where x; is c(b;)
Then
:“ﬁq( tpq(e bi)) = :“ﬁq( (ﬁﬁr_ﬂ,qc p,q)(e) + X )
- #;E,q( (@ﬁ,qcﬁp,q)(e) )+ Hpq(xi)
= 0+ 1pa(x7)
- E;,q(jp,q(bi)) | |
| - E;,q(jp,q(e) ) + E;,q(jp,q(bi} )
= G;,qejnq)(er b;)

Therefore
(1) - (ﬁr_i,qot;,q)(x) - (Ig,qojnq)(x} VX E Apq
2 - thale) = (ﬁoﬁqg p,q)(e:} Ve El,q-

Therefore conditions (c2) and (c3)in {*}are satisfied.

Now it remains to construct Cp,,, and p,.,,,thus
will be done ,as follows ;

Let {y,,}be a family of generators of Hj,,, indexed
by aset M .
Let Z,.,, be the free abelian group over a family
{z,,} which is in one — to — one correspondence with

{Vin} -

Let lpi1q: Zpy1q = Hpv1q be defined by

E;,q(zm) = Ym then I;Hl,q (Zp+1,q) — H§+1,q '
We define Cpi1q = Zp+1q9 ®Kerl,, .
Since Cy, 4 is a free abelian group ,so is kerl, ,,

hence Cy,,,, is a free abelian group



Let {ry} be a family of generators of Kerl, , indexed
by a set D,it follows from {*} ,whenn =p — 1,that

Poa(a) = U514 ( (}"p_,q ° I;,q) (g })

= Uyl (Vp_,q (Egrq(rd}))

— 0
= 1q € kerfpg = jpa(dpg) -

Therefore,thereis for each r; an a; € A

that j,.(az)= 14 .
By axiom of choice we choose an ay for each 1,
and we will denote such az by c(ry).
From (1), we have

(Hpq°tpa)(aa) = G;,qgjnq)(ad)
= I;,q(fp,q(ad))
- I;,q (Td}
= 0
= t,,(ay) Ekerp,, = Ime,,
Therefore,thereis for each a; an e; € I,

p.q’
suchthat t;,(az) = @,,(e;).
By axiom of choice we choose an e; for each
a; and we will denote such e; by c(ay) .

From (2),we have t;,(ay) =t;,(e;) ,where
eq = 9,4(eg) .

tha((9Tr10) (1110 @)
— (ﬁf’z?,qc’ p,q) ((ﬁz;,cl; O}’p_ﬂ,q) (E;H,q (3)))

— (qol;rqo}fp_-i-l,q) (E;ﬂ,q (Z))
= 0 _
Now,we define Byi14: Cpi1q = Apg,by

Bo+1.4(@7a) = (OpaVpr1q) (E;:ﬂ,q (3)) +(az —ea).

T such



where ay is c(ry) and e; dependent on choose of a, .
Then qop+1,q (Z: rd) — (jp,q Oﬁp+1,q)(zr Td)

— jp,q (Bp+1,q(zrrd))

= Jp.a ((ﬁﬁcl;o}’z; 1,-:;) ('!;J-l-l,q (Z))) +Jp,q(aa —€q)
— 0 + jp,q (ad)
Therefore
kergpq =Zp+1,4 and ‘?gpﬂ,q(cpﬂ,q) = kerl,, .
Also

t*;,q (Bpﬂ,q (z,14 ))

= tpq ((ﬁﬁé O}‘}:ﬂ,q) (I;Hl,q (3))) +t,q(aq —eq)
= 0 + t;,(ag—ey)
= 0

Then Bpﬂ,q(CpH,q) < kerty, and

Up.q (ﬁ‘p+ 1,4(2, U)) = Up,q ((ﬁlzfllgyi; 1q) (I;’H’q (Z)))

= Vpirq (pere®@)

Therefore
(}’p_ﬂ,qci;ﬂ,q)(z) = (Op.q°Bp+1.0) (@D VZEZpiy,.
Therefore {*} and {#*} are satisfied when
n = p,and the prove is complet .
Theorem 2
Any homomorphism £(q):E, — E; ,has a
combinatorial realization §(q):T, =T, .
Proof

Let £(q) = (9,,pq, 7,),as inproof of theorem 1,
we have Cpi1qg =Zp+1q X kerl, ., and
Ao =1y, X kerﬁp’q ) where




kerlyq, = ‘?ﬁ’pﬂ,q(cpH,q) and kerfy, ;= jpq (A*p,q)'
Let
l,q:1pq Ay g be theinclusion homomorphism,
defineby i,,= [x],

trq? Apg = g be thenatural homomorphism,

definby t,,(x)=[x],

Ep’q 2 Zpq — Hyg ,be the natural homomorphism ,

definby 1,,(z) = [z].

Let {b;}ic; » {Zmtmem and {vg}qep be a family

of generators of kerp, ., Z,,,, and kerl, .,

respectively .
ThE?‘l Tp_|_1’q (Ip—kl,q (zm)) € H;—kl,q

= i, (Tpﬂ’q (Epﬂrq(zm))) € Z,.1, ,where

lp+1,q:Zp+1,q = Hyeq g be the natural homomorphis.

Let z, € L)}, (Tpﬂ’q (Ipﬂrq(zm))) implies that

(1) Ep+1,q(zf:1) = Tp+1g (Ip+1,q(zm)) .
Andlet hy.y .1 75414 2,41, bedefine by

hpi1,EZm) = 2z, YV p=1.Then
(2) - l.!1:r+1,q_r (h—:;+ 1,q (zm)) = Tp+1,q (Ip+1,q (zm)) .
Also  p,, (tp’q (bi)) EYpg =

tp.q (pp,q (tp,q (b;,))) c A,, ,where

t

Ay, o = Dip.q» be the natural homomorphism .
i € tye (pp,q (tp’q (bl))) implies that
3 bpa(@) = Pog(tra®)) -

= lp.q (jp_,q (a;)) = Hpa (k;,q (a;))

p.q-
Let a



= tpq( (Ppa°trq) b))
= (Mpa°Ppq) (tnq (bi))
= (0. Hpa) (tp,q (bi))

= g (o (£0a®0))
(

Hp.q
— Tpa ( P.q (jp,q (bl)))
= Lol

a \Up.q (bi)))

= jg:r_Jq (a:—) _ h;?,q(jp,q (bz)) € ker E:f:uq — {f]p_+1jq(cgs_r+qu)
Therefore
@ Jpa@) = kg (ipe®)) + @pare(e)
forsomec; € Cyyq
By axiom of choice we choose an c; for each b;
and we will denote such c¢; by c(b;).

Now we define f, ,,as follows;
Let f,,:Apq > Ay, bedefineby
foq(X) =0,,(x) VX €L, 4 and f,4(b) = a; — Bpy1,(ci).
Let x €I,, we have
Ep.q ( fo.qa(X) ) = tpgq ( Tp,q(x) )
= Ppgq ( Tp,q () )
( Pp,q Up,q )(x)
(r‘gp,q "Pp.q )(x)
= pp:q( Pp,q(X) )

= Ppa(tpe™)
and  tyq(foa®)) = tpq(@) =t (Bprsg(e))
= @)
= Pp.q (tp,q(bi))

Therefore ,we obtain



t(l(z) = (M (z)
(5) - 9(x) = f(x) Vxerl,,
p(t(x)) = t(f(x)) vxe€A4,,
From (5),we have
t.q (ﬁl,q (Bpﬂ,q (rd))) ~ Ppaq (tp,q (ﬁpﬂ,q (rd)))
= Ppq(0)
= 0
= fog (BerLq(rd)) € kert,,=ImpB, .,
Therefore B‘p_+1,q (&q) = fp,q (Bp+1,q ('-*"d))

forsome ¢4 € Cpiqy -

By axiom of choice we choose an ¢; for each
ry and we will denote such ¢; by c(ry).
Now we will define h,,,, ,as follows;

Let hyyy4: Cpi1q = Cpr1q »bedefineby

h??+qu(z) = h;:r+qu (Z) Vz € Zp+l,q and hp+1Jq(Td) = Cg4.

Then BI:"‘LQ (hp+1,q (rd)) — ﬁp_+1,q (Cci)

— };J,q (ﬁp+1,q (rd)) .
Also , it follows from (5),that

foa(Bo1.a@) = Foa (Vorsa (bre1a®))
= Vna (}’pﬂ,q (Lpsrq (2)))
= (%.0Ypr10) (lpr1.0@)
= (V10 To+10) (Lpe1.0 (@)
= VYp+igq (Tpﬂ,q (ipﬂq (z)))
= Vrera (lrsa (Ber0@)



= Yp+ig (ip+ 1,q (h’p+ 1,q (3)))
— Bp_—i-l,q (h’p+ 1,9 (Z))

= Bprig (hp+ 1, (Z)) = fo.q ()833+qu (3)) VZEZyi1q
ThETE‘fOT'E (£;+1Jqﬂhp+l,q)(x) — (fp,q Oﬁp+l,q)(x) Vx € Cp+l,q
Let x€L,, = Up,(x)€EL,,

= Jp.q (ﬁaq (x)) = Jpgq (ﬁp,q (x)) = 0
and  hyq (jp,q (x)) = hpe(0) = 0.
Then  (Jpq°fo.q)() = (Mpgipg)®) Vx €L,
On the other hand ,we have
ra (e ®)) = Joa (a7 = Brerg(@))
= Jpqa(@) = (pg °Bpr1,0)(c)
= Jpg (a; ) — Ppi1q (¢;)
= Jra(@) ~ (joa — o0 (e ®))
= hpg (jp,q (bi))
= hp, (jp,q (bi))

Therefore (jz;,q ° fp,q) = (h'p,q ':'f:ﬂ,q)(x) Vx € Ay q
Therefore (h,f) is a homomorphism.Since

h(z) = h*(z),it follows from (5)that (h, f) is a

combinatorial realizationof (t,9,p).

Theorem 3
Let k bea complexand A, , = m,,,(k?).Then

lpgiAp—1q+1 = Apq maps Ay 4441 onto 0,
Vp=234...m. & kisa Jmq — complex .

proo]

We know that Imi

pq = Ker j, ., then



ipg(Ap_1441) =0 Vp=23,.,m
& kerj,,=0Vp=234,.,m
= kisa [,q—complex .
Theorem 4
(1) If K=,.L, then
K isa],,—complex < L isa ],,— complex.

Corollary 5
If K=, K ,then [,,=0 L,,=0Vp=23,..,m

Theorem 6
If K isa ], — complex ,then Y, .= H,,

Vp=123,..,m and pys1, isonto.
Proof

Consider the following a new exact sequence ;

Hm+1.q Ym+1q Pm.q Hm.g
2 Zm+l,q * lm+1,q ? Fqu ? Zm,q ? Hm,q =

Since I,, = kerj,, =0 Vp=1,23,...,m.It follows from
exactness ,that },, = H,, Vp=123,...,m. and
IM ply1,q = Kerymi1q = Hyy1q -Therefore 1,4 415 onto
Corollary 7

If K isa],,— complex,and K =, K~ .Then
Yoqg=Hpq Yp=12,...m and pu,,,, isonto,
where Y. H,, arein E (K7).
C{}?‘GII{IT‘_}E 8 (Hurewicz's theorem for cw — complexes),[H]

If K isacw — complex such that m,.(K) =0,

for1=r=n-—1Then j,:m,(K)= H,(K)
and Jne1 maps m,4q(K) onto H,yq(K).
Theroem 9

Let K bean (m— 1) — connected.
Then K isa J,,— complex .
Theorem 10

Ipq = Xp-1q+1 -

(1) K and L are n-equivalent,see[W1]



Proof

From the exact homotopy sequence of the pair (kP kP~1)
j':r g+1 _fp g+1
s n.p+q+1(k ) p+q+l(k kP~ 1)

Pp.q+1 Jp.q
MTp+q (kIJ' 1) MTy+q (k )
we have Imi,, = kerj,, = pq(ﬂp 1q+1) g,

So from the fundamental homomorphism theorem,

Ap_14+1

we have I[,, = _
?3:{? kET. I--qu

But from exactness, it follows Im ;.1 = ker iy, .
Therefore [, = Y, 14+1 -
Theorem 11

D = TMpyyq(k) where —p<qg<0 .
Proof
Consider the following sequence ;
Ip.g-1 Jp.g-1 Bp.g-1 Ip.g-2

o> Ap1qg——Apg1— Cpg1 —— Ap1g-1 —— Apg2
when q = 1,remembering that Cp, = Ty (kP kP71)
whichis zeroincase —p<q <0.
Also A, g, = m,44(k?),and by a well known theorem ,
My q(kP) isisomorphic to m,y,(k) when —p < q < 0.
Then we get

ker joq =Apq =1y qa(k?) =m,,,(k) where —p <q<0.
Therefore I,, = my.,(k) where —p<q<0 .
Theorem 12

If k is a cw — complex such that k™ ! consists

of asingle 0 — cell e° .Then
i) Ly, =0 ifp=o,
(i) Ypqg = 0 ifp=n-1,

(iii) Zn’q = Hn’q
Proof
Since kK° =k =k?*=-.=k"1=1{e"},
it follows that C,, = my4, (k kP71 =0 ifpsn-1
and Ay, =1, ,(kP) =0 if p<n-1



Ap.q

and hence Y,,= — = 0 if p<sn—-1.
J Dp.q
Consider the following sequence ;
Bn+1,q jn,q

= Cuirg —}An,q — Cn,q -0
Since I, = ker j,, ,it followsthat I,, =0 Vp=n-—1
Notice that C,, = My (k™ k"7 1) = w4, (k™) = Ay
then j,, is anisomorphism.Therefore I, , = kerj,, = 0.
Now , consider the following exact sequence ;
- n+l,q - Fn,q - En,q - Hn,q - n—1,q - En—l,q -

it follows from exactness that ng = Hyq.
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