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1. Introduction

The Y denotes the family of continuous complex-valued harmonic functions that are harmonic in open unit disk
A ={z:|z| < 1}. TheH <Y contains analytic functions inA. A harmonic function inAis represented by the
formf = h+ g, whereh € H and g € H. Here , his referred to as the analytic part, and g is known as the co-
analytic part of f, A condition that is both necessary and sufficient for f to be locally univalent and sense-preserving
in Ais that |h'(2)| > |g'(2)|(refer to [1]). Hence, without loss of generality, this can be expressed as:

C C (1)

h(z) = Z+Zaszs , g = stzs ,Z €A
s=2 s=1

The Sy denotes the family of sense-preserving, harmonic, and univalent functions f(z) = h(z) + g(z) within 4,
satisfying the condition f,(0) —1 = f(0) = 0. It can be demonstrated that the sense-preserving characteristic
implies |b,| < 1. The §Q c S, encompasses all functions of Sy that satisfy the condition f,(0) = 0 (refer to [1]).
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The geometric subclass and certain coefficient bounds in the class Y were examined in [1]. For more foundational
outcomes, one may consult the standard introductory textbook [2] and explore additional insights from [3], [4].
Various researchers have unveiled a multitude of compelling findings in several articles, as indicated by references
[5], [6], [7] and [9]. Moreover, researchers have extensively examined the related class and its subclasses in [10],
[11] and [12].

For a function f in §, the differential operator D™ (n € N,) of f was defined in [12]. For f = h+ g given by (1), in
[11] the modified Sdlagean operator of f was introduced as :

Drawing inspiration from the preceding studies of [13] and [10], the present study focuses on examining coefficient
condition, convex combination, distortion, and extreme points.

D"f(z) = D"h(z) + (-1)D"g(2),

where

[oe]

D"h(z) =z + Z s"a,z® and D"g(z) = Z s"byz* .

s=2 s=1

Next, for the functions f = h + g € Hdefined in (1), in [10] multiplier transformations were introduced, as the
modified multiplier transformation of f is denoted as:

I9:f(2) = D°f(2) = h(2) + g(2),

I f(z) = uDf(z) + tDf(2) _H (h(z) +ﬁ) + T(h'(z) + m) 2)
e L+t L+t ’
e f @ = I (07 £ (), (€ Ny, (3)
For 0 < u < 7.If f is given by (1), then from (2) and (3) we see that
" f(Z) =7+ i(w T Hng g5 4 (1) i(rs —Bynpzs ®
e Liutr s Liptr s

Also, as f is given by (1):

I,’},Tf(z) =f= (91(2) + @2(2)) * ok (91(2) + 92(2))

n-times

=h=* (Ol(z) * Lk @1(2)) +g%0,(2) *..x0,(2),

n—times n-times

here " * " represents power series convolution or the Hadamard product and

(u+ 1)z — uz? (1 — 1)z — pz?

AW =trna—2 %P T wroa-o7

The operators examined by various researchers are obtained through the parameter specialization for all f € H :

() I5,f(2) =D"f(2) ([12]);

)  L'f(2) ([10]);

(iii) It f(z) =1"f(2) ([14]) for f €Y;

(iv)  Iif@ =1if(2) ([11]).
Definition 1.1. Forp # 0andp € C, with|p| < 1,0 e R,0<y <1land0 < B <1, letSy(1,1,0,np,v,B) denoted
the class of harmonic functions f given by (1) satisfying the condition:
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1 Q+en i) )} (5)
Re{1+p((1—y)z+y1,ifff(z) )

As ;. f(2)is defined by (4).Further, by Sy(u,7,0,m,p,7,B) the subclass of Sy (i, 7, 0,1, p,y, B) harmonic functions
(@) = h(z) + g,,(2) so that h(z) and g,,(2) are of the form:

[oe]

h(z) =z — Z 0,75 . g.(2)= (—1)nz bzS, a,b,>0
s=2 s=1

Through the selection of appropriate parameter values, the class Sy (i, t,0,n,p,y, ) is transformed into various

subclasses of harmonic univalent functions.

(i) 8y(0,1,0,0,1,y,8) = Gy(o,v,B) in ([15]).

(i) 8:(0,1,0,0,1,18) = Gy(B) in ([16]).

i) 8,00,1,00,1,1,0) = SH:(0)in ([17], [18], [19]).

() 801,001,148 = SH:(B)in ([20]).

(i) Sy(w1,0,n,1,1,8) = SHy(wn, B) in([21]).

(v)  8,(0,1,0,n,1,1,0) = HKy(0) in ([17], [18], [19]).

0 801,011,138 = HK(B)in ([20]).

(ll) Sy(O,l,O,n, 111: )8) = HY(TLJ B)ln ( [4])

(i) 80,10, 1,1,8) = RSy(n, B) in ([22]).

(IV) SY(“' 1' a,n, 1:1! :8) = R‘SY(:U! n, .B)ln ([Zi])
SSwt,0,n,p,v,8) =SWwt,0,np,y,0) NSYand SY(u,t,0,n,p,v,8) =S 1,0,n,p,7,8) NSy is defined.

(6)

2. The Coefficient Condition

In this section, we demonstrate the sufficient condition for f € Sy(u,7,0,n,p,v,) as indicated by the following
result.
Theorem 2.1.If f = h + g such that h and g are defined by (1) with b; = 0. Moreover:

- 2[(ts + ) —y(u + 1)] (Ts+u" (7)
SZZ:[ T +yp(1—-B) e las|
C [20(rs — i) + y(u + )] (TS—#>"
—yp(1 - bl<(1-
+Z[ - v =B (s bl < (1= )
As: p#0and peC, with [p|<1,06eR0<y<1, OS,uST/Z,nENO andﬁsﬁsﬁ. Then f is sense-

preserving, harmonic univalent in unitdisk Aand f € Sy (u, 7, 0,1, p,7, B).
Proof. If z; and z,are two distinct points then:

f(z1) - f(z) 9(z1) — g9(2) 521 bs(2f — 23)

h(z,) — h(z,) h(z,) — h(z,) (2 —2z5) — Z;O:Znas(zls —z3)
o [2[(TS—u)+Y(#+T)]_yp(1_ﬁ)](Ts—ﬂ)

_ Z?:lslbsl
1-X2,slagl

=>1- = >1

u+T u+T
s=1 1-B8 Ibsl
>1-— >0
- [C )=y (u+1)] n -
o [t e a-p)| ()
1- s=2 Iasl

1-B
This shows univalent. f is sense-preserving in unit disk A because,
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W@I21-)  slal Iz
s=2

>1_le [2[(TS+H)—V(H+T)] (1 — ﬁ)]( +5) |

— -B U+t
o 1 [2[Gs — ) +y(u+ )] TS — p\"
2;1_/;[ - —Vp(l—ﬁ)](wf) b
> slbllzl>
> 1g'(@)I.

Using the given condition that |1 — 8 + w| = |1 + 8 + wlif and only if Re(w) = B, it is sufficient to demonstrate that
[1-8+wl =11+ B+ w|=0gives,
ly2p—pB—1-e ) f(2) + (1 + e f(2) + (1-y)2p— pf—1—e)z] (8)
—ly@+pB+ e f(2) — A+ e () + (A —y)(A +pp +e9)z| >0
Substituting for I} f(z) and [/} f(z) in (8) we get

| y (Zp —-pB—-(00+ ei”)) <z + SZZ: (f:f)n agz® + (—1)”2 (f;f)n bszs> |

[oe]

+(1+e") (z + i (TS il ”)nﬂ a;zs + (="t Z (TS — M>n+1 F) + (A -V)2p—pB—1—-e")z

u+t u+t

| y(1+pﬁ+e”)<z+2(f:f) z5+(—1)"i(f;f)nﬁ> |

[oe]

~(1+¢') (z + Z (TS Tu )n+1 a,z° + (=1 Z G )m ﬁ) (=P +pB +ei)z

u+rt
> 201 — Bzl - Z[Z[(Ts+u) y(u+ )]

al|z|®
T lag||z|

Z [2[(zs — ) + y(u+1)]

- ~7p(2 —B)] () Inlate

[}
r

N

81l

M

[2[(zs + 1) —y(u+1)] s+ p\" s
U+t _ypﬁ]<y+r> lasllzl

[2[(zs — ) +y(u+1)] +ypﬁ] (TS — m\"

[}
r

0

_s p+t u+r> 1bsllal*
L Z 1 [2[(TS+H)—V(H‘l'f)]+yp(1—ﬁ)]<rs+ﬂ>n|as|\l

(
’1 ||{I S_Zl—ﬁ U+t U+t
> — - .
1-pP)lz | 1 [2[(TS—M)+)/(H+T)] o(1 —ﬁ)]< ,ll) b.| |
1 B U+t )

The final result is non-negative by (7) thus concluding the demonstration.
Theorem 2.2.If f,, = h + g, defined by (6) with b; = 0. Then f € Sy (i, 7,0,n,p,y, B)if and only if

N 20(s +w) —y@+ ol +u 9
Z[ p+t re 'B)]( ) s

[(zs —w) +yu+0] TS — U
+Z[ ,u+‘[ (1_ﬁ)]( T) S(l_ﬁ)

As: piOandpE(C,withIpISl,aER,OS)/S1,0S,uST/2,nENOand—<,B<—

u+t
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Proof. since S_{}(u, 7,0,n,p,Y,0) €Sy, t,0,n,p,7,B) . then the " if " part follows from Theorem 2.1 not that if the
functionshand gin f = h+ g € Sy(u4,7,0,n,p,y, B) are given in (6) then f € §{(u,7,0,n,p,y,B). For the " only if "
part, by contradiction, f & 53 (u, T, 0,1, p,y, B) if the condition (5) dose not hold.

Thus:
o [2[G@s+m)—yu+1)] s+ \"
Lo [ utt +yp(1 - ‘8)] (u+r) asz° +

o [2l@s-w+y(u+t)] _ s—p\",  —
522[ U+t rp(1 ‘8)] (u+r) bsz*

n n
TS+ o [TS—U —
1-)2 ( ) AR DNl (—) zS
s=2 \rr as )Dellt e b,

1-p)z—

Re <

The above condition satisfies all values of , |z| = r < 1. By choosing z on the positive real axis (0 < z = r < 1),:

o [2IC )=y (u+7) n _
(5 ] (22 (0
P o [2s—w+yu+o)] -\, o
2 fem) ()
Re { — e E— r = 0.
1- s=2 (u+‘r) asrs_l + 25:2 (u+‘r) bs ret

If the condition (9) is not satisfied, the numerator in (10) is negative. This contradicts withf € 5_3 w,t,0,n,p,7, B).
Here, the proof is complete.

3. Extreme points

To examine the extreme points of the function f;,, € @(u, T,0,n,p,7,B), we utilize the coefficient condition obtained
in Section 2.

Theorem 3.1. Let f, by given by (2) then f,, € S_\?(u, 7,0,n,p,v,B) if and only if

[oe]

L@ =) (K@) +Yeg,, ),

s=1
where,h(z) =z , hy(z)=z— 1-5 z5
ss e  sal T [2[(TS+H)—V(H+T)] +yp(l— ,6’)] (rsw)"
u+t Yp u+t
and g, (z) =z @)=z+(C-D" 1-8 z5
In, = » Yng - [2[(rs—p¢)+y(u+r)] _ (1 _ ﬁ)] (ﬂ)n )
U+t Yp u+t

Xs20,Ys20,X2,(Xs+Y)=1,p#0 and p€C, with |p|<LceRO<y<1 0=<u<?/)neEN,
£ <p<——and(s=23..).
U+t U+t

Specially, the extreme points of f,, € S_e(y, T,0,m,p,v,B) are {h }and {gns} .

Proof. From (6), for functions f,as:
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(oo}

1-8 .
L@ =Y (%@ +Yegn, @) Z(x + Yz - Z N e T
k=1 F2 Yp Py
+(-1) Z F Y7
[2[(15 u)+y(u+f)] yo(1 - B)] (ﬂ)n e
u+t
Then:
) 2[(zs+pm) -y (p+1)] Ts+u\"
Z [ (- B (2F) 1-8 N
1-p8 2[(zs+pw) -y (u+1)] _ s\ S
s=2 [ U+t +yp(1 ‘8)] (u+‘r)
w [[2laEs—w+y )] Ts—p\™
+Z [ u+t (1_‘8)](u+‘r) 1_.8 ,y
1-— 2[(zs—p)+y (u+7)] s—p\" IS
=2 B [—u+r —yp(1 —,3)] (E)
Z Z =1-X,-Y, <1
s=2 s5=2
andso f,, € S_{}(y, 7,0,1n,p,v,B). Conversely, if f,, € g(u, T,0,1n,p,7,B), then:
< 1-5
as = [2[(TS+H)—Y(H+T)] +yp(1l — ,8)] (w)"
u+t Yp u+t
1-p
and bg <
[(Ts—wW+y(u+1)] TS—p
[l o - p)] (52)°
2[(zs+u)—y (u+7)] _ TS+
e (o
S 1 _ ﬁ S’ 1y e )y
( )+y (u+7)] —u\™
e
Y, = =5 by, (s=23.),

and X;+Y, =1- Z(JCS + ),

s=1

As: X, Ys = 0.Then, as necessary, we obtain

i) = QG+ YDz + ) Xehi(2) + Yo, (2)
s=1

- Z (%X,hs(@) + Ysgny(2))-

s=1
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4., Distortion and Convex Combination

The Theorem outlined below demonstrates that the 5_{(’(/1, T,0,n,p,Y, ) remains invariant under distortion and

convex combinations of itinumbers.

Theorem 4.1. Let f, € SY(u,7,0,n,p,7,B). Then for|z| =r <landp #0, p€C, with|p|<1,0€ERO0<y<1,
T o =

0<uc< /2,n €N, and#H <B S#Hwehave

1-p
@l <7+ w12
2[2T+u) -y (p+1)] 2T+u
[y - | (32
and
1-p
@ =7 — 7T
[CT+uw)—y(u+1)] T+u
[y - | (3

Proof. To establish the validity of the left-hand side, we assume that f,, € S_\? (u,t,0,m,p,y,B) then:

()l <7+ Z(as +b)r?

i l([z (‘ES+[L)+;/(M+T)] n )/,0(1 ,3)] (‘L’S+H)n

u+t \
a, |
<ry (1-pB)r Z { 1-8 }

- 2[2t+1) -y (u+1)] Zr+u n 2[(zs— M)+Y(M+‘f)] ts—p\"
[ U+t +)/p(1—,8)] U+t s:2|[ —vp(1 - ﬁ)](uﬂ') b |
\ 1-3 5)

1-p
<r+ [2[(2T+ﬂ)_y(ﬂ+7)] + (1 _ B)] (ﬂ)n 7"2
u+t Yp u+t

Similarly, the validity of the right-hand is demonstrated.

Corollary 4- 2. Let f, of type (6)be so that, f, € 5_3(/.@ 7,0,M, 0,7, 8),where 0 <y <1,0<pu< T/Z ,n € Ny and
E <B< T then
1-p8
— n
[2[(21+u) vl yo(1— ,8)] (21+/.L)

u+t u+t

< fu(D).

w:lw|l<1-—

Theorem 4.3. The class S_e(u, T,0,m,p,Y,B)is closed under convex combinations.

Proof. Let f,, € 5_\?(% T,0,n,p,y,B)for (+ = 1,2,...) is given by:

[ee]

foo (@) =2 — Z as,z° + (—1) i b, z°.
s=2

s=2

Then by (9),
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2[(TS+#) y(u+r) vo(l — ﬁ)] (TS+M)n oo [2[(Ts—u)+y(u+f)] —yp(l - [),)] (TS—#)" (11

[ u+t u+t u+t
z 1-p as, +Z 1= bs, < 1.

s=2

For Y.¢21 9, = 1,0 < g, < 1,we express the convex combination of f,,, as follows

[oe]

D gk @=2=) (Y aca)z+ D i (> acbs)7

Then by (11),

2[(TS+#)—y(u+T)1+yp(1 ,8)] TS+H

) L <z )

s=2
0 [[(rs w+y (u+7)] —yp(1 — ,8)] Ts u

n SZZ: ptt =5 y+‘r (Z )
o [ (rs+u) }/(u+‘r)] +yp(1 —,8)] (‘:s+u)

qu Z 1-8 st

o [ [(Ts—u)+y(u+r) —yp(1 —,8)] (ﬂ)”

U+t U+t

3 = b

s=2

t=1

This is the condition required by (9) and so X2, q; f,(2) € @(u, T,0,1n, 0,7, B).

5. Conclusion

This article introduces a subclass of harmonic wunivalent functions defined by linear operator
I}, f (z).Furthermore,various intriguing outcomes are examined, such as the coefficient bound for the subclass

S_{(’(u, 7,0,1,p, ¥, B).Subsequently, geometric properties pertaining to the considered function, including coefficient
bound, extreme points, distortion and convex combinations in connection to the subclass Sy (i, 7,0, n,p,7, B).
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