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1. Introduction

Letting M denote the class of analytic functions defined on the open unit disc & = {z: || < 1}, normalized by the
conditions F(0) = 0 and F'(0) = 1. An analytic function F € M possesses a Taylor series expansion represented

as:
F@=1+), 4y, GED (1.1

Let Fand g be two analytic functions in 2. Then F is said to be subordinate to g, which is written as

F<gor F(z) <g) (z € ). (1.2)
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If there exists a Schwarz function w analytic in %, such that w(0) = 0and |w(z)| <1, with F(z) = g(w(z)).
Moreover, if the function g is univalent in A, then F(z) < ¢(z) is equivalent to F(0) = ¢(0) and F () is a subset of
¢ (). An analytic function f quasi-subordinate to an analytic function g in the open unit disk %, is shown by

F(z) <4 9(2).

With the existence of analytic functions ¢ along with w, where |¢(z)| < 1,w(0) = 0,and |w(z)| < 1, resulting in
F(z) = p()g(w(z),

Note, when ¢@(z) =1, then F(z) = ¢(w(z)) so that F(z) < ¢(z) in ™. Furthermore, if w(z) = z, then F(z) =
¢(z)¢(z),and in this case, F is majorized by g. Written F(z) < ¢(z) in 2. Therefore, it is clear that quasi-
subordination serves as a generalisation of both subordination and majorization; refer to
(I1LI21.I50.160.[71,18],[12],[13],[14],[15] and [16]). The term quasi-subordination was initially introduced in 1970
by [12]. Ma and Minda [11] established a category of starlike functions by the method of subordination and
examined the classes S*(¢) and G*(¢), defined as follows:

ey 3F'(2)
S*(p) = {.‘F EXH: 20 <¢(z),z€ ‘21}
and
T”
G () = {? €H:1+ %T(S) <o),z € 91}

where every coefficient is real. Additionally, let 8 be a univalent, analytic function with a positive real portion in 2,
such that 6(0) = 1,6'(0) > 0, and ¢ maps the open unit disk 2 onto an area that is symmetric concerning the real
axis and starlike concerning 1. The form of Taylor's series expansion for such a function is:

6(%) = 1 + B]_Z + Bzzz + B3Z3 + "',Bl > 0
and
¢(z) = Co+ C17+ C,7° + -~

Geometric function theory has a long history with the Fekete-Szego functional |a; — pa3| for normalized univalent
functions of the kind provided by (1.1).

Since it has drawn a lot of attention, especially in relation to numerous subclasses of the class of normalized analytic
and univalent functions [4].

Definition(1.1): A function F € M is said to be in the class SgT(B), (t > 0,0 = 1), satisfies the following quasi-

subordination:
F@)  (F'® N\ (F® Q(zT”(z) )T)_ _
( ” +(T(z) “) +<T(z)) T ') )i 0@

Definition(1.2): A function F € M is said to be in the class Rg.‘r(& £0),(0=2171210<§<1)ande > 1 satisfies
the following quasi-subordination:

ZT’(Z))Q (ZT”(Z)
F@ -~ " F@)

Lemma (1.1)[3]: Consider w be an analytic function within 2, such that w(0) = 0, |w(z)| < 1 with

zF'(z) + 67°F " (3)
F(z)

zF"(z)
F(z)

( +1)T+< )+(1—£)( +1)<,0(z) — 1.

w(z) = wyz +w,72 + w3z® + -,
then

[w, + tw?| < max{1,|t|},t € C
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The result is sharp for the function w(z) = z? or w(z) = z.

Lemma(1.2) [9]: Consider ¢(z) be an analytic function within %, such that |¢(z)| < 1 with
©(z) = Co+ Ciz+ C7% + C37° + .

Then |Cy| < 1and |C,| < 1 —|C,y| forn > 0.

2. Main Results

Theorem(2.1): If F is given by (1.1) and belongs to the class Sgr (6), then

la,| < Bl (2.1)
27140437 '
and

o] < B, | . . [4('[2 —3’[)+%((Q+2T)2—3(Q+4T))] | B, -
% _1+18‘[+4Q[ +max) L, (1+0+371)2 1B, (22)

and for some u € C, we have

1 2
2 |B;] [4(12—3r)+5((g+2‘r) —3(g+4‘r))] _ 1+18T+4g B,

|a3 ua2| = 1+187+40 [1+ max{l, (1+0+37)2 |B1l (1+g+3r)2M|B1| + Byl (2.3)

Proof: If F € Sg_r (6), then there exists an analytic function 6 in % such that |6(z)| < 1 and w: ¥ -» A, withw(0) = 0

and |w(z)| < 1 such that:
" T ’ Y] " T
(?(z) N (zT @ . 1) N (zT (z)) (zT @) 1) >_ 2=0@)(6(w(®)-1) (24

Z F(2) F(2) F(2)
since
7@ + (Z?”(Z) + 1) =2+ 1 +20)ayz+ (2(72 = 31)ai + (1 + 61)az)z* + -, (2.5)
4 F(2)
and
F'(z)\° (zF" ! 1
(Z"?(S)> (ZT(S) + 1> =1+ (e+1az+ (E ((e+21)%2—3(0 +41))a2 + 4(o + 3r)a3> 7%+, (2.6)

put (2.6) and (2.5) in (2.4) as equal coefficients on both sides, and we get
F 1 T =l e i T
(ﬁJr(z (z)+1> +<z (z)) (z (z)+1))_2=1+
Z F(2) F(2) F(2)

(140 +30a,z+ [2(‘[2 —37) +%((g +21)2-3(0 + 4‘[))] azz? + (1 + 61) + (4(0 + 31))azz% + -+, (2.7)

Q)(Z)(Q(W(Z)) - 1) = Cow By + Ciw; B, + (Co(WzB1 + W1sz)) (2.8)

=——C,w, By, 2.9
a, 1+o+3t oW1D1 (2.9

and
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1 , [4(‘[2 —317) +§((Q +21)2 - 3(0 + 41))] A
a; = Trigrig CwyB; + (Co(w,B, + WB,)) — Uto130" Céw?BZ|, (2.10)
also
2 1 2
az; — ua; = m[ClwlBl + (Co(WzBl + wy BZ))
1
_ [4(12 -3 +5((e+20)? -3(e + 41))] 2,,257] - 1+181+40 ., ;0 211)
(1+¢+30)2 N R L

Utilizing this fact along with the established inequalities |Cy| < 1 and |C;| < 1, [w,| < 1, as well as Lemma (1.1), we
derive,

B
ol < — 2
1+0+37
and
| < 1B, | ) 1[4(‘[2—37)+§((g+21’)2—3(g+4r))] B,
Gl < T e ag L T L (1+o0+37)2 U B,
and for some u € C, we have
|B, |
_ ) P G
la; — pazl ST¥18rt4gH
1
. 1[4(12—3r)+;((9+27)2—3(@+47))] 4 [B|_Lti8rHde o
e (1+o+30?2 U B T ar o+ 302

Theorem(2.2): If F € M satisfies

F@)  (7F'@ .\ L (F @Y (zT”(z) )1)_ _
( . +(T(Z) +1> +<T(Z)> 10 +1 2K6(z) -1

then
B
|a2|S1|—1|J
+o+ 37
[4(‘[2 —37) +%((Q +21)? —3(0 + 4‘[))]
<—|IB B B,l|,
lasl < g g [P * (1+ o+ 30)2 IBul + 12|
and
| ) < . [4(12—3r)+§((9+2r)2—3(9+4T))]|Bl 3| 1+ 187+ 4o B2
% Ma2_1+18‘[+4g i+ (1+ 0+ 37)? 1+ 15 (1+Q+3‘L')2H r

Proof: The results are derived by substituting w(z) = 7 in the evidence of Theorem (2.1).
Substituting ¢ = 1 into Theorem (2.1) yields the subsequent consequence.

Corollary(2.1): If F is defined using (1.1) in the Sf_T (8), subsequently



Sarah Jalawi Abd, Meena Fouad Abduljabbar, Journal of Al-Qadisiyah for Computer Science and Mathematics Vol.17.(2) 2025,pp.Math 121-128 5

|B, |
<
la.l < 5037
1
I3, [4(12 —30) +2((1+20)? -3(1 + 41))] B,
|a3| < [1+ maxq1, 2 1 _=
5+ 1871 (2 +31)? B,

and for some u € C, we have

|B; |
- 2l «s———— 1
|a3 ﬂazl S5y 18‘[[
1
. [4(12 -30+;((1+20?-3(1+ 41))] B B,| 14+6T+4(1+37) B |
+maxy 1, (2 + 31)2 R A
Corollary(2.2): If F is defined using (1.1) in the Sgl (8), subsequently
|B, |
<
|a2| —_ 4+Q'
and
| < B, . [—8+§((9+2)2—3(@+4))] —_—
Gl < ool tmanl, (4 +0)2 U3,
and for some u € C, we have
1
| 2 < 1B, | - 1[—8+;((9+2)2—3(9+4))] B,| 40+ 19 B |
U ~Haz| < gl maxa L (4 +0)2 U BT @+ 2t

Remark(2.1): Fort=0,0 > 1, and (0 < § < 1), it is classified within the subclass Sg (0) if the subsequent quasi-

subordination criteria is fulfilled:
F(2) (zT ’(z))g >
—+ -1<,0(z) -1
( Z F(2) a9

The subsequent section presents estimates for the coefficients |a,| and |a;|, also |a; — ua?| for some p € C, related
to the function within the class Sg (6).

Theorem(2.3): If F is defined by (1.1), it is categorized under the subclass fRZ,r (6, €, 0). Subsequently

la,| < B, | , (2.12)
((c+1)+3(26 —¢))
and
1 G((a+2r)2 —3(c +4r)) — 23 —25—5)

|B;| + max{|B;|, |BZ| + |B,| ¢.(2.13)

|a3ls((a+3r)+8+36+68)[ o+ +325-2)°

and for some u € C, we have

1
((c+3r)+8+35+6¢

las — ua3l <

B,
il
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G((a +2r)* = 3(c +41)) — 23 - 25 —¢)

+((0+3r)+8+36+6£)
((6+7)+3@26-29)°

(c+m)+325—2)°

1B

+ max? |B, |, 2

ulBE + 1Byl . (2.14)

Proof: If F € R?,_r(& £,0), then there exists an analytic function 8 in A with |6(z)| < 1and a mappingw: ¥ — ¥,
such thatw(0) = 0 and |w(z)| < 1, satisfying the following conditions:

17 @), 2F'@) .. (37 @) +67°F (3) N0 _ B
G Cry TV +< D )+ (a e>( TOR 1) =0@0O(w@)-1). (215
since
F @), 7' @ ., (7T @) +5F" () N o _
(T(z,)) (T(g) +1) +< 10 >+(1 e)( 10 +1>—(1 &+ ((e+1r)+326—¢)az+

1
((0+3r) + 8+ 358 + 6¢)azz® + (5((0 +2r)2 —3(0 +4r)) — 23— 25 —&)azz® + . (2.16)

By substituting (2.8) and (2.13) and equal the coefficients on both sides, we obtain

1
a, = Cow,B,, 2.17
2T (o +1)+3(26 —g)) o5 (2.17)
and
1 ) G((o+2r2=3(0+am))-23-26-8) , .
as = (@+3m+8+30+62) Ciw B, + (Co(WzBl + wy Bz)) - (G1)1320-0))2 CswiBy|, (2.18)
also
a; —paj =
1 2
1 2 _ (3((U+2r) —3(a+4r))—23—26—s) 2 202 ((0+37)+8+36+6¢) o amn
((0+3r)+8+35+6¢) [ClwlBl + (CO (w, B, + wj BZ)) ((o+1)+3(26-¢))2 owi By ((o+1)+3(26-¢))2 uCywiBt |,
(2.19)

Utilizing this knowledge alongside the established inequalities, |C,| < 1 and |C;| < 1, |w;| < 1, and Lemma (1.1), we
derive

B
|a2| S | 1| ’
((e+71)+3(26 —9)
and
ol < 1 1B+ lBl(%((0+2r)2—3(o'+4r))—23—26—s)|32|+|Bl
as| < max , .
T ((@+3r)+8+35+6¢) " ! (6 +7)+3(26 —¢))? 1 2
Further
1
2 1 (;((0+2r)2—3(0+4r))—23—25—£) 2 ((c+37)+8+35+6¢) 2
las — paz| < ((6+3r)+8+38+6¢) [1B.] + max{lBll' ((o+7)+3(26—¢))2 Bz ((o+7)+3(26-¢))2 HIBE| + 1B, .

Theorem(2.4): If F € H satisfies

2F'(z)., 7F"(2) F 1)y (ZT'(Z)+5Z2T"(Z)

Je ( 77" (3)
F(2) F(2) F(z)

F(2)

( +1)«<6(z) -1,

)+(1—£)(

then
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B4 1 (%((G’+2T)2—3(0’+4T))—23—2§—£) )
la,| < ((o+1)+3(25-¢))’ and |as| < ((o+3r)+8+35+6¢) [lBll +1B21 - ((o+7)+3(26-¢))2 IBL1,
and for some u € C, we have
1 ((((e+2r?—3(c+4r)) - 23— 26 —¢)
lag — pas| < |B1| + 1B, | — 2 |B}|
((6+3r)+8+38 +6¢) ((o+71)+3(28 —¢))
((c +3r) +8+368 + 6¢) g
— M )
(c+1) +325—8)°
Proof: The findings are derived by substituting w(z) = z in the proving equation of Theorem (2.3).
Substituting § = 1 into Theorem (2.3) yields the subsequent consequence.
Corollary(2.3): If F is defined by (1.1) within the class Rg,r (6,¢,68)and 6 = 1, then
B, |
<
e e PRIV ES))
and
C(lo+2r)* =3(c+4r)—21—¢)
< Byl + B4l, Bil + B, l;.
a5l < T3 T 11+ 6e) 121 T max) [l (@+7) +32-0)° Bl + 12|
Further
| 2l < : [1B,
a; —uas| <
THERIE G )t 11+ 6e)
N 5| (%((a+ 2r)2 —3(o +4r)) — 21— ¢) 22| ((o +3r) + 11 + 6¢) B2] 4|3,
man =l ((o+7) +3(26 — )2 DR ED) et &
Corollary(2.4): If F is defined by (1.1) in the class R?ﬂ (6,¢,0) withr = 1, then
B, |
a| < )
2. ((6+1)+3(268 —¢))
and
o 1 . I l(%((0+2)2—3(Q+4))—23—26—€)| s 18]
< B;l + Bil, Bil+ [B,l;.
%SG T3 18430+ 6e) 01 T IAX|B @+ D +3@25—)? s
Further

1
< - -
| - ((a+3)+8+36+6£)[

G((0+2)2-3(0+8))-23-25-¢) 2| 4 (ora18135tee)

— 2 2
las — paz B, | + max{IBll, ((6+1)+3(26-£))2 B ((6+1)+3(28-¢))2 HIBEI+ |BZ|}'
Remark(2.3): Fort =90 =0,(0 <6 < 1), it is classified into the subclass Rg’o(c?, g,0) if the subsequent quasi-

subordination requirement is fulfilled:

1 (ZT'(Z) +62°F"(z)
F(z)

zF"(z)
F(z)

)+(1—£)( +1)<,60(z) — 1
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Subsequently, we present estimates for the coefficients |a,| and |as|, as well as|a; — ua3| for some u € C,
pertaining to the function within the class iRg_o (6,¢,0).
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