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ABSTRACT

In this paper, we obtain some new subclasses of bi-univalent functions by using quasi-
subordination. Also, we obtain the bounds for the modulus of the initial coefficients of the

function inside these classes.
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1. Introduction

Assume Z exist the class of all normalized analytic functions f in an open unit disk A = {z:z € C, |z| < 1} of the

form:

fF@) =2+ Z a,z",  (z€AD) (1.1)
n=2

A function f has an inverse f~! has become satisfying f1(f(2)) = z,(z € A), and f(f'(w)) = w, (|W| <
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gw) = f(w) =w — a,w? + (2a2 — az;)w? — (543 — 5a,a; + a,)w* + -, (w € A). (1.2)
fiz)=1= FUw) = 45
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Figure : plots of the real and imaginary parts of the bi-univalent function and its inverse

If f and f~! are univalent functions in 4, then f is described as bi-univalent in 4 and the class of bi-univalent
functions defined in 4 is denoted by .. (see [14]).

Let f and g are analytic functions inZ. Then f is said to be quasi-subordinated to g in 4 and articulated as
follows:

f@2) <49, (z€b),

if there exists 8(z) also w(z) exist two analytic functions in 4, accompanied by w(0) = 0 such that|0(z)| <
1,lw(2)| < 1also f(z) = H(Z)g(w(z)). If6(z) =1, then f(z) = g(w(z)), in order to f(z) < g(2)in4. Ifw(z) = z,
then f(2) = 6(z)g(2), Itis asserted that f is majorized by g also written f(z) < g(z) in A. (see [1], [16])

Ma and Manda [15] established a category of starlike also convex functions by the use of subordination also the
examination of classes S*(¢) and G*(¢) that is characterized by

S () = {f € H:Z]]:(S) <p@)z€ A},
and
G*(¢p) = {f € H:Z]{,(S) <¢(2),z€ A}.

By S5:(¢) and Gy, (¢), we denote to bi-starlike also bi-convex functions f is bi-starlike also bi-convex of Ma-Minda
designate accordingly [15].

In the sequel, it is assumed that ¢ of the form
¢(2) =14 ciz4c,z% + -+, (1.3)

where ¢(0) = 1and ¢’(0) > 0, also

0(z) = ko + Z k;zt, (1.4)
i=1
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which are analytic and constrained in A. Nonetheless, there are only a few works determining the overarching
coefficient limits |a,| also |as| ([2,3,4,6,10,11,12,13,20,21,22] and [23]) for the analytic bi-univalent functions inside
the scholarly discourse. ([2,5,7,8,9,17,18,19])

Lemma (1.1) [10]. Let h(z) =1 + hyz + h,z? + --- € P, in which location P represents the set of all functions h,
analytic in 4, That is why Re{h(z)} > 0, (z € 4), then |h;| < 2 fori = 1,2,3,

2. Main Results

Definition (2.1). A function f € ¥, defined by (1.1) is said to be in the class ®gy (¢, B, ¢) if the following quasi-
subordination conditions:

l 3 zf"(2) zf'(2) * zf"(2) B
5 [(1 €) (1 + e ) + ( @ ) + o) ] <, (02— 1) (2.1)
and

%[(1 —e) (1 + Wj(f,"f)) + (Wj(lv(,v;))a + Wj(v(,v)')] <q (pw) - 1) (2.2)

where (¢ = 1, € C|{0}and0 < a <1,),zzw € dand g = f "' and the function g, ¢ are given by (1.2) and (1.3)
respectively.

If we put @ = 0 in Definition(2.1), we obtain the following Remark such that 052,2 (& B,¢) =645(e, B, ¢)

Remark (2.1). A function f € }, defined is classified as belonging to the class 6,y (¢, B, ¢) if the subsequent quasi-
subordination conditions:

l 3 Zf//(Z) Zf//(Z) 3
ﬁ[(1 €) (1 e > | < (p(2) - 1) (2.3)
also

1 wg' (w) wg' (w)

E[(l —8) (1 = >+ I ] <, (@w) —1) (2.4)

where (¢ = 1,8 € C|{0}) and g = f~!is given by (1.2).

Theorem (2.1). Iffis given by The Taylor-Maclaurin series expansion (1.1) is classified under 67y (¢, 8, ¢),

subsequently
AyB AyB
la,| < min BBy , k 012 (2.5)
(4—-2e+a) 6B~ 1D +-al@—1)
and
. BAoB, BAB, BAyBy B*A§B?
las| < min T , (2.6)
4(7-3e+a) 6Bc—1)+-ala—1) 47 -3e+a) (“4-2+a)
2

Proof. Let f € Gg (¢, B, ¢) and g = f~1. Subsequently, there exist two analytic functions u, v: 4 - 4 accompanied
by v(0) = 0 alsou(0) = 0, |lu(z)| < 1, lv(w)| < 1, fulfilling

1 zf"(z) zf'@\"  zf" (@) B 3
E[(l —¢) (1 + o) )+ ( o) ) + o) ] =0(2)(p(u(z) — 1)) 2.7)
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also

i wg' W\ (wg W\ wg"w)] )
b’[(l Q(” g'(w>>+<g(w)) * g'(w)]‘e(w)(¢(”(w) n) @8

We define the function p, (z) and p, (w) by:

1+ u(2)

- = 24 ...
p(2) = T=u) 1+nz+nrz>+-, (2.9)
and
1+v(w
pz(w) =1_—UEW;= 1+k12+k222+"-. (2.10)
Or equivalent,
pl(z) - 1 Clz 2
u(z) = @)t 1= 3 [clz + <01 -5z + -, (2.11)
and
pZ(W) 1 blz 2
v(w) = ) T 1 =3 [blw + <b1 -5 )W + ], (2.12)

then p, (z) and p,(w) are analytic functions in 4, with p,(0) = p,(0) =1. due to, v,u: 4 - 4, possess a positive real
component in 4, also |b;| < 2

also |¢;| < 2, fori = 1,2. Using (2.11) also (2.12) in (2.7) also (2.8), thus, we obtain

sla-a(+f2)+ () + 5]~ e bRl -) e

also

21— o) (14 2200) o (MO mO] ) ([ - 1), (214)

aw) g’'w) pa(W)+1

Since f € Y, possesses the Maclurian series defined by (1.1), a calculation indicates that its inverse g = f~1
according to the expansion in (1.2), we obtain

%[(1 —&) (1 + Zf”(z)) + (Zf,(z))a + Zf”(z)] [(2 &)+ (@ —-2e+a)az+ [2(7 3e+a)a; + <4(6£ -5+

'@ f@ f'@)
Ea(a - 3)) az]z + ], (2.15)

and

1 wg''(w) wg' WYY | wg" W)
E[(l —&) (1 + o) )+( ) ) + o) ] [(2 —&)— (4 -2+ a)a,w+ [2(7 3¢+ a)(2a% —a3) +

(4(66—5)+§a(a—3)>a§]w +] (2.16)
By employing equations (2.11) as well as (2.12) in conjunction with (1.3) as well as (1.4), it becomes apparent that

0(2) (¢ |22 — 1) = 240Bc;z + (2A;Bi0, + 3408, % (o ——) +240B,0) 2% +- (2.17)

p1(2)+1
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and
P21 4\ 1 1 1 _bfy, 1 2Y 2 o ...
ow) (¢ [pz(w>+1] 1) =2 ABibyw + (34,B,by + 2 40B, x (by —2) +24,B,b7 ) w? + . (2.18)
Utilizing equations (2.17) and (2.15) to compare the coefficients ofz and z?2, we obtain
1 1
E(4 —2e+a)a, = EAOBlcl' (2.19)
and
2
%[2(7 —3e+a)a; + (4(65 -5) +1ala - 3)) 03| =24:Bc; +2 408, x (e — L) +24,B,c2. (2.20)
Also utilizing (2.18) also (2.16) to compare the coefficients ofw also w?, we obatin
1 1
_E(4 —2e+a)a, = EAOBlbl, (2.21)
and
%[2(7 —3e+a)az —a3) + (4(65 —5) +§a(a - 3)) a%] =
1 1 b? 1
2 4:B,by + 3408, x (b, — ) +24,B,b%. (2.22)
From equations (2.19) with (2.21), it follows that its ¢; = —b,, also
8(4 — 2c + a)?a? = B2A3BE(c? + b?). (2.23)

By summing equations (2.20) and (2.22), we derive

a2 = ZBAoBl(cﬁbi)on(c%+b%)(Bz—Bl), (2.24)
8[(4(65—5)+E¢x(¢x—3))+2(7—3£+a)]

or equivalently,

BAy[2B,(c; + by) + (012 + b12)(Bz — Byl

a3 = (2.25)
? 8[6(3e — 1) +a(a - 1)
Applying |¢;| < 2 also |b;| < 2 for the occasion coefficients ¢, also b,, we possess immediately
AyB
|a2| S ﬁ 0 12
6(3c—1)+ ;a(a -1
and
BA.B,
<—
Iz < (4-2e+a)
Furthermore, to ascertain the limit on|a;| through the subtraction of (2.20) and (2.22), we derive
%[4(7 —3e+ a)a; — 4(7 —3e + @)a3] = 24,B,¢c; + AyB,(c, — by). (2.26)

Utilizing (2.26) also (2.25), we obtain
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< __PAB BAB,
T4 -3e+a) 6Be-1) +za(@—1)

|a3

and

o BB, p2A35;
T 4(7-3e+a) (4-2e+a)?’

|a3

This completes the proof Theorem (2.1).
By setting @ = 0 in Theorem (2.1), we get the next Corollary:

Corollary (2.1). Let f defined by (1.1) belongs to the class ®,y (¢, 3, ¢). Then
|a | < min BAOBl ﬁAOBZ
2= (4—2¢) |6(3e—1)

BAOBl BAOBZ ﬁAOBl EZA%Blz }

and

|as| < min {4(7 3¢) T 6(e—1)'4(7 —3¢) | (4 2¢)?

By setting @ = 1 in Theorem (2.1), we get the next Corollary:

Corollary (2.2). Assume f defined by (1.1) belongs to the class 63.2 (¢,B,¢)- Then
 VAoB; ’AOB2
< — |—=
|a,| < min 3 |12

AOBl AOBZ AOBl A%JB].Z}

and

o
|a3|—mm{ 20 © 12 20 9

By putting @ = € = 1 and § = 1 in Theorem(2.1), we get the next Corollary:

Corollary (2.3). Let f defined by (1.1) belongs to the class 032‘2 (1,1,¢). Then

. JAoBy |AgB;
<
|a,| < min > |12
and
|a |<mln AOBl AOBZ AOB]. A%]Blz
30 = 16 12 ' 16 4

Definition (2.2). A function f € ) is called in the class Xg‘z(‘r,/l, ¢) if the subsequent quasi-subordination
conditions are satisfied:

%[(ﬁ—if))g 24 a-nre) - 1]] <y 6@ - 1), @.27)

also
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()" 3992 1 (1~ 2397 w) — 1] | <, @O0 - D), 2.28)

where (A= 1and0 < § <1)andt € C|{0}, z,w € dand g = f ! is given by (1.2).
If we put § = 0 in Definition(2.2), we obtain the following Remark such that X3 (7, 4, ) = X5 (7,1, ¢)

Remark (2.2). A function f € } is called in the class X,y (7, 4, ¢) if the following quasi-subordination conditions
satisfying:

HA2 s a-wre - 1| <, @@ -1, (2.29)
and
%[[Ag +A-Dg'Ww) - 1” <q (pw) - 1), (2.30)

location (A = 1 also 7 € C|{0}), zzw € Aand g = f ! is given by (1.2).

Theorem (2.2).If f is given by (1.1) is owned to the class X3 (7,4, ¢), then

. (AoB1 TAgB;
la,l Smm{(z—/u' [5(2—/1)+(3—u>]} (231)

and

. AgB AgB AoB 24%B?
lasl < mm{ ool 0%2 e 5 1}. (2.32)

21(3-21)  8(2-1)+(3-21)’ 21(3-21) = (2-1)2

Proof. Let f € %g_z (t, A, @) also g = f~1. Subsequently, there exist two analytic functions u,v: 4 - 4 withv(0) = 0
and u(0) = 0, |[u(z)| < 1 and |[v(w)| < 1, satisfying

’ )
%[(zﬁé?) 24 (- D) - 1]] = 0(2) (b (u(z) — 1)) (233)
and
’ )
%[(Wj(u(/‘;})) W82+ - Dg'w) - 1]] = 0(w)(p(w(w) — 1)). (2,34)

The series expansions for f and g as given in (1.1) and (1.2) respectively, we get

, s
% (Z]]:(S)> [A@ +A=Df'(2) - 1] = %[(2 — Dayz +[(3 — 2)az + 82 — Dazlz2 + -] (2.35)

and

l[(“;f’(—x))g 222+ (1 - g’ w) - 1]] =1[-2 - Dagw + [(3 - 20)(263 — a5) + 82 — Dadlw? + 1. (2.36)

By utilizing equations (2.17) and (2.35) and comparing the coefficients of z and z2, we derive

1 1
~(2 - Na, =5 4,Bicy, (2.37)



8 Saad Raheem Bakheet et al,, Journal of Al-Qadisiyah for Computer Science and Mathematics Vol.17.(2) 2025,pp.Math 136-145

also

1 1 1 2 1
23 -2M)a; + 82 — Daz] =1 A;Bicy + 2408, x (¢; - 2) +24,B,ct. (2.38)

Likewise, by comparing the coefficients of w and w? in equations (2.18) and (2.36), we obtain
1 1

- 2-MNa, = EAOBlbl, (2.39)

also
13— 22)(2a2 — a5) + 82 ~ Va3l = 2 4,B,b + 2408, x (by — %) +24,B,b7. (2.40)
From equations (2.37) and (2.39), we derive
¢, =—by,

and

8(2 — V)%a2 = 1243B2(c? + b3). (2.41)
Currently, incorporating (2.38) also (2.40), we derive

, _ T[244B;(c, + by) + Ag(c} + b)) (B, — B,)]
2 8[6(2 — 1)+ (3 —22)]

Applying Lemma (1.1) for the coefficients ¢, and b,, we have

la| < TAyB,
2= 182-D+ @B -2

and

< —
laz| < 2-2
Now, to find |a;|, by subtracting (2.38) and (2.40), we get
4‘[[2(3 - Zl)a?, - 2(3 - Zl)a%] = ZAOB].C]. + AoB]_ (Cz - bz). (2.42)

By using (2.41) and (2.42), we have

= AgBycy AyB;(c, — by) T AFBf(cf + b7)
37 41(3-21) 81(3—22) 8(2 — 1)2

Utilizing Lemma (1.1) for coefficients ¢, also b,, we drive

AOB]. + TZA(Z)B]_Z
1(3-21) @2-1D%

as| <
las| < 5

This complete the proof of Theorem (2.2).
By setting § = 0 in Theorem (2.2), we get the next Corollary:

Corollary (2.4). Assume f defined by (1.1) belongs to the class X, (7, 4, ¢). Then
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la,| < min{AOB1 TAOBZ}

(2-2)"4) (3-21)

and

. AgBy TAgB;  AgBi rZA(Z)Bf}
<
las| < min {21(3—21) (3-21)"21(3-24) = (2-1)2)
By setting A = § = 0 in Theorem (2.2), we get the next Corollary:

Corollary (2.5). Assume f defined by (1.1) belongs to the class 3'(::11.2 (7, 1,¢). Then

. AoB TApB
la,| < min {—"2 L, [ 2},

and

N
<
laz] < mm{ p=

TAgB; A031+12A%,Bf}

+ )
3 6T 4

By putting Tt = A = 1 in Theorem (2.2), we get the next Corollary:

Corollary (2.6). Let f defined by (1.1) belongs to the class %g,Z (1,1,¢). Then

lay| < min{AOBl, A"BZ}

[6+1]
and
. (AgB1 , AgBy AgB; 212
|a3|Smm{—2 Yol +AOBl}.
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