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Abstract

This work consist of two sections. In section one we recall the
definition of connected sets. We also introduce similar definition using
b —open sets and study the property of this definition. In [5] [1]1 —space
and Ml —space are studied respectively. In section two we introduce

similar definition T ,—space using b-open sets. In particular we will

prove that in Ml-space the T _—space and T, —space are equivalent.

Introduction

The concept of b-open set in topological spaces was introduced in
[2]. We recall the definition of connected spaces [4]. In first section of
this paper we study similar definition using b-open sets which is called
b-connected space and we give several properties of this definition . In
section two of this paper we study 1-space and some of their
generalizations using b-open sets and we study MiI —space and some of

their generalization using b—open sets.



Section one

b-connected spaces

Definition 1.1 [2]

Let X be atopological space Ac X . Ais called b—opensetin X iff
Ac AUA. A is called b—closed iff Als b—-openand it is easy to see that
A is b—closed setiff AnAc A

It is clear that every open set is b—open and every closed set is
b—closed . The intersection of b—open set with open set is b—open set.

Also the union of any b-open sets is b—open set.

Definition 1.2:

Let X be topological space and xe X,Ac X. The point x is called a
b-limit point of A, if each b-open set containing x , contains a point of A

distinct from x. We shall call the set of all b-limit points of A the

b —derived set of A and denoted it by A" Therefore xe A’ iff for every

b—openset V in X such that x eV implies that (v N A) - {x} = ¢.

Proposition 1.3
Let X be atopological space and Ac B c X.then:

b /b
(i) A=AUA

/b
(if) A is b—closed setiff A c A

/b /b
(ili) A B



Proof:

. -b . .
(i) If xe A, then there exists a b—closed set F in X such that Ac F and

x¢F. Hence V=X-F is b-open set such that xev and VvnA=4.

/b /b -b
Therefore x¢ A and xe A® , Then xe AUA . Thus AUA c A. On the

other hand, x¢ Au A/bimplies that there exists a b—open set Vv in X

such that xev and VA A=¢.Hence F=X-V isa b-closed setin X

-b —b —b
such that AcF and xeF.Hencexg A. Thus Ac AUA. Therefore

-b

A=AuUA".

For (ii) and (iii) the proof is easy.

Definition 1.4 [2]
Let X be a topological space and Ac X. The b-closure of Ais

defined as the intersection of all b—closed sets in X containing A, and is

-b
denoted by A . Itisclearthat A is b—closed set for any subset A of

-b
X,and AcA.

Proposition 1.5

-b
Let X be a topological space and Ac X, then A is the smallest

b —closed Set containing A .

Proof:

Suppose that B is b—closed set such that AcB. Since A =AU A"
by proposition 1.3 (i) ,and AcB. Then A"=AUA" < BUBc B. Thus

b -b - .
AcB .therefore A isthe smallest b—closed set containing A.



Proposition 1.6

Let X be atopological space and AcB< X . Then:
W bo-s o -p
(i) A=ANA
.y 0 -
(i) AcA

-b

(ili) A is b—closed setiff A =A

b b
(iv) AcB

b

(V) A=A

Proof:
(i) See [2]

(ii) since A= A~Ac A. Then Ac A[3] therefore Ac A.
(iii) Suppose that Ais b-closed set. Since Ac A by definition Ab, and
Ac A. Then :Ab\g A. Therefore A= A. Conversely suppose that K:A,

. -b .l -b -b .
since A IS b—closed set by definition A, and A=A. Then Ais b—closed

. . -b L. -b -b . -b
(iv) Since Bc B by definition B, and AcB. Then AcB, since B is

-b -b

b—closed and Ac B by proposition 1.5, then Ac B

For (v) the proof is easy.

Definition 1.7:

Let X be atopological space . Two subsets A and B of X are called

. -b b
b —seperatediff ANB=ANB=¢.



Definition 1.8 :

Let X be a topological space and ¢ =Ac X. Then A is called

b —connected set iff A is not the union of any two b —seperated Sets.

Remark 1.9

A set A is called b-clopen iff itis b—openand b-closed .

Proposition 1.10

Let X be a topological space, then the following statements are
equivalent :
1- X IS b-connected Space.

2- The only b—clopen set in the space are X and ¢.

3- The exist no two disjoint b—opensetand A and Bsuch that X =AUB.

Proof:
(1) —(2)
let X be b-connected space. Suppose that D is b—clopen set such

that D#¢ and D= X . Let E=X-D, then E=¢ (since D = X ). Since D
. . —b . .
IS b—open set, then E iS b—closed set. But DNE=DnE=¢ (Since D is

b —clopenset) and DAE - DNE=¢ (since E is b—closed set), then D and
E are two b—seperated sets and X =D UE. Hence X is not b — connected
space which is a contradiction. Therefore the only b-clopensets in the
space are X and ¢.
2) > @)

Suppose that the only b-clopen sets in the space are X and 4.

Assume that there exists two disjoint b-open sets A and B such that

X =AuUB. Since é:A, then A is b—clopen set. But A=¢ and A= X,



which is a contradiction. Hence there exist no two disjoint b—open sets A

and B such that X = AUB.

@) - @)

Suppose that X is not b-connected Space. Then there exist two

. -b

b—seperated sets A and B such that X =AUB. Since AnB=¢ and
-b -b c

AnBc AnB,thus AnB=¢.Since AcB=A,then A is b-closed set. By

the same way we can see that B is b-closed set. Since A=B , then A and
B are b—open sets. Therefore A and B are two disjoint b—open sets such

that X = AU B which is a contradiction. Hence X is b—connected space.

Example 1.11

It is clear that each b-connected space is connected. However, a
connected space is not necessarily b —connected , as seen by the following
example. Suppose X is any set with at least three points. Let ae X, and

T={A:Ac X,ag A}yuUX. It is clear that X is connected space. Let A= ¢,

A= X suchthat a¢ A . Itis cleat that A is open set, then A iS b—open set

(since each open set is b-open). Since A=Aufa}, then A =AcA.
Therefore A is b—closed set. Hence A is b—clopen set and A=¢, A= X,

then X is not b - connected space.

Example 1.12
In this example we show that b-connectiviy is not a hereditary

property . Let X ={a,b,c,d} and T ={{a},{a,b},{a,c},{a,b,c}, X, ¢}
be a topological on X. The b-open sets are:- {a}{a,b},
{a,cl{a,b,c}{a,d},{a,b,d},{a,c,d}, X andg. It is clear that X is b- connected

space. Since the only b—clopen sets areX and ¢. Let Y ={b,c}, then



Ty={{b},{c},Y.¢}. It is clear that Yis not b-connected space. Since
{o}=¢,{b}=Y and {b} is b—clopensetin Y. Thusa b-connectiviy is not a

hereditary property.

Proposition 1.13
Let A be a b-connected set and D, E are b-seperatedsets. If

Ac DUE, then either Ac D or AcE.
Proof:

Suppose A be a b—connected Set and D, E are b-—seperatedsets and

AcDUE. Let AgDand A¢E. Suppose A=DnAz¢ and

-b -b

A,=EnA=¢. Then A=A UA,. Since AcD, hence AcD. Since

b b . -b -b . -b

DNE=¢, then A\nA,=¢. Since A,cE, hence A,cE. Since EnD =¢ ,
—b -

then A,nA=¢. But A=A UA,, therefore A is not b-connected space

which is a contradiction. Then either Ac Dor AcE.

Proposition 1.14

Let X be a topological space such that any two elements x and y

of X are contained in some b-connected subspace of X. Then X is

b — connected .

Proof:

Suppose X is not b-connected space. Then X is the union of two
b—seperated Sets A,B. Since A B are non empty sets, thus there exists
a,b such that ac AbeB. Let D be b—connected subspace of X which
contains a and b. Therefore either DcA or DcB which is a

contradiction. (since AnB=¢). Then X iS b—connected space.



Proposition 1.15

If A is b—connected set then ;Ab IS b —connected .
Proof :

Suppose A is b-connected and K Is not. Then there exist two
b —seperated sets D,E such that K:DUE. But Agjob\, then AcDUE
and since A is b—connected Set, then either Ac D orAcE.
(1) If AcD, then ng. But _Dme=¢, hence Ame=¢. Since :Ob\gD,
then E =¢ which is a contradiction.
(2) If AcE, then _Abg_Eb. But E‘me=¢, hence _Ame:¢. Since _Ang,

then D =¢ which is a contradiction Therefore _Ab iS b—connected Set.

Proposition 1.16

b
If D iS b—connected Setand Dc E < D, then E iS b—connected .

Proof:

If D is not b—connected , then there exist two sets A,B such that

-b -b R R
ANB=AnB=¢ . Since Dc E, thus either Dc A or Dc B. Suppose

-b -b —b -b —-b -b
Dc A, then Dc B, thus DNnB=A~B=¢. But BcEcD, thus D~nB=B.

Therefore B =¢ which is a contradiction. Thus E S b—connected Set.
If DcB, then A=¢ which is a contradiction. Then E is

b — connected Set.

Corollary 1.17



. -b
If space X contains a b-connected subspace A such that A= X, then

X IS b — connected .

Proof:
. -b
Suppose A isa b—connected Ssubspace of a space X such that A= X,

-b
since Ac X = A, then by proposition 1.16, X is b —connected .

Proposition 1.18

If A and B are b—connected subspaces of a space X such that

ANB=¢,then AUB is b—connected .

Proof:

Suppose that AuB is not b-connected , then there are two
b—seperated sets D and E such that AuUB=DUE. Since
Ac AUB=DUE and A is a b—connected , then either Ac D or AcE.
Since Bc AuB=DUE and B IS b-connected , then either B D or
BcE.

(1) If AcD and BcE, then AuBcD. Hence E=¢ which is a
contradiction.

(2)f AcD and BcE, then AnBc=DNE=¢. Therefore AnB=¢ which
Is a contradiction.

By the same way we can get a contradiction if AcD and B< D or
if AcE and Bc E. Therefore AUB is b—connected subspace of space
X

Proposition 1.19



If each b-open subset of X is connected, then every pair of non

empty open subsets of X has a non empty intersection.

Proof:

Let A B be open subsets of X such that AnB=¢. It is clear
that AU B is an open subset of X and A B are openin AuB. Then AUB
Is not connected set which is a contradiction since AU B IS b—open subset
of X . Therefore AnB = ¢.

Preposition 1.20
If each b—open subset of X is b-connected , then every pair of non

empty open set subset of X has a non empty intersection.
Proof:

Let each b-open subset of X IS b-connected . Since each

b —connected IS connected, then by proposition 1.19 every pair of non

empty subset of X has a non empty intersection.

Remark 1.21
The converse of preposition 1.20 is not true as shown by the

following example.

Example 1.22

We consider the topological space (X,T)where X ={ab,c} and
T ={¢,X,{a,b}}. Let A={a,b} is b—open set then 7,={A¢}. Then b—open
setsis A are ¢,A f{a},{b}. It is clear every pair of non-empty subsets of X
has a non empty intersection but A is b-open subset of X and it is not

b — connected .

Preposition 1.23



If each b-open subset of X is b-connected , then each b-open

subset of X is connected.

Proof:
It follows since every b—connected Set is connected.

Remark 1.24
The converse of preposition 1.23 is not true as shown by the

following example.

Example 1.25
We consider the topological space given in example 1.22, then

A={a,b} is connected but A is not b—connected .

Section Two
T —Spaces
Definition 2.1 [5]
A topological space (X,T) is called T,-space iff the set of limit

points of any singeleton is closed . On the other hand ,a topological space

(X,T) is called 1 —space iff each open subset of X is connected.

Definition 2.2
Atopological space (X,T) is called T;—space iff the set of b-limit of any

sington is b —closed .



We shall prove later that T, —Space and T,-Space are equivalent if
the space is Ml —Space. The following example show that the T,-Space

and T, —Space are not equivalent in general.

Example 2.3
Let X ={a,b,c,d,e} and T, ={{a},{c,d},{a,c,d},{a,b,d,e},{d},{a,d},¢, X} be
a topological on X. The b-open set{a},{c,d}, {ab,e}

{a,c,d}{a,b,d,e},{d},{a,d},{a,b,d},{a,d,e},{a,b,c,d},{a,c,d,e}, {b,d,e}{o,c,d,e},
{a,e},{b,d},{d, e}, {c.d,e} {b,c,d}, {a,b}, 4, X . It is clear that X is T;-Space.

But X is not T, - Space. Since {b}'={e} and {e} is not closed .

Definition 2.4

Let (X,T) be a topological space, then (X,T) is called BT, (resp.,B-
T,) iff for every x,ye X such that x=y , there exists a b—open set
containing x but not yor (resp- and) ab-open set containing y but not

X.

Proposition 2.5
Let (X,T) be a topological space. If for every xeX,{x} is

b —closed set , then (X,T) is a BT,-space.

Proof :

~b

Let xyeX such that x=y. Then either ye{x}, in which case

C
b ~b

Ny ={x} is @ b—open set contain y which does not contain xory e {x}.

Then ye{x}". Hence Nx={x}" is a b-open set which does not contain

y. If xeNx, then xe{x}". Hence for each Vxis b—open set contain



x,(Vx ~{x})—{x} = pwhich is a contradiction . Then Nx contain x

Therefore (X,T) IS BTo—space.

Proposition 2.6

Every T, —space IS BTo- space.

Proof:

This follows immediately from proposition 2.5.

Proposition 2.7

~b

A topological space (X,T) is BT ,—space iff {x}={x} for each xe X .

Proof:

Let (X,T) be a BT ,—space and xe X . If ye X —{x}, then there exist

~b.

b—open set such that yeG and xeX -G . Hence y¢{x} and {_>?}={x}.

=b.

Conversely suppose that {x}={x} , for each xe X . Let y,ze X with Y#17 .
then {3?}={y} implies that {_;} IS b—open set contain z but not y. Also,
{}b}z{y} implies that {?} iS b—open set contain y but not z . thus (X,T) is

TB —space.

Proposition 2.8
Every BT ,—spaceis T ,—space.

Proof:



In a BT,-space X. {}={x}for all xex. Hence {x"°cix}.

Therefore {x}" < {x}". Then {x}" is b-closed . Hence the space is

T . —space.

Definition 2.9 [1]
An I-space (X,T) is called a maximal 1-space if for any
topological U on X such that T cU, then (X,U) is not an 1 —space. We

shall denote a maximal 1 —space briefly by MI —space .

Proposition 2.10 [1]
Let (X,T) bea Ml —space . If (X,T) is T;-space . Then :
(X, T)={A:x e A forsomex. € X jU{g}

=<x, xo ) forsome x.eX.

Proposition 2.11
Let (X,T) be a T,—space. Then (X,T) is Tg—Space iff it is

To—Space.

Proof:

Let (X,T) be a T,—space. Then {x}'={x}"=¢ for each xe X . then

for xeXx,{x}" and {x}'b are closed and hence they are b-closed set.

Therefore (X,T) is Tg—Space. Iff itis T,—Space.

Proposition 2.12



Let (X,T) be a Ml —space, and IS not T,-space. Then (X,T) IS

Ts—Space iff Itis T,—Space.

Proof:

Let (X,T) be a MI—space which is not T,-space . Then (X,T)=(x, xo)
for some x,e X (By proposition 2.10). thus {x}/=¢ for each x=x, and

{xo}/z X —{x.therefore {x}/ is closed for each xe X . Since in this space
the b—open sets are the same as open sets, then {x} is closed iff {x}" is
b-closed for each xeX. Therefore (X,T) is T, —space iff it is

T ,—space.

Theorem 2.13
Let (X,T) be a Mi-space. Then (X,T) is T, —space iff it is

T ,—space.

Proof:

The theorem follows immediately from proposition 2.12, 2.11 .
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