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Abstract

This research presents the use of a new extension assumption for finding the
complete (c.s) and general(g.s) solution of partial differential equation which
have the general form

U, UatUd=HxLY)
where I[)’2 arbitrary constant and H(x,t,y) is function of x,t,y .

Introduction

Dalembert transformation is one of the assumptions which is known to solve
the wave equation in one dimension without out force with boundary condition
and without initial condition which has the general form

uttzczuxx '
In this paper, it is found that the extension for Dalembert assumption of three
variables x,t,y for solving cylindrical equation and wave equation in two

diminutions without out force and without any conditions.
The extension assumption is transformation the new equation (cylindrical and
wave equations) to equation with homogenous terms which has the general

form F(D!. D, DW,D3>U=;H<Z,W>

and after solving the homogenous part it is found ( ) and non homogenous part
it is found (), for the last equation, and by substitutez =r+gy , W =r-gy

where r=x+t , hence the complete and general solutions of cylindrical and
wave equation is obtained.
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Definition: [3]
Cylindrical equation is partial differential equation of the horizontal
displacement of the fluctuated cover which has the general form

uw_ﬂz(uxx_'_Utt) = H(X1t1y) y

where ﬁ2=1=(constant force / surface density) andH(x,t,y) displacement
Yo

(function of x,t,y) represent out force.
and if H(x,t,y)=0 then the above equation becomes wave equation in two
dimension without out force .

The Dalembert Solution Of the Wave Equation:[2]
Dalembert solved in 1750 the wave equation in one dimension without out
effect, which have the general form :

2
U= Uy, —©0<X<oo 0<t<oo

where (/’is arbitrary constant and without boundary condition
and with initial condition u(x,0) = f(x) , y,(x.0)=g(x)

by using assumption

Z=X+at, W=x—-ot

Now , by found

oz azZ _ow ow

=1, =1, —=-«
ax ot ax ot
_G_U_G_ug_'_@_u@ = = —+
U, OX 0z OX OwW ox U= U."U.

o'u 8uaz ou ow 6u8w o oz
ox 017 ox azaw OX aw OX 8W826x

um:uu+2um+uW,._(l

ou ou oz ou ow

=—=—.—+—.— =a|] -«
ut at az at 8\/\/ 61: = ut UZ uw

QU0 oz, Fv ow du ow 3 az,
ot “o7at aow ot ow ot owez ot

Utt_a [uZz_ UZW+UWW] (2
since ,

uttzogzuXx , then
az[uZZ_2u2W+uWW] = az[uzz+ ZlJZW_'_LIWW:I

Us: =2 Uz ™ Uy = Uz * 2 U Us
U,,=0 . which is partial differential equation , can be solved by direct integral
, hence it is obtained that:

Uk =
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u(z,w)=f (z)+g(w) , where f(z),g(w)arbitrary function
since ,

Z=X+at , W=x—-ot

then ,

u(x,t)=F (X+at)+G(x—at)

Now by using initial condition u(x,0) = f(x) , y,(x.0)=g(x)
it is obtained that:

f (X)=F(X)+G(X)...(3
ui(X,t)=aF'(X+at)—aG'(Xx—at)

g(x)=aF'(x)-aG'(x) -

By integral (4) with respect to x it is obtained that :

j gv)av+c=aF (X)—aG(X) -6

by solve (3) and (5) , we get
C
F(X)= Z)J(.OQ(V)dVﬁLz—I— > f (X)

1% c 1
G(X)= ng(v)dv——Jr >F(X)

1 X+t
F(X+at) =— j g(v)dv+—+ 5 L f (x+at)

Xat

G(x— at)_— jg(v)dv——+ f (x—at)

since
u(x,t)=F(X+at)+G(x—at)
then

X—at X+at

o gt 2 f (x—at) u(xt) = jg(v)dv+—+ f (x+at)
Xo Xo
Xolt

u(x,t) = 2— [owav+ = f (X+at)+ f (x—at) ]
o 2
the above solution is Dalembert solution of the wave equation.

Example
To find the solution of the equation

U= Uy, — X <X<wo 0<t<oo
f(x)=0, g(x)=sinxwhen
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since
X+at
u(x,t) =— jg(v)dv+ [f (X+at)+ f (Xx—at) ]
then
x+t
U(X t) = Ism(v)dv
x t

u(x.t) ==1cos(v)| 1

u(x,t) = %[cos(x +t) —cos(x —t)]

Extension of Dalemberts Assumption

It comes to be known by the us of the above method how Dalembert has
used assumption for solving the wave equation. Now the Dalembert assumption
Is taken but in an extension form.
let :

Z=r+py, W=r—py, where =X+t
oz (24 ow or or

_ 1 ﬁ ’—=1’8—W:—IB’ —=1’—=1
or ay or oy OX ot

now it is found:
ou ou ozor ou ow or

e — =
DU T arax Tawar ox = Us=U:HUy

o'u auaz or . o'u ow or 8u ow or . o'u 0L or
ox o0z or ox 828W or X aw or X 8waz or ox

U = Uz 2U e+ Ui

Ux =

2) U.= ou_ou dzor ou ow or U =U*UL

ot oz orot ow or at t
au 6U8z or . du owor duowor, ou oz or
ot 0z or ot 825‘W or ot 8W or ot 8W82 or ot

Ue = Uzt 2U 0 U

Ui =



Journal of Al-Qadisiyah for Computer Science and Mathematics
Vol.3 No.1 Year 2011

8u ou 0z ou ow
MU= "y away = U=PU. AU,
8u 8uaz ou ow 8u oW ou oz

oy 626y 628W8y 8W8y awazay
Uy =B U, =20+ U]

Uy =

Solution of Cylindrical Equation by a New Method

It has been explained how to use a new method for solving cylindrical
equation by using new extension
let the cylindrical equation when H(x,t,y) =0 in general form

uW_ﬂz(UXx+utt):H(Xltay) ...(6
by substation

uxx:uzz+2uZW+uWW ' utt:uZz+2uZw+UWW and

2
Uy = U, =200+ Ul
in the equation (6), it is obtained

ﬂz[uzz_ZUzWJ’wa]_,BZ[ZUZZJ’A'UZWJ’ZUWJ - H(Z’W)
-1

uzz+6uZw+uWW:_2H(21W)
p

let H(z,w) = _—12 H(z,w)

uzz+6uzw+uww: H(Z’W) (7
the above equation is homogenous terms and non homogenous with constant

coefficient , therefore the equation (7)can be solved by finding the general
solution for the non homogenous part (y , ),

let

1
u,= 5 H(z,w)
P 6D. DW
D(“(D Di
1 6D, D.
=—{0-—"+=)+. YH(z,w)
"D, D

and finding the general solution for the homogenous part () by two methods:

1) The first one is by the use of [1],and by this way the general solution of
cylindrical equation is obtained in form
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uc(z,w)= §¢i(miz+w)

andsince Z=r+p0y, W=r—/py, where I =X+t
then the general solution is obtained:

U(XEY)= S+t M)+ t= A+ (kL)

where m,=-0.17 , m,=-5.8 and ¢ i=12 arbitrary functions.

2)The second method is by the use of u(Z,W)=eI etz iy , Which

transforms the homogenous part in the equation (7) to first ordinary differential
equation and let m(w)=4, by this way the complete solution of cylindrical
equation is obtained in form

u, (z,w)="" (d cos 242z + [ sin Zﬁﬂiz)

efzﬁﬂZ + ezﬁzz efzx/izz n ezﬁAz

u.w)=e" (e, e” +c,e

andsince Z=r+py , W=r—py, where =X+t
then the complete solution is obtained

(x+t—By-3(x+t+y) A 222 (x+t+/y) 2322 (x+t+py)
u(xty)=g ce +C,8 )

—2\/511)

+p(x.t,Y)

where 3, ¢,.c,and ] arbitrary constants.

IF H(xt,y)=0 then the cylindrical equation becomes in form
2

Uy~ U.+U) =0

then the complete solution and general solution by the same method can be

found as in the above.

hence, the complete solution is

u(x,t,y)=g

(x+t—y-3(x+t+fy))A ( 224 (x+t+ ) 2x/§/1(x+t+/)’y))
€ +C,€

where 8 ¢,.c,and j arbitrary constants.
and the general solution is

U(XE,Y)= S, (m, (e )+ Ot )

where m,=-0.17 , m,=-5.8 and ¢ i =12 arbitrary functions.



Journal of Al-Qadisiyah for Computer Science and Mathematics
Vol.3 No.1 Year 2011

Example:
Example(1): To solve the equation uw—%(uxx+un) =2(x+t)+y

2 1 1 1
IB =Z,Z=r+5y, W=r—§y, r=x+t= r:Z;W , Y=2-W

H(x,t,y)=2(x+t)+y

Z;Wj+z—w] = ﬁ(z,w) =-82

= H(r,y)=2r+y = H(z,w) :—4[[2

hence

uC(Z,W): (pl(—o.l?z +W) + gpl(—5.8z + W)

2
and (y = —8_ 5D., D. _—4 s
then the general solution IS

U(XE, V)= S (m0cs te M)+ s t= )+ (xt.y)

1 1 1 1 4 1\
u (X,t,y): ¢1(—0.17(x+t+2y)+(x+t—2y))+¢l(—5.8(x+t+2y)+(x+t—2y))_3(x+t+2yj W

hen ¢ i=12 arbitrary functions.

and the complete solution
(x+t—By-3(x+t+y))A 222 (x+t+ ) 2322 (x+t+fy)
u(xt,y)=g ce +C.8 )

1 2
1 3
1 1 1 1
U(X' t, y) = e[x+t—5y73(x+t+5y))i (Cl eZﬁi(HHEy) + Cz ezx/ﬂ(mwzy)j B %[X+t+2 y)

wherec ,c,and 4 arbitrary constants

Example(2): To solve the equation ), — (U, *+U,) = %(X +1) -y

Z+W _L—=W

2
L =1Z=r+y, W=r—y, r=x+t= r= y .
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H(xt, y):l(x+t)—y:> H(V’Y)=%r—y:>ﬁ(z,w) _[_(Z+Wj_[zgwj]:>
-3 1
H(z, W)—TW+ZZ

hence ,

uC(Z,W): (pl(—o.l?z +W) + gpl(—5.8z + W)

ED. DW 3 139, a2
and u,= Dz( D. D) )(42—ij:>up_8(3z 3w) 7

then the general solution is
2
U(X,t, y): Z¢i(mi(x+t +AY) + (x+t=Ay)) + @ (xt,Y)
i=1
UKL Y) = @, (F017(x+t+Y) + (X +t—Y)) + ), (-BBX+t+Y)+(x+t-Y)) +%(§ (-2x-2t+4y)) (X+t+y)

when ¢ii =1,2 arbitrary functions.
and the complete solution

u(xt.y)=¢ e, S22 y) (Xt

wherec ,c,and 4 arbitrary constants.

2x 2t+4y ( Zﬁ/l(x+t+y)
1 2

Example(3)
To solve the equation |, = 4(U,, +U,)

since the complete solution is

(x+t=By=3(x+t+4y))A 222 (x+t+ ) 2\ 2A(x+t+8y)
u(xty)=g ce +C,8 )
hence

(-2x-2t-8y)A 2V22(x+t+2y) 23 22(x+t+2y)
uixty)=g ce : )

wherec ,c,and 4 arbitrary constants.

and the general solution is
U(X,t,Y)= 2@ (m, (x+t+ )+ (x+t=A))

hence



Journal of Al-Qadisiyah for Computer Science and Mathematics
Vol.3 No.1 Year 2011

u(xty)= gpl(—0.17(x+t +2y)+(x+t-2y)) +(pl(—5.8(x+t +2y)+(x+t-2y))

where ¢ii =1,2 arbitrary functions.
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