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Abstract

In this paper , we extended the concept given in [1] which they used a
semi group ideal to get the result has been given in [2] . We introduce a new
body which is call it a right closed multiplicative set with zero . This structure
give use similar results , and any semi group ideal satisfy the conditions of
right closed multiplicative set.We prove that for any prime near-ring ~

and a multiplicative set 1, if 1, is abelian , then & is abelian . These results
depends on many papers for example [3],[4], [5].,[6],[7],[8].

1.Introduction
In this section we introduce a necessary conditions and definitions to get
our results .

Definition(1.1)[1]
An additive mapping D: N — N is said to be derivation on N if
D(xv) =xD(yv) + D(x)y forallx,y e N .

Notation(1.2)[1]
In this paper N will be denoted a left near-ring with multiplicative center

Z(N) , the symbol [x,v] will denote the commutator xv — yx , the symbol
(x,v) will denote the additive commutator x +y —y —x , [x, V], Wil
denote the (&, 8) —commutator 5(x)y — va(x) and a near-ring N is called a
zero symmetric if 0Ox = 0, for all x EN .

Definition(1.3)[1]

An additive mapping D: N — Nis called a («,[3) —derivation if there
exists "as  automorphisms" a,f*N—=N such that
D(xy) = B(x)D(v) + D(x)a(y) forall x ,v € N.
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Definition(1.4)[1]
The (a,fB) —derivation D will be called («,f)—commuting if
[x,D(x)].g=0forallx € N.

Definition(1.5)[1]
A near-ring N is said to be prime if aNb = 0 implies that a =0 or
b =0 . Further an element x € N for which D(x) = 0 is called a constant.

Definition (1.6)

A subset I of a near-ring N is called a right closed multiplication set
contain zero , if NI 1. We will use right closed multiplication set contain
zero (RCM) for this set .

2.Main result
In this section , we give some results which depend on section one .

Lemma(2.1)
An additive  endomorphism D on a near-ring N s

(e, ) —derivation if and only if D(xy)=D(x)a(y)+ S(x)D(v)
for all x,y € N.

Proof
Let D be a (af)—derivation on anear-ring N . Since

x(v+ v) = xyv + xv we obtain ,
D(x(y +1)) =)Dy +¥) + D()a(y + 1)
= B(x)D(y) + B(x)D(y) + D(x)a(y) + D(x)a(y)...(2.1)
for all x,y e N , on the other hand , we have ;
D(xy +xy) = D(xy) + D(xy)
= B(x)D(v) + D(x)a(x)+ B(x)D(yv) + D(x)a(y)....2.2) for
all x,y€EN , combining (2.1) and (2.2) , we find
B(x)D(yv)+D(x)aly) =D(x)aly)+ F(x)D(y) for all x,vEN .Thus
, we have D(xy)=D(x)aly)+ B(x)D(y)
Conversely , let D{xy) = D(x)a(y) + B(x)D(y)............ (2.3) for
all x,vEN , then;
D(x(y +3)) =D(x)aly +y) + B(x)D(y +y)
= D(x)a(y) + D(x)a(y) + B(x)D(y) + B(x)D(y)...(2.4)
for allx,vEN. Also ;
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D(xy +xv) = D(xv)+ D(xv)
=D(x)a(v)+B(x)D(yv) + D(x)alyv) + F(x)D(v).....(2.5)
for all x,y € N combining (2.4) and (2.5) , we obtain
D(xy) = D(x)a(y) + B(x)D(y) = B(x)D(y) + D(x)a(y) . Thus
D(xy) =B(x)D(v) + D(x)a(y) forall x ,yEN.

Lemma(2.2)
Let Nbe a prime near-ring and I be a nonzeroRCM . If (I ,+)isa

abelian then (N,+) is abelian .

Proof

Let x,yEN anda €I ,then xa,va€l.S0 xa +yva=vyva+xa .Then
we get(x+v—y—x)a=0 for all a€ 1 and x,y €N . This means
that (x +v—v—x)I=(x+v—yv—x)NI=0Dbecause [ IS a non zero
RCM set . Since N is a prime near-ring we havex +y—v—x=20
for all x,vEN .Thus (N,+) is abelian .

Lemma(2.3)
Let N be a prime near-ring and [ be a RCM setof N.

(i)- If zis anon zero element in Z(N) , then z is not zero divisor.
(ii)- If there exist a non zero element z of Z(N)suchthatz+ z€ Z(N) , then
(I,+) is abelian .

Proof

()-If z€Z(N)—{0} , and zx =0 for some x €. Left multiplying
this equation by b, where b € N, we get bzx = 0. Since N is multiplicative
with center Z(N) ,we get zbx =0 ,forall bEN, x €I . Hence , zNx =0 .
Since N is a prime near-ring and z is a non zero element ,we get x = 0.

(if) - Let z€Z(N)— {0} , such that z+z€Z(N) , andlet
x,VEI : then (x+vi(z+z)=(z+z)(x +v) . Hence
XZ+XZ+VZ+VZ=2X+ZV+zIZX+2ZY since z€ Z(N) , we get

zx +zy=zv+zx.Thus,z(x +v—x—v)=0 thenbe(i)z =0 we get
(x,v) = 0hence (I,+) is abelian.
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Lemma (2.4)
Let D be a non zero (@, ) —derivation on a prime near-ring N and
I beanonzero RCM set of N.suchthat e(/)=Tand B(I)=1,let x€I

then :
()-1fB(x)D(I)=0 then x=0 . (ii)-1f xD({I)=0 then x=0.

Proof
(i)- For a,b€I , we have f(x)D(ab) =0 : SO
B(x)(B(a)D() + D(a)a(bh)) =0 , to get

B(x)B(a)D(b) + F(a)D(a)a(b) =0 , the second summand in this
equation equal zero by the hypothesis , so get S(x)B(a)D(b)=0 , for
a,b,x€I.B(I)=1,weqget f(x)ID(b)=0,since [ is a RCM set of N,
we get S(x)NID(b) =0.Since N is a prime near-ring, I is a non zero
RCM set of N, D is anon zero («,3) —derivation of N , we get 8(x) =0,
forall x €1.Since S(I) =1 ,thus getx =10.

(if)- For all a,bEl , we get xD(aby=0 . Thus
xf(a)D(b) + xD(a)a(b) =0, the second summand in this equation equal
zero by the hypothesis and I is a RCM set of N, we get
xB(a)D(b) =0, forall x,a,b€I.But f(I) =1 ,then xID(b) =0, this
means that xNID(I) = 0.Bythesamewayin (i) wegetx =0. m

Lemma(2.5)
Let D be (a,/S) —derivation on a near-ring N and I be a RCM set of N

such that a(I) =TI and () =1 . Suppose u € I is a not a left zero divisor . If
[w, D(w)] = 0, then (x,wu) is aconstant for every x €1 .

Proof

From wu(u+x)=u?*+ux , apply D for both sided to have
D(u(u+x))=D(u®+ux) .Expanding this equation , to have
D(u(u+x)) =Bw)D(u+ x) + D(wa(u + x)

= B(w)D(w) + B(w)D(w) + D(wea(w) + D(wal(x) . and

D(uw?® +ux) = D{u*)+ D(ux)
= B(w)D(uw) + D(waluw) + F(w)D(uw) + D(wa(u) , for all
w,x €1 . since D(u(u+x))=D@?+ux) which reduces to
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Buw)D(x)+ D(wa(u) = D(walw) + f(uw)D(x) , for all w,xE€EI . By
using the hypothesis [w,D(w)] =0 , this equation is expressible as

B (1) ((D(.x) + D) —D(x) — D{u))) =0 = BW)D((x, 1)) . 50

B =1,uD((x,u))=0.From wu is not a left zero divisor , we get
D((x,u)) =0 .Thus, (x,u) is a constant forevery x €1 .

Proposition(2.6)

Let N be a near-ring and [ is a RCM set of N have no non zero
divisors of zero.If N admits a non  zero («, £ ) —derivation on D
which is commuting on I,then (N, +) is abelian.

Proof
Let ¢ be any additive commutator in I . Then , by lemma (2.5) , yields

that ¢ is a constant . Now for any x€I , cx is also an additive
commutator in I . Hence , also a constant . Thus
0 =D(cx) = F(c)D(x) + D(c)a(x) . Second summand in this
equation equal zero, we get S(c)D(x) =0 , for all x €] and an additive
commutator ¢ inl.By lemma (2.4) (i), we get c =0 for all additive
commutator ¢ in [ .Hence, (I,+) is abelian . By lemma (2.2) , we get
(N,+) is abelian .

Lemma (2.7)
Let N be aprime near-ring, I beanonzero RCMset of N and D be

a non zero («,f)—derivation on N, S (I =1.If D((x,v))=0, for
all x,y€1,then (I,+) isabelian.

Proof

Suppose that D((x,¥)) = 0, for all x,y € I. Taking xu instead of x and
yu instead of y , where u€l we get 0= D((xu,vu))=D((x,y)u
= B((x,v))D(uw) + D((x,y))a(u), for all x,y,u €1. By the hypothesis have
B((x,v))D(uw) =10, for all x,v,u € . Hence , B((x,y))D(I) =0 . Using
lemma (2.4) (i),to get(x,v) =0,forall x,vEI.Thus, (I,+) is abelian .
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lemma (2.8)
Let N bea prime near-ring and [ be a non zero RCM setof N .If [

IS a commutative then N is a commutative near-ring .

Proof

For all a,b€Il, a.b=hb.a we get a.b—b.a=0 , since ,
a.b—b.a=[ab]l=0 so0 [ab]=0.Taking xa instead of a and vb
instead of b , where x,VEN : to get

0 = [xa,yb] = xavb — vbxa = xyab— yxab = [x,y]ab, for all a,b€El
andx,yEN . Thus , [x,y]ab=[x,yv]I*=0 . Since NIS], we get
[x,v]NI* =0, forall x,y € N.Since N isaprime near-ring and [ is a non
zero,we get [x,v]=0 , for al x,vyEN. Hence , N is a
commutative near-ring .

Lemma(2.9)
Let N be a prime near-ring admits , a non zero («,f) —derivation

D and I be a RCMset of N.If D(I) € Z(N) then (I,+) is abelian .

Proof
Since D(I) € Z(N)and D isanon zero («,[3) —derivation . There exists a

non zero element x in I, such that z =D(x)EZ(N) — {0} S0
z+z=D(x)+D(x)=D(x+x)EZ(N). Hence (I,+) is abelian by
lemma((2.3) (ii)) .

Corollary (2.10)
Let N be a prime near-ring admits a non zero («,[) —derivation

and I be a RCM set of N.If D(I) € Z(N)then (N,+) is abelian .

Proof
Using lemma (2.9),to have (I,+) abelian, then using lemma (2.2) ,

we get (N, +) is abelian .

Proposition (2.11)
Let N be a prime near-ring admitting a non zero (e, 8) —derivation D
such that gD =Dg , I be a RCM set of N suchthat 8(I) =Iand § is

homomoriphismon N. If [D(I),D(I)] = 0, then (N, +) is abelian .
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Proof

By the hypothesis [D({I),D(I)]=10, for all x,yv,t€I we have
Dit+t)D(x +v)=D(x+v)D(t+1) : Hence ,
D(t)D(x) + D(t)D(v) — D(x)D(t) —D(y)D(t)=0 . By  application the
hypothesis in this equation : we get ,

(D(x)+D()=D(x)—=DO))D(E) = D(x+ y—x—¥)D(E)=0 then
D((x,y)HD(t)=0 , for all x,y,t€I . Since £ ishomomorphism
on N,we get B(D((x,v)))B(D(t))=0.Byusing D =Dg , obtain
B(D((x,v)ND(B())=0, for all x,v,t€I . Using lemma ((2.4)(1)) .
Obtain D((x,v)) =0, for all x,v€ I. Then using lemma (2.7) , we get
(I,+) is abelian . So using lemma (2.2) , to get (N, +) is abelian .
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(@, B) GEiN aa As¥) 4mial) 4Bl A Gaadd) (e qupdally Allaal) cils ganall
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Gyl e il Cas c [1] (A sidiall Gl (836l anend o llee ¢ Cnll 121 &
5 8 dag pd 53 Gyt Laatial) oai L [2] (A cpeds ) ) e Jpeaall 051 il
A genall oliand 5 le Lidwi) o3 Caypll of o Sl Gl Ly g oSl 8 Gagall iy a5y
ol A Al dagmll ) Waials -l e gsiad g il e pall lae e i)
Ol (e dilie de pene o i) 13 peall pe Al 00 N A0V ) dalal) o e
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- [8] < [7] < [6] « [5]
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