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ABSTRACT

The Laplace and Poisson equations form the basis for an important area of computational
physics and engineering, with massive applications in electrostatics, heat conduction, and
fluid flow. Classical Finite Difference Methods (FDM) are very efficient on structured grids,

but suffer from low accuracy and flexibly geometric on the irregular domain. In this paper,
we propose a unified high-order finite-volume method (FDM) framework that unifies
Lagrange interpolation for arbitrary-order discretization without loss of generality and
neural-network-assisted coefficient prediction that overcomes the mesh distortion limits.
Dirichlet and Neumann boundary problems are used to thoroughly verify the method in both
2D and 3D benchmarks. Maximum error is reduced by two orders of magnitude at equal grid
resolutions, with fourth-order convergence results shown. A neural-network component
facilitates the ability to operate robustly, quasi-free of a mesh, and with accuracy, on very
severely perturbed grids. In addition, due to the much lower degrees of freedom for
equivalent level of accuracy, the high-order schemes achieve a 16-fold reduction in
computational cost. Our work reconciles traditional simplicity of classical FDM with modern
Method (IFDM), Irregular grids, demands fqr geometric flexi.bilit.y and auto.mation, and provid(?s a robust and ei:"ficient sglver
Numerical convergence, Elliptic EndZEnfi w1tb potent.lal gpphcatlons to arbitrary real-world elliptic PDEs found in the science
PDEs. and engineering applications.
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1. Introduction

The Laplace equation, V2u = 0, and its inhomogeneous variant, the Poisson equation, V2u = f(X), are two of the most
elementary and commonly occurring partial differential equations (PDEs) in the arsenal of physical intuition and
engineering practice [1]. Their profound significance stems from their ability to model a vast array of steady-state (or
equilibrium) phenomena across diverse scientific and engineering disciplines. In electrostatics, the unknown function u
represents the electric potential generated by a static charge distribution; in regions devoid of charge (f = 0), the governing
equation reduces precisely to Laplace’s equation. In the context of incompressible, irrotational fluid flow, u serves as the
velocity potential, where sources or sinks correspond to non-zero right-hand sides in the Poisson formulation. Similarly, in
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steady-state heat conduction, u denotes the temperature field, with Laplace’s equation describing thermal equilibrium in
domains without internal heat generation. Beyond these classical applications, these elliptic PDEs also arise in gravitational
potential theory, the torsion of prismatic bars in elasticity theory, and—critically—in computational fluid dynamics (CFD),
where the pressure Poisson equation is solved at each time step to enforce the incompressibility constraint and ensure mass
conservation [2].

From a mathematical perspective, the two equations are linear, second-order in the spatial variables, elliptic PDEs. This
division is much more than a matter of taxonomic convenience; it expresses profound and fundamental features of their
respective solutions that have direct, physical and numerical consequences. One of the key features of elliptic equations is
their natural "smoothing" property: no matter how rough or discontinuous the source term or the boundary data might be,
the solution in the interior of a suitably regular domain will always be a smooth (infinitely differentiable) function. The
celebrated maximum principle is closely associated with this. This principle states that for Laplace’s equation, the extrema
(i.e. maximum and minimum) of the solution can be achieved only on the boundary of the domain and not in its interior [9].
This simple result has deep implications: it ensures uniqueness of the solution for well-posed boundary value problems and
continuous dependence on the boundary data, which means numerical stability. This has a physical interpretation: if we are
in a definite equilibrium state, then everything about the behavior of the system is determined by its boundaries, there are
no internal “sources” that could create new extrema.

Given that they are the most fundamental, it is not surprising that these equations have been thoroughly studied
analytically for centuries. In the case of simple ideal geometries (rectangles, circles, spheres, infinite strips, etc.), for which
closed-form analytical solutions can frequently be found using strong, well-established classical methods. These are the
separation of variables, conformal mapping in two dimensions, and some integral transform (Fourier and Laplace
transform) methods. These exact solutions are extremely powerful — they offer rich theoretical insight, function as key
examples for the teaching of PDE theory, and most importantly for the computational scientist, are exact benchmarks
against which the correctness and accuracy of any numerical method can be tested with rigor. The elegance of these
analytical solutions, however, is stifled by their reliance on geometric simplicity, limiting their practical utility. But real
world problems faced by engineers and scientists are not so convenient. Geophysics models have complex subsurface
structures; microelectronic devices have complex multilayer devices with sharp corners; and biological systems have very
irregular, three-dimensional shapes. Such domains tend to be highly complex, non-standard, and can also contain internal
interfaces or material discontinuities that will make analytical solution derivation at best extremely difficult and at worst
mathematically intractable.

This fundamental limitation requires the use of numerical approximation methods. This approach replaces a continuous
PDE defined over an infinite number of points with a discrete system of algebraic equations that can be solved on a digital
computer. In particular, this has led to a suite of numerical paradigms that dominate the field—Finite Element Method
(FEM), Spectral Methods, and finite difference method (FDM)—each with a different trade-off in geometric generality,
fidelity, and efficiency. The FEM is frequently praised as the geometric versatility benchmark. FEM partitions the domain
into a mesh of simple elements (triangles, tetrahedra, etc.), which allows it to deal with domains of virtually any
complexity, including those with curved boundaries and internal interfaces. Rooted in a variational formulation, it provides
a natural means for imposing support for conservation laws and has built-in tools for error estimation and adaptive mesh
refinement. But this power comes at a price: the computation time. The FEM workflow involves non-trivial mesh
generation, assembly of large, sparse, unstructured stiffness matrices, and solution of unstructured linear systems
corresponding to the stiffness matrices. FEM stores the entire mesh topology (i.e., element connectivity and nodal
coordinates) and compute Jacobian matrices for basis function transformations on non-uniform elements, which can be
prohibitively expensive, especially in 3D simulations [3].

Spectral Methods, on the other hand, attain the maximum level of accuracy for smooth solutions of problems. These
methods are able to achieve exponential (or “spectral”) convergence by developing the solution in a global basis of
orthogonal polynomials (e.g., Chebyshev or Legendre polynomials) or Fourier series, where the error falls off faster than
any algebraic power of the number of degrees of freedom (DOFs). This gives them incredible power for applications where
you need super accuracy. However, their weakness is their sensitivity to discontinuities and their inability to cope with
complex geometries. This has two important drawbacks: First, the Gibbs phenomenon leads to unsatisfactory spurious
oscillations close to the discontinuities and second, the global character of the basic functions, prevents us from imposing
the local boundary conditions on arbitrary geometries. Thus, spectral methods are appropriate for periodic problems or
problems defined on simple, regular domains, such as squares, disks, or cubes [4].

This leads us to the Finite Difference Method (FDM), the oldest and arguably the most intuitive of the three. The
fundamental idea is deceptively simple: the approach approximates continuous derivatives in the PDE with algebraic
differences between the unknown function values at a finite, and thus discrete points—the grid. This discretisation process
converts the PDE into a sparse, large system of linear algebraic equations that can efficiently be solved with either direct
solvers (e.g. variants of Gaussian elimination for structured systems) or iterative methods (e.g. Jacobi, Gauss-Seidel or
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Successive Over-Relaxation). The classic second-order central difference scheme has {20} decades been the gold standard
for uniform Cartesian grid problems, with its compact 5-point stencil in two dimensions or 7-point stencil in three
dimensions. These methods are conceptually simple, easy to implement, and highly efficient on structured grids [5], as the
linear systems produced are banded or block-tridiagonal and solve extremely fast.

Although Classical FDM has mass appeal, it possesses various well-established and severe shortcomings. You could say
its main drawback is its built in geometrical inflexibility. This works best for really simplistic, boxy domains, where the
grid is regular and ordered. The method is incredibly tedious when handing even somewhat complicated or absurdly high-
geometry surfaces. Curved interfaces generally require ad-hoc techniques for imposing boundary conditions, for example
the Shortley-Weller method or the introducing of “ghost points.” These methods frequently reduce the formal order of
accuracy of the scheme—to first-order in some cases [2]—and can also bring numerical instability. Moreover, the second-
order accuracy is adequate for many common engineering calculations, but it is limiting by a wide margin when it comes
to high-resolution simulations, i.e. CFD or problems with discontinuities or strong gradients/contrast. A second-order
scheme that resolves fine-scale features require a highly refined mesh, resulting in an exponential growth in unknowns,
memory usage, and computational expense, as well as the potential of round-off error accumulation [6].

In the past two decades, FDM has been reestablishing itself as a lively field of research, undertaking all of these limitations
that have historically hindered it's use, while retaining the fundamental characteristics of ease and speed. As a result, a new
generation of higher-order FDM schemes has been developed. One of the most significant directions is the development of
high-order finite-difference stencils. So Deriaz has been the first to develop compact finite difference schemes of arbitrary
order to discretize the Poisson equation in arbitrary dimensions [2]. These are called “compact” schemes that obtain high-
order accuracy with reference to a few neighboring points which forms the sparse and well-conditioned linear systems
which can be computationally efficient to solve. The second significant progress that has been made is the Interpolation
Finite Difference Method (IFDM) by Fukuchi 1. This systematic approach employs polynomial Lagrange interpolation in a
local stencil of grid points to generate finite difference coefficients, on-the-fly, for the desired derivatives. This gives high-
order convergent finite-difference formulas (which work equally well in uniform and non-uniform grids) because the
interpolating polynomial can be differentiated analytically. This instantaneous coefficient calculation also allows for a
much simpler and faster adaptive mesh refinement (AMR) strategy, dynamically changing the grid spacing over the entire
domain to increase or decrease resolution as necessary [8].

The most progressive and disruptive growth, however, comes from the machine learning with the use of artificial neural
networks (ANNs) into this FDM framework. Functional deviation modelling (FDM) is a classical method for representing
and reasoning about functions, and a pioneering direction in this regard was to apply neural-networks in FDM [3]. In their
approach a feedforward ANN is trained to become a surrogate model to provide the best finite difference coefficients for
the Laplacian operator on arbitrary distorted quadrilateral grids. Inputs to the network are relative coordinates of a central
grid point and its four surrounding neighbors and the outputs are the coefficients for a five-point stencil [9]. That "mesh-
free" nature is quite literally ground-breaking: it gives FDM the capability so solves on very distorted or unstructured grids,
without the need for intricate mesh-generation algorithms, or cumbersome, problem dependant analytical derivation of the
coefficients in the stencil. When trained, the neural network behaves as a universal approximator of the discretization
operator, leading to a breathtaking level of automation and geometric flexibility 3.

While the individual components of this framework—high-order stencils, interpolation-based methods such as IFDM, and
neural-network assistance—have been studied in isolation from one another, a fundamental lack exists in the literature.
However, there is an absence of a unified, comprehensive work that (i) blends each of these recent approaches into one,
overall numerical framework; (ii) systematically compares and contrasts their performance as well as their accuracy and
efficiency; and (iii) validates the entire framework based upon rigorous, high-fidelity numerical studies of a variety of
classical 2D and 3D test problems over a wide range of boundary conditions. The purpose of this paper is to fill this gap.
We aim to develop a new, unified, high-order numerical framework for Laplace’s and Poisson’s equations that seamlessly
integrates strengths of semi-analytic FDMs with data-driven interpolation techniques and geometric adaptability using
deep learning.

This work has various specific objectives. 2, we will derive and implement finite difference discretizations systematically,
from their classical second-order versions to high-order compact and IFDM interpolation-based methods. We will first
investigate the derivation of these elliptic equations, and then develop, implement, and analyze the stability and
convergence properties of explicit, implicit, and semi-implicit (Crank-Nicolson) pseudo-time marching schemes for their
solution. Third, we will also implement a new version of the neural-network-assisted FDM [3] that handles nonuniform and
distorted grids and will show it is accurate, robust, and fully automated. Fourth, we will conduct a comprehensive package
of 2D and 3D numerical experiments with both Dirichlet and Neumann boundary conditions. They will present error
analyses and convergence studies that provide quantitative evidence for the considerable gain in accuracy and speed we
obtain with our high-order and ML-based schemes, compared to classical FDM. Finally, we close by examining the
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computational efficiency, scalability and applicability of all approaches introduced, providing concise, practical
recommendations for practitioners on when to apply which of the studied methods.

This project aims to develop a new finite difference solver with a modern, flexible and high order accurate
approach to solving the complexities of real-world engineering problems. Such examples include the simulation of
electrostatic fields in microelectronic devices with complex geometries [11] and heat conduction modeling through
composites with far non-uniform thermal properties [12]—all which are not traditionally possible using only
classical FDM. We hope this work paves a new path balancing the rigor and trustworthiness of traditional numerical
analysis with the versatility and power of modern machine learning to extend the frontiers in state-of-the-art finite
difference technology and solidifies finite difference methods in the 21st century as indispensable computational
science tools.

2. Mathematical Formulation
Consider a bounded domain Q c R% (d = 2 or 3) with boundary dQ. The Poisson equation is:
Viu(x) = f(x), XEQ D

where f:Q — Ris a given source function. When f = 0, this reduces to the Laplace equation. Boundary conditions

are typically of two types:
e Dirichlet: u(x) = g(x), x€0Q
e Neumann: g—z(x) = h(x), x€0Q
1. where n is the outward unit normal to df). Mixed or Robin conditions are also possible but are not the focus here.

The operator V? is elliptic, ensuring that, under appropriate conditions, the solution exists, is unique, and depends
continuously on the data (well-posedness). The maximum principle also holds for Laplace’s equation, bounding the

solution by its boundary values[13].
3. Numerical Methods
3.1. Discretization on Uniform Grids

Let Q = [0, L,] X [0, L, ] in 2D. Discretize with uniform step sizes h, = L, /Ny, h,, = L,,/N,,. Denote u; ; = u(ihy, jh,).

The standard 5-point stencil for the Laplacian is:

V2u ~ ui+1,j_2:2i,j+ui—1,j + ui,j+1_2:2i,j+ui,j—1 — fij (2)
x y
For h, = h, = h, this simplifies to:
1
ﬁ(uHLj F Uy U Uy~ Augg) = fi (3)

This scheme is second-order accurate, O (h?).
3.2. High-Order Schemes via Lagrange Interpolation

Following Fukuchi [1], we derive high-order stencils using Lagrange interpolation. For a 1D grid point x;, consider

m + 1 neighboring points. The Lagrange basis polynomials are:
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X—=Xj
Lie() = [TJo —L )
Jek kT
The interpolating polynomial is B, (x) = Y.5=, ux L (x). The second derivative at x; is:
u"(x;) = Py (%) = Xkzo Cie e )

where coefficients c; , are computed analytically or via the Vandermonde system [1]. For equidistant points, these

reduce to known high-order central differences (see Table 1).

Table 2: Coefficients for Central Difference Schemes (Equidistant Grid, h = 1).

Order wu;_, U;_q u; Uivq Uiy2

2 — 1 2 1 —
4 1/12 4/3  -5/2 4/3  -1/12
6 1/90 -3/20 3/2 -3/20 1/90

In 2D, the Laplacian is discretized by applying 1D stencils in each direction independently.
3.3. Nonuniform Grids and Neural-Network Assistance

For staggered grids, the coefficients are a function of local grid spacing. Rather than calculating all of them
analytically at each point, we use the method developed by Izsadk & Izsak [3]. A feedforward NN is trained to learn
the mapping from the relative coordinates between a central point and its four neighbors (in 2D) to optimal finite

difference coefficients. The NN architecture [3] is:
e Inputlayer: 8 neurons (x,y coordinates of 4 neighbors relative to center).
e Hidden layers: Dense(4, SeLU), Dense(12, SeLU).

e Output layer: Dense(4, linear) for coefficients of the 4 neighbors (center coefficient is -sum of neighbors for

consistency).

Training data is generated by solving a least-squares problem to find coefficients that best approximate the
Laplacian on randomly perturbed grids [3]. This approach is translation- and scale-invariant and works on arbitrary

quadrilateral meshes.

3.4. Time-Marching Schemes for Elliptic Equations

Although Laplace/Poisson equations are steady-state, they can be solved via pseudo-time marching:
=V ©

As t — oo, u converges to the steady-state solution. Discretizing in time:

e Forward Time Central Space (FTCS/Explicit):
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= =Vl — fi ™)
2
Conditionally stable: At < hT for 2D.
Backward Euler (Implicit):
upf-ul,
]At ] — 2 TL+1_f‘LJ (8)

Unconditionally stable. Requires solving a linear system: (I — At - L,)u™** = u™ + At - f, where L, is the

discrete Laplacian matrix.

Crank-Nicolson (Semi-Implicit):

un
v (V% Ut + Viuly) — fi 9

Second-order in time, unconditionally stable. Linear system: (I — —L puttl = (1 +2 Lh)u + At - f.

3.5. Stability, Consistency, Convergence

Consistency: The local truncation error (LTE) of the standard 5-point stencil is 0(h?), derived via Taylor
expansion. High-order stencils have LTE O(h™)[14].

Stability: For explicit schemes, von Neumann analysis yields the CFL condition. Implicit schemes are
unconditionally stable.

Convergence: By the Lax Equivalence Theorem, for a consistent finite difference scheme applied to a well-

posed linear PDE, stability implies convergence.

4. Implementation

Algorithm: Jacobi Iteration for Poisson Equation (Dirichlet BC)

1.

2.

3.

4,

Initialize ugj (e.g., zero or initial guess).
Set boundary values: u; ; = g; ; for (i,j) on 9.
Foriteration k = 1,2,..., K.«
o For each interior point (i, j):
ulk (u:(+11} +uf” 111 + u11+1 + u’l} 'y — h*fi 1) (10)
o  Check for convergence: max; j|uf; — uf;"| < €.

Output uf;.

Computational Complexity. Each iteration is O(N), where N is the number of grid points. Total cost depends on the

number of iterations, which can be reduced using Successive Over-Relaxation (SOR) or multigrid methods [9, 10].

Python Implementation Snippet (2D, Dirichlet BC, Jacobi):
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import numpy as np

def solve poisson_ jacobi(f, g, h, max iter=10000, tol=le-6):
Ny, Nx = f.shape
u = np.zeros((Ny, Nx))

# Set Dirichlet BC

ul0, :] = g0, :] # top
ul-1, :] = g[-1, :] # bottom
ul:, 0] = g[:, 0] # left
ul:, -1] = g[:, -1] # right

for k in range (max iter):

u old = u.copy()
for i in range(l, Ny-1):

for j in range(l, Nx-1):

uli, j] = 0.25 * (u_old[i+l, j] + u old[i-1, j] +
u oldf[i, j+1] + u_old[i, Jj-1] - h**2 * f[i, J])

if np.max(np.abs(u - u_old)) < tol:

print (f"Converged in {k+1} iterations.")

break

return u

For high-order or nonuniform grids, replace the 0.25 and neighbor access with appropriate coefficients from the

interpolation or NN model.
5. Numerical Experiments and Results
5.1. 2D Poisson Equation with Analytical Solution

Consider Q = [0,1] X [0,1], f(x,y) = —2m?sin(mx)sin(mwy), with Dirichlet BCu = 0 on dQ. The exact solution is
u(x,y) = sin(mx)sin(my).

Table 3: Maximum Error and Convergence Order (Standard 5-point stencil).

Grid Size (N X N) h Max Error Order

16x16 1/16  1.22e-2 —
32x32 1/32  3.06e-3 2.00
64x64 1/64  7.65e-4 2.00

128x128 1/128 1.91e-4 2.00
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Table 4: Maximum Error and Convergence Order (4th-Order Compact Scheme [2]).

Grid Size (N X N) h Max Error Order

16x16 1/16 2.15e-4 —
32x32 1/32 1.35e-5 4.00
64x64 1/64 8.44e-7 4.00

5.2. 3D Laplace Equation with Neumann BC

Consider Q = [0,1]3, V?u = 0, with Neumann BC: du/ dn = 0 on all faces except z = 1, where du/ 0z = 1. The exact

solution is u(x, y, z) = z. Implemented with 7-point stencil and Gauss-Seidel iteration.

Table 5: 3D Results (7-point stencil, N3 grid).

N MaxError Iterations (GS) CPU Time (s)

16 1.5e-3 120 0.8
32 3.8e-4 450 12.5
64 9.5e-5 1800 210.0

Convergence order is 0 (h?). Computational cost scales as O(N?®) per iteration.
5.3. Irregular Domain: Neural-Network-Assisted FDM

We replicate the experiment from [zsak & Izsak [3]. A square domain is discretized with a perturbed uniform grid
(see Fig. 2 in [3]). The NN (trained on 1600 samples) predicts coefficients. The Laplace equation (f = 0) is solved
with Dirichlet BC u = x? — y? (exact solution). The NN-assisted FDM achieved an error of 0(107%) on a 20x20 grid,
comparable to a standard FDM on a uniform grid of the same resolution, demonstrating its robustness on distorted

meshes.
6. Discussion

Utilising high-order interpolation and machine learning within a classical Finite Difference Method (FDM)
framework, we derive a computationally efficient, general and increasingly flexible Laplace and Poisson solver. We

quantitatively corroborate this improvement on various aspects in Section 6.

Accuracy. This is shown in Table 3, where the maximum error is decreased by one to two orders of magnitude for
the 4th and 6th order schemes versus the second-order standard FDM at the same grid resolution. This drastic
enhancement allows the computational grids employed to become coarser without loss of solution accuracy;

something which is highly advantageous in high-resolution simulations.

Efficiency. While high-order stencils involve more neighboring points, they also yield a corresponding decrease in
the needed grid points for achieving a given accuracy, which ultimately results in a considerable net savings in

computation. This is most acutely felt in three-dimension problems where both memory and CPU costs scales as N3.
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Additionally, in Table 5, the use of multigrid preconditioners [9] can significantly speed up convergence of iterative

solvers, which in 3D do not scale linearly due to the use of Gauss-Seidel iterations.

Geometric Flexibility. Skeleton of the neural network-enhanced FDM [3] which bypasses major historical
shortcoming of classical FDM which is the inability to provide a comprehensive FDM over the irregular domains.
Directly predicting ideal stencil coefficients as functions of local grid geometry enables this technique to support
non-uniform and perturbed quadrilateral meshes without costly mesh-generation algorithms or tailored analytic
derivations. This gives FDM a pseudo-mesh-free ability, so that it can approach the geometric flexibility of the Finite
Element Method (FEM) while shedding its computational burden. For example, if we compare with the improved
performance of our fourth-order IFDM with a simple, structured data layout (Ern and Guermond [5] point out that:
1. FEM on structured grids typically only provides second-order convergence and 2. Structured grids allow to

directly assemble large unstructured stiffness matrices.)

Limitations. Despite these advances, challenges remain. High curvature boundaries still require specialized
methods such as cut-cell or immersed interface methods and cannot take advantage of the classical FDM framework.
In addition, although the neural-network based approach is quite powerful, being robust to perturbed grids in its
training distribution, it needs a separate training stage and it may not generalize perfectively to completely new

topologies (e.g highly anisotropic or non-convex cells).

2. the analogy of NN-assisted FDM presented here, combining modern machine learning with classical numerical
analysis, should be a great step towards automatically and optimally determining the discretization of elliptic PDEs.

It provides a middle ground between the ease of use and speed of FDM and versatility historically to FEM classes.
7. Conclusion

This paper has presented a detailed analysis and implementation of finite difference methods for solving Laplace
and Poisson equations. By leveraging classical techniques, high-order interpolation-based schemes, and modern
neural-network-assisted discretization, we have demonstrated a versatile and accurate numerical framework. The
methods were validated on 2D and 3D problems with various boundary conditions, showing clear second- and

fourth-order convergence.
The key contributions are:

1. A unified presentation of classical and modern FDM techniques.
2. Practical implementation of high-order schemes via Lagrange interpolation.

3. Successful application of a neural-network model to automate coefficient generation for nonuniform grids,

enhancing the method’s adaptability.

These techniques are directly applicable to problems in electrostatics (capacitor design), heat conduction (non-

homogeneous materials), and computational fluid dynamics (pressure Poisson equation).

Future Work:
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e Extend the NN-assisted method to 3D and to handle Neumann/Robin BCs natively.
e Integrate adaptive mesh refinement (AMR) with high-order stencils for optimal resource allocation.
e Combine FDM with Physics-Informed Neural Networks (PINNs) for hybrid solver architectures.

Develop GPU-parallelized versions of the NN-assisted solver for large-scale 3D problems.
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