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Abstract

In this paper we use the Modified mid-pointmethod for solving the linear
Fredholm integral equations of the second kind. In numerical examples we
showed the effectiveness of this method, in comparison with other numerical
methods such as, midpoint, trapezoidal, Simpson’s and Modified trapezoidal
methods.

1. Introduction

The theory and application of integral equations is an important subject
within applied mathematics. Integral equations are used as mathematical models
for many and varied physical situations, and also occur as reformulations of
other mathematical problems. Many physical problems are modeled by integral
equations the numerical solutions of such equations have been highly studied by
many authors, [1-4]. In recent years, numerous works have been focusing on the
development of more advanced and efficient methods for integral equations
such as Taylor-series method [5], Neumann series method [6], Decompostion
method [7], Homotopy perturbation method [7, 8] and Homotopy analysis
method [9, 10].

In recent years a number of authors have considered Modified quadrature
rules, and applications it in numerical integration. For example, the Modified
trapezoidal, Modified mid-point and Modified Simpson quadrature rules are
considered in [11-15, 19, 21]. Sometimes they have considered generalizations
of these rules in [16, 17, 20]. Some authors used Modified quadrature rules in
numerical solutions of integral equations, such as Nadjafi in [22] used
Modified trapezoidal method for solving integral equations, Majeed in [23] used
this method for solving system of integral equations.

In this paper we use the composted Modified mid-pointrule
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p n h? 7 A
fO)dx = h) f(x,)+—[f'(b)-f'(@)] |+ —— (b—a)h*$ P (&).
! [ JZ; J +24[ ]}5760

J(L.2)

where n is the number of subinterval of [a, b] , h:ﬂ, x;=a+(j-1/2)h,j=12,..,n,
n

to solve linear Fredholm integral equations of the second kind given by

b
u(x) =f(x)+xjk(x,y)u(y)dy, a<x<b

............... (1.2)

where A is a scalar parameter, f(x) and k(x,y) are given continuous functions,
whereas u(Xx) is to be determined.

2- The Modified mid-pointmethod:
We consider the linear Fredholm integral equation of the second kind :

b
u(x) =f(x)+jk(x,y)u(y)dy, a<x<b

a
ereinnn(2.1)
where, k(x,y) and f(x) is a differentiable functions with respect to their

variables, i.e. the functions akg(,y)’ 6kg;,y) and f'(x) exist.

To solve this equation, we approximate the integral part that appeared in the
right hand side by the composed Modified mid-pointrule to get,

u(x) =f(x)+ hzn: k(6 X)U(X;) + h?

ﬂ(J(X, Xn41/2)U(Xp31/2) KX X 41/2)U (X aas2) =
i

J(X, Xq )Xy 2) —K(X, Xg/2)U'(Xy)2)),
e (22)

where, x,,, =a, X,,,,=b and J(x,y)=%.

Hence for x =x,,,,X;,-.-,X,,X,.,,, We get the following system of equations:
n h2
Ui =fi +h> ki u; +z(‘]i,n+1/2un+1/2 +Kins1/2Unsar2 —Ji12Yy2 — ki,l/2ui/2)]’
j=1

................ (2.3)
Where Ui = U(Xi), U= = U’(Xi), fi =f(Xi), ki,j = k(Xi,Xj) and ‘]i,j =‘](Xi’xj) .

If we differentiate both sides of equation (2.1) with respect to x and setting
H(x.y) :w one can obtain:
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b
u'(x) = f'(x) +IH(X, y)u(y)dy, a<x <b,

. (2 4)

We note that if u is a solution of eq.(2.1) then it is a solution of eq.(2.4) too.
Now, for solving eq.(2.4), we must consider two cases.

Case 1: The partial derivatives  L(xy) :az%g/y) exist. In this case, we

approximate the integral part that appeared in the right hand side of eq.(2.4) by
the composed modified mid-pointrule to get,

n 2
u'(x) =f'(x)+ hZH(X, X;)u(x;) +%(L(X’ Xpn41/2)U(Xps172) +HX X 41/2)U (X aas2) —

L(X, X1/2)U(Xg/2) = H(X, X32)0'(Xy/2) ) ]
............... (2.5)
By setting x = xl,z, 120 1IN €0.(2.5), one can get

! ! 1
uj =f +hZHIJ i ( in+1/2Uns1/2 + HinsaroUnaas2 —LiaoUy2 _Hi,1/2u1/2)]’

i=1/2,n +1/2. ................ (2.6)
where f/=f'(x;),H; ; =H(x;,x;) and L;;=L(x;,x;).
From eg.(2.6) and eq.(2.3) we get the following linear system
AU=F
............... (2.7)
of (n+4) equations in (n+4) unknowns  {u;}.{ujp}and  {upg/o},
i=1/21,2,...n,n+1/2, where A, U, F are matrices defined by
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2 2 2 2
1+h—J11 hk, -hk, —hk, —h—Jl ! h—kll —h—k1 !
24 3, 2t 22 2" 24 3y |24 3 24 3
2 2 2 2
h—J 1 1-hk,, hk, , hk, —h—J h— 1 —h—k
24 15 ’ ’ ’ 24 1n+ 24 13 24 1n+s
h? h? h? h?
ﬂjzé hk2’1 1—hk2’2 th’n _ﬂ . v 2% _ﬂ ymel
2 2 2 2
h_‘] 1 _hkn,l _hkn,z 1_hkn,n _h_‘] 1 h_ 1 _h_ 1
24 ns 24 nn+s 24 Ny 24 nn+s
2 2 2 2
h—J .1 —hk —-hk —hk 1—h—J h—k 11 —h—
24 N N+l n+=2 n+=.n 24 n+Zn+z | 24 N 24 n+Znez
2 2 2 2
h—Lll —-hH, —hH, —hH, —h—L1 L 1+h—H11 —h—Hl L
24 33 2t 2? " 24 24 37 24
2 2 2 2
h—L , —-hH , -hH -hH | —h—L h—H 11 1—h—H 1
_24 N n+5,1 n+=,2 n+=,n 24 n+Znes 24 N 24 noin+s
u, | f, ]
2 2
u1 fl
l"12 fZ
U=u, |, F=|f,
u f .
n+= n+2
u’ f)
2 2
u’ 1 f' 1

By solving the above system by any suitable method the numerical solutions of
eq.(2.1) is obtained.

2
Case 2: The partial derivatives L(x,y):%g/y) does not exist. In this case, we

approximate the integral part that appeared in the right hand side of eq. (2.4) by
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the  composed mid-pointrule  to  get, u'(x)=f’(x)+hiH(x,Xj)u(Xj)
=1

............ (2.8)

By setting x =X,,,, X,,,,, IN €q.(2.8), one can get:

n
ui:fi""hZHi,juj’ i1=1/2,n+1/2.
1

................ (2.9)
From eq.(2.9) and eq.(2.3) we get the following linear system
BU=F
............... (2.10)
of (n+4) equations in (n+4) unknowns {u;}, {ui} and {upgso},
i=1/21,2,..,n,n+1/2, where the matrices U and F are defined perversely,

2 2 2 2
1+ 5 Chk, bk, e —hk, - D
24 35 3 32 7" 24 03 24 55 24 S0
2 2 2 2
Dy aohk, bk, e bk, - [P
24 1!5 ' ' ' 24 1v"+§ 24 1!5 24 1v”+§
h2 h2 h2 h2
2ale Mk Bohk, etk oy Lk, Sk
B= : '
2 2 2 2
h_J 1 _hknl _hknz 1_hknn _h_‘] 1 h_ 1 _h_ 1
24 ns : ’ 24 nn+s 24 n5 24 nn+s
2 2 2 2
Ny ok, —hk VS PHLLSY B L L
24 oo n+=1 n+=,2 n+=n 24 n+snsZ | 24 et 24 n+ZnsZ
0 “hH,  —hH, “hH, 0 1 0
E,1 =2 =n
0 —hH -hH -hH 0 0 1
n+=1 n+%2 n+=,n

By solving the system given by eq. (2.10) by any suitable method, the numerical
solutions of eq.(2.1), is obtained.

3-Numerical examples:

In this section we represent four examples and their numerical results to
show the high accuracy of the solution of the linear Fredholm integral equations
of the second kind obtained by modified mid-pointmethod and then we compare
all results with numerical results obtained by trapezoidal, Simpson, modified
trapezoidal and mid-pointmethods, the computations were carried out using
MALAB® 7.6.
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Example 1 Consider the following linear Fredholm integral equation

u(x) :1+J'sin(x +y)u(y)dy, 0<x<m
0

where the exact solution u(x) =1+ 288X msinx.

1--=n

It is clear that, azgi—gyz—sin(x+y) exists for x,ye[0,x]. Therefore the numerical

solution of eq.(3.1) can be obtained by system (2.7), the results errors of which
being presented in table 1 for h=p/10 and in table 2 for h=p/20.
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Table 1: Comparison between the results errors via trapezoidal, Simpson’s
1/3, Modified trapezoidal, mid-pointand modified mid-pointmethods for
example 1 with h=p/10.

Mo

modi mi difi

trape Sim fied d- ed

zoida pso trape poi mid

Xi | n's zoida Xi nt -

meth met | me poi

od hod meth tho nt

od d met

hod

1.122 7.46 1.848 1.6

0 8E- 34E- 3E- 0 177
002 005 005 E-

005

1.07 2.655 6.9 1.9

p/10 1.612 21E- OE- p/20 331 952
9E- 004 005 E- E-

002 003 005

1.29 3.201 9.0 25

2p/1p 1.945 29E- 8E- 3p/20 170 949
1E- 004 005 E- E-

002 003 005

1.38 3.435 1.0 2.9

3p/10 2.086 71E- 2E- 5p/20 218 406
9E- 004 005 E- E-

002 002 005

1.34 3.332 1.0 2.9

4p/1p 2.024 56E- 3E- 7p/20 419 985
4E- 004 005 E- E-

002 002 005

1.17 2.903 9.6 2.7

5p/10 1.763 23E- 3E- 9p/20 002 628
TE- 004 005 E- E-

002 003 005

8.84 2.190 7.8 2.2

6p/10 1.330 33E- OE- 11p/20 416 567
4E- 005 005 E- E-

002 003 005

5.09 1.262 5.3 15

7p/1D 7.669 76E- 4E- 13p/20 153 297
1E- 005 005 E- E-
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003 003 005

8.52 2112 22 65

8p/10 1.283 87E- 1E- 15p/20 688 291

1E- 006 006 E- E-

003 003 006

9.9 238

17p)/20 988 775

E- E-

5.228 3.47 8.606 004 006

9p/1 5E- 53E- 6E-

003 005 006 41 1.2

19p)20 706 002

E- E-

003 005

1122 7.46 1.848 16

8E- 34E- 3E- 177

P 002 005 005 P E-

005
Ab

2.2

sol 0.144 9.58 2.374 0.0 455

ute 3 96E- 9E- 668 E.

err 004 004 004
or
Les

t 5.4 5.0

squ 0.002 102 6.264 779 602

14 E 2E-

are 3 -007 009 E- E-

err 004 009
or
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Table 2: Comparison between the results errors via trapezoidal, Simpson’s
1/3, Modified trapezoidal, mid-pointand modified mid-pointmethods for
example 1 with h=p/20.

Mo

modi . difi

trape Si fied g" ed

zoida mp trape - mid

Xi | son zoida Xi g?' -
meth met | poi
met
od hod meth nt
hod

od met

hod

2.803 4.6 1.153 1.0

0 6E- 234 1E- 0 091
003 E- 006 E-

006 006

6.6 1.656 1.5 1.1

p/lO 4,027 414 4E- p/4( 707 303
3E- E- 006 E- E-

003 006 003 006

8.0 1.997 2.1 1.5

2p/10 4.856 092 6E- 5p/40 384 388
TE- E- 006 E- E-

003 006 003 006

8.5 2.143 2.4 1.7

3p/10 5.210 931 2E- 9p/40 968 967
8E- E- 006 E- E-

003 006 003 006

8.3 2.079 2.6 1.8

4p/10 5.054 358 OE- 13p /40 107 787
TE- E- 006 E- E-

003 006 003 006

7.2 1.811 2.4 1.7

5p/10 4,403 625 4E- 17p/40 691 768
9E- E- 006 E- E-

003 006 003 006

5.4 1.366 2.0 15

6p/10 3.322 783 4E- 21p /40 858 010
OE- E- 006 E- E-

003 006 003 006

3.1 7.876 1.4 1.0

7p/1D 1.914 579 2F- 2%p40 984 782
9E- E- 007 E- E-
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003 006 003 006
52 1317 76 54
8p/10 3.203 834 7E- 29p /40 421 993
8E- E- 007 E- E-
004 007 004 007
44 32
33p|40 733 190
21 E- E-
1.305 ; 5.369 005 008
9p/10 iy 5;9 iy
003 006 007 8.4 6.1
37p)/40 930 116
E- E-
004 007
2.803 46 1.153 1.0
6E- 234 1E- 091
P 003 E- 006 P E-
006 006
Sfﬁ 11 2.851 25
: 0.069 434 "y 0.0 921
err 3 E- 005 332 E-
004 005
or
Les
t 7.6 6.8 37
squ 2.804 257 4.743 179 342
1E- 7E-
are 004 E- 011 E- E-
err 010 005 011
or

Example 2 Consider the following linear Fredholm integral equations
1

2X 1 (x2+2) 1 x2y
= ———— —_— dy, 0<x<1
u(x)=e 2+2Xe +2+2X+.([e u(y)dy
............ (4.2) where the exact solutionu(x)=e®*. It is clear that,
3°K(x.y)

) (2x+2xy)ex exist for x,ye[0,1]. Therefore the numerical solution of

eq.(3.2) can be obtained by system (2.7), the results errors of which being
presented in table 3 with h=0.1.
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Table 3: Comparison between the results errors via trapezoidal, Simpson’s
1/3, Modified trapezoidal, mid-pointand modified mid-pointmethods for
example 2 with h=0.1.

modif mo
ied difi
Sim tra.lpe mid ed
trape 0so zoidal - .
% zoidal N meth X poi mid
' meth od i nt -
met .
od hod met pol
hod nt
met
hod
7.896 if: 9.011 7.88
0 4E- ) 3e- 0 43E
002 004 005 -005
7.926 285: 9.042 0 279: 7.89
0.1 3E- i de- 0 i 11E
002 004 005 5 002 -005
8.016 366E3 9.135 0 jOOEl 7.94
0.2 TE- i Oe- 1 i 54E
002 004 005 5 002 -005
8.169 596: 9.286 0 glog 8.05
0.3 OE- ) Oe- 2 ) 28E
002 004 005 5 002 -005
8.385 277E7 9.492 0 ‘71;: 8.21
0.4 4E- ] 6e- 3 ) 00E
002 004 005 5 002 -005
8.668 i68E7 9.741 0 3'722 8.41
0.5 9E- ] 2e- '4 ) 04E
002 004 005 5 002 -005
9.022 299E7 1.001 0 3;: 8.64
0.6 5E- le- 5 04E
002 004 004 5 002 -005
0.7 9.448 280E7 1.026 0 gOGES 8.87
2E- ) le- 6 ) 40E
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002 004 004 5 002 -005
9.946 ‘11'61; 1.041 0 ;f: 9.06
0.8 1E- : 7e- . ‘ 25E
002 004 004 5 002 -005
0 :élé 9.11
o ) 72E
1.051 ;1'41El 1.034 5 002 005
0.9 1E- ) 1e-
001 004 004 0 3642 887
o ) 79E
5 002 -005
1.112 ?5: 9.788 8.56
1 6E- ) Se- 1 51E
001 004 005 -005
Abs
z'“t 0.991 0.00 0.001 0.45 0.00
2 42 1 12 10
erro
r
Lest
1.63
squ 0.090 50E 1.034 0.02 8.61
are 6 ) 4E- 06 39E
Ieirro 006 007 -008

Example 3 Consider the following linear Fredholm integral equations

1
3 1 26 13 2) 2

UX) =X +2X+—| ——x——=x“ |+ |.05y(x“ +2x)u(y)dy, 0<x<1 ... ... .....

x) 20( L g YO + 2x)u(y)dy

(3.3) with the exact solution u(x) =x3+2x. It is clear that, 62%’a‘;/-‘/):o.l(xu) exists

for x,ye[0,1]. Therefore the numerical solution of eq.(3.3) can be obtained by
system (2.7), the results errors of which being presented in table 3 with h=0.1.
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Table 4: Comparison between the results errors via trapezoidal, Simpson’s
1/3, modified trapezoidal, mid-pointand modified mid-pointmethods for
example 2 with h=0.1.

modif mid
trape Sim ied ) modifi
zoida pso trape i e
! X poin :
X; | n zoida _ ¢ mid-
meth met | ' met pointm
od hod meth ethod
hod
od
0 0 0 0 0 0
1.46 0 1.78
7.334 ToE 3.668 _ 86E 1.5666
0.1 8E- 1E-
o ) -~ 0 ; E-008
007 5 005
3.07 0 5.62
1.536 A%E 7.685 , 74E 4.9290
0.2 8E- 6E-
004 ) 008 ! - E-008
007 5 005
4.82 0 9.81
2.410 10E 1.205 , 52E 8.5972
0.3 OE- 2E-
004 ) 007 2 - E-008
007 5 005
6.70 0 1.43
3.353 4E 1.676 , 52F 1.2571
0.4 1E- 9E-
o ) 007 3 - E-007
007 5 004
8.73 0 1.92
4.366 26k 2.183 _ 38E 1.6850
05 OE- 4E-
o ] 007 4 - E-007
007 5 004
1.09 0 2.44
5.448 00E 2.724 _ 73E 2.1436
0.6 7E- 9E-
i ] ot 5 - E-007
006 5 004
1.32 0 3.00
6.601 - 3.301 _ 56E 2.6326
0.7 3E- 3E-
004 ) 007 6 - E-007
006 5 004
N Z;fg 156 3512 0 359 31523
: - 51E - : 89E -
oy : ~ 7 ; E-007
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006 5 004
0 4.22
. 71E 3.7025
8 - E-007
9.116 éGBEZ 4,559 5 004
0.9 1E- OE-
004 i 007 0 4.89
006 . 02E 4.2833
9 - E-007
5 004
2.09
1.047 61E 5.240 45852
1 8E- ) 2E- 1 £ 007
003 006 007
Abs
OL”t 0.005 %60: 55_93 0.00 2.4951
erro 2 005 006 23 E-006
r
Lest
7.68
squ 3.663 1.46 9.163 308 7 9968
are 9e- 6le- 3e- i £-013
errro 006 011 013 007

Example 4 Consider the following linear Fredholm integral equations
1

u(x) =x—%—§(x +1)5’2x+%(x +1)72 +3i'5x7’2 +£(1—(x+y)3’2)u(y)dy, 0<x<1l ...
(3.4)

with the exact solution u(x) = x. It is clear that, %:‘f(my)“zdoes not exist

for x,ye[0,1]. Therefore the numerical solution of eq.(3.4) can be obtained by
system (2.10), the results errors of which being presented in table 4 with h=0.1.
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Table 5: Comparison between the results errors via trapezoidal, Simpson’s
1/3, Modified trapezoidal, mid-pointand modified mid-pointmethods for
example 4 with h=0.1.

Mo
. modif mid difie
Sim . d
trape ied - .
. pso . mid
zoidal trape X poi
X n . R
meth met zoidal i nt 0in
od hod meth met f
od hod
met
hod
4.092 (5589: 5.648 1.65
0 TE- ) 9E- 0 58E
003 006 006 -006
3.971 279; 3.797 0 53051 5.65
0.1 1E- ] 6E- 0 ) 86E
003 006 006 5 003 -007
3.796 ;'492 3.341 0 ;fé 1.33
0.2 5E- ] 4E- 1 ] 85E
003 006 006 5 003 -007
3.580 582: 2.984 0 ;'982' 1.25
0.3 TE- ] 9E- 2 ) 65E
003 006 006 c 003 -008
3.329 288El 2.639 0 257EZ 8.59
0.4 2E- 6E- 3 04E
003 006 006 5 003 -008
3.045 304EZ 2.284 0 ;35: 1.27
0.5 9E- 3E- 4 27E
003 006 006 5 003 -007
2.733 %fé’ 1.911 0 é;é 1.50
0.6 3E- ) 9E- 5 ) 85E
003 006 006 5 003 -007
2.393 711 1.519 0 197 1.63
0.7 8E- 56E 8E- . 98E 05E
003 ) 006 6 ) -007
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007 5 003
2.029 25753 1.107 0 ;'512 1.67
0.8 OE- ) 2E- . ) 24E
003 007 006 . 003 -007
T
'8 ) 43E
1.640 266: 6.740 5 004 007
0.9 2E- ) 5E-
003 008 007 0 ;.61; L 58
é ) 87E
5 004 -007
1.228 :;log 2.206 1.54
1 9E- ) 8E- 1 09E
003 007 007 -007
Abs
2.18
olut 0.031 A0E 2.613 0.01 3.54
e 3 i OE- 46 07E
erro 005 005 -006
r
Lest
squ 1.016 gésEz 8.628 2'93; 3.25
are 3E- i 6E- i 71E
Ieirro 004 011 011 005 -012

5- Conclusions and Recommendations:

In this paper we proposed a numerical method for solving linear
Fredholm integral equations and we introduced the modified mid-pointmethod.
The system (2.7) solves eq.(1.1) more accurately than system (2.10). Because in
system (2.7) we use composed modified mid-pointmethod for solving eq.(2.4)
instead composed mid-pointmethod. From numerical examples it can be seen
that the proposed numerical method is more accurate than methods such as the
trapezoidal, the Simpson, the modified trapezoidal and the mid-pointmethods to
estimate the solution of linear Fredholm integral equations when the

functions ak(@’;y), akgyx’y) and f'(x) exist forx,ye[a,b], also we show that, when

the values of h decreases, the errors decrease to small values. We will use this

43



Journal of Al-Qadisiyah for Computer Science and Mathematics
Vol.3 No.1 Year 2011

method to study other types of integral equations and their systems in our future
work.
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