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1. Introduction and Preliminaries

Ideal topology was first introduced by Kuratowski [4] and Vaidyanathswamy [7]. Further Hamlett and
Jankovic also studied the properties of ideal topological spaces in [3] and [13]. In 1983, Mashhourm A.S. [2]
established supra topological space(U,n) and studied supra- continuous maps. The properties of supra
topological space were generalized by many other researchers as in [12,5]. In 2008, Yasseen, R.B. el at [11]
studied separation axioms in supra topology. The ideal supra topological space was studied by researchers
Shyamapada elat. [9,1].Tamer, S.A. is first to suggest { — open sets and some types of { — continuous functions
on topological spaces [8] . As for researcher, Nadia, she has proven that the { — topological spaces are
¢ —compact spaces [5].In 2024, Saja S. Faiad elat proposed the concepts of supra Z_open sets and studied new
properties of them, as well as and supra Z_continuous functions and some of their properties [10].

Definition 1.1 [10]

A subset Z of (U, ) is said to be supra Z- open sets (Z,,_os), if Z N cl,(H)#®, Vx € Z ,there exists non-empty
supra open set H content x, such thatif Z=¢ - Zncl,(H)=¢andZ=H=U - Z ncl,(H) =U.
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So, the complement of Z,_os is supra Z- closed set (Z,_cs) and the collections of all (Z,_os) (Z,_cs)
subset of (U, u) will be denoted by Z0(U, ), ZC (U, W).

Theorem 1.2 [10]: The sets of all Z,_os is satisfies the conditions of supra topology on U.
1.9,U€e ZO(U,p).
2.1fZ, € Z0(U,p) and x€EU Z, — x € Hyand x € Z; Va* € A .
Then (U, u3) is called supra Z-topological space
Definition 1.3 [10]

A function f:(U, uz) —=(V, iiz) is called supra Z_continuous (Z,_continuous), if the invers image is Z,_os in U, for
each p_osinV.

Example 1.4[10]
Let p, = {U, 8,{b}, {a,b}} on U={a,b,c,d}, p,¢ ={U, ®,{a, c}, {c}}
and p,={V,0, {1,2}} onV = {1,2,3}, 1, ={U,0,{3}}. Then
Z0(U, 1)={U, 8, {a}, {b}, {a, b}}

Zo(v,w={v,0,{1}, {2}, {1,2}}

Defined f:(U, ) =(V, 1) ; f (a)=1, f (b)=2, f (c)=f (d) =3. So,
f'(V)=U € 2,0(U, u);

f1(®)=0 € 2,0(U, W;

£1({1,2))={a, b} € Z,0(U, ). Then f is Z,_cont..

The aim of this paper is to study the set Z on the ideal supra topological space and to prove some of its
properties, as well as to generalize the separation axioms on the space under consideration.

2- Z,,_Separation axioms in supra topological space
Definition 2.1

A subset non-empty A of (U, ), so w " is the class of every intersection of A every element in U, then( A, p 4" ) is
supra topological subspace.

Definition 2.2

A (U, uz) is called Z,_T,-space if and only if for every pair of distinct points x,y € U, 3 Z,_open set that contains one
of the points but not the other.

Examples 2.3
Let pu={@, U ,{1}} on U={1,2,3}, then Z, O(U, n)={ @, U,{1}}.

So, 1#2 - {1}€ Z, O(U, W->{1}€{1}A{2}¢{1}; we get (U, uz) is Z,_T,-space. But, if Z,_O(U, W= { @, U{1},{2},{1,2}}
on p={@, U ,{1,2}} then (U, ;) is not Z,,_T,-space.

Proportion 2.4
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Aspace (U, pz) is Z,_To-space if and only if clz {x} # ch“{y} ,Vx,y€ U;x #y.
Proof:
Let Ube Z,_To-space, to provecly {x} # clg, {y},vxye U;x #y.

Uis Z, Tp-space and x #y — IGEUH(XEGAYEG)A(X EGAYEG), let (X EGAYEG) —
(xeGAyeU/@),so

U/G isZ, 0s, sinceGZ, 0os >{y}SU/G— clz {y} ch“(U/G) =U/G (sinceU/G Z,_can CIZH(U/G)) =
U/G.Thuscly (y) SU/GAXEG —x £U/G sl {x} #cg, {y}

By similar way if we take (x € GA y € G)
Conversely;

Letcly {x} #clz {y},Vx #y€Uand UbenotZ, Ty-space — 3x,y €U; VG € yz;x € G —y € G, by using
defined (2.1)

So,ZEU;zEClzu(x) ............ (*) 2 VGEN;Z,€E GAGN{x}+# 0
[sincebytrue:zEclzu(ﬂ)HVGE Uz;ZEGAGN A # Q]
But GNA #0 —x€eG (since the only element in { x} is x)

- all set contains z must contain x. So, we have the following two statements : each Z 4_0S contains z must contains x
and each Z,_os contains x must contains y — every Z,_os contains z must containsy.

— VGEU; 2, € GAGN{y}#0 — zEclzu(y) ........... (%)
—Vzedy (x) —mzecdy () — cy {x} Scy, {y}

By similar way we prove clz {y} S clz, {x}— clz, {x} = clz, {y}C!!. Then U is Z,_T,-space(since cz {x} #
clg, {s}).

Definition 2.5

A (U, uz) is Z,,_T;-space if and only if, for any two distinct points x,y € U, ,3 Z,_osin U, 3 one contains x but noty,
and Z,_os in U containing y but notx.

Example 2.6
Let u={@, U{2},{2,3},{2,4}} on U={2,3,4}; so, Z,,_O(U, W= { @, U,{2},{3},{4}.{2,3},{2,4},{3,4}},Then, U is Z,,_T,-space.

3G = {2}s.t{2} € {2} A {3} & {2}

Let2#3 =1 31 = (3)s.t(2) € (3} A {3} € {3}

3G = {2)s.{2} € {2} A {4} ¢ {2}

Let 254 = 10 _ (4)s. t{2} & {4} A {4} € {4}

3G = {3}s.{3} € {3} A {3} & {4}

Let3#4= am = (4)s.t(3) € (4} A (4} € (4)

Remark 2.7



4 Saja S. Faiad, Rana B.Yaseen, Journal of Al-Qadisiyah for Computer Science and Mathematics Vol.17.(3) 2025,pp.Math 1-11

vV Z,_Tq-spaceis Z,,_Tjy-space. On the contrary, it is not true. As the example
Letp, ={U, 9,{3},{1,3}} on U={1,2,3},then Z,.0(U, uz)={V,0,{1},{3}{1,3}}
Then, Uis Z,,_T,-space but not Z,_T;-space

Theorem 2.8

(U, uz) is Z,,_T,-space if all singleton setin Uis Z,_cs.

Proof

Let U be Z,_T;-space, to prove {x} Z, c,¥x €U

ie,U/{x}Z, os, wemustprove U /{x} contains Hbdzu vyeU/{x}
LetyeU/{x}—x=#y — UisZ,_T;-space,

— 3G Hyep,;(x € GAYEG)A(x ¢ H Ay € H,)

yeH Ax ¢H, > {x}nH,=0=>H,cU/{x}Ay€H,
—H,cU/{x}vyeU/{x}— U/{x}containsaﬂtbdZu VyeU/{x}.

. U /{x }contains ﬂbdzu VyeU/{x}

S UAx}Z, 0s > {x}Z, cVxeU.

Conversely;

Let { x}is Z,_c; Vx € U. To prove Uis Z, T,-space, letx,y€U;x 2y —{x}, {y}are Z, cset— U /{x},U /{y} are
Z, csets,say G=U /{y}, H=U /{x}— (x€EGAYy & G) A (x ¢ HAy € H). Then (U, uz) is Z,_T;-space

Corollary 2.9: A (U, uz) is a Z,_T;-space, then each finite setis Z,_c.

Proof

LetA bea finitesetinU — A ={x 4, ...x,} = UL { x;} = {x;} € Z, C(U,p) Vi > UL {x;} Z, c, ThenAis Z,_c.
Definition 2.10

A (U, uz) is said to be a Z,,_T,-space, if and only if for any two distinct points x,y € U, 3Z,_o sets G and H such that
X € G,y € H, and the intersection GNH = @ .

Examples 2.11

1-Let p={@, U,{1,2},{2,3}} on U={1,2,3};

Z,.0(U,W={0,U{1},{2},{3},{1,2},{1,3},{2,3}}. Then, U is Z,,_T,-space.

2- Let u={@, U,{1,2}} on U={1,2,3,4}, then Z, O(U, W={ @, U,{1},{2},{1,2}}, Then, Uis not Z,_T,-space
Remark 2.12

V Z,_T,-spaceis Z,_T,-space. On the contrary, it is not true, as the example
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(W, Bz(con) 1s Z,,_Tq-space. But (V, Uz(cop) is not Z,_T,-space [because ifx #y,3 G=N /{x} € pzcon, H =N/
{¥} € Wz(con , but G N H # @].

Proposition 2.13
Z,_T;-space is a hereditary property. Where i=0,1,2
Proof: prove the Z,_T;-space.

Let (U, pz) be Z,_T;-space and (V, p;') subspace of U, to prove (V, ') is Z,_T;-space, letx,y € V;x #y— x,y €U
(sinceV € U)

wUisZ, Ty-space>IGHE U ;(x EGAYEG)V(x € HA y € H)

— GNVAHNVEN, (bydef p,)

- XEGNVAYEGNV)A(x&HNVAy€HNV),; Then (V,py)isaZ, T;-space.
Theorem 2.14

Z,_T;-space is a Topological property. Where i=0,1,2

Proof: prove the Z,_T,-space

Since f: (U, uz) = (V, uz') is bijective Z,,_cont.

Letx;, X, € V;x; # X, — f1(x,),f71(x,) € V[f ' Z,_cont]

+ fonto Z,_function - f'(x,) # @,f '(y,) # @

v f1-1Z, function>3y, €V;f'(x) =y,and3y, €V;f'(x,) =y,andy, #y,andy,,y, €V.= Vis Z, T,-
space — I H, H, € uy; Hy NH, # @ (y; € Hy A y, & H,);

f is Z, continuous — f7'(H;) =Gy, f'(H) =G, €py ; G NG, =f"1(Hy) Nf1(H,) =f1(H, NH,) =
f71(@) = 0,x; € G; Ax, € G,.ThenUis Z,_T,-space. By similar we prove, if Vis Z|,_T,-space, then U is Z,_T,-space

3- On ideal supra Z_open set in ideal supra topological space

I generalized and studied the Z,_set on the (U,u, 1), with proving some theorems and providing examples
related. to it . We illustrate this with the following example, which will calculate the Z,_oset on
(U, u, Dby denoted Z,1_os.

Remarks 3.1
1.The complement of Z,I_os is ideal supra Z_closed set (Z,1_cs).
2.The collections of all (Z,1_os) (Z,]_cs) subset of (U, y, I) will be denoted by (ZO(U, p, 1)), (ZC(U, , 1)).

Example 3.2

Let 1={0,U,{a,b}, {a,d}, {a,b,d}} on U={a,b,c,d}; u*={0,U,{c,d}, {b,c},{c}}, with I=(0,(b}}. So , (U, 1) =
{8, U, {b},{a,b},{a,d}, {a,b,d}};
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P(U) Z,1-os

From def

Jopen set contains b and b € {a,b},5 @ # {a,b} # Uand Sn{a,b} >SN Yes
U+0

Jopen set contains d andd € {a,d},> @ # {a,d} # Uand Sn{a,d} - Sn Yes
U+0

{a,c} [ {Fopen set containsaanda € {a,b},> @ # {a,b} #U
andSNn{a,b}>SNU =0

| Aopen set containscandc € U,3 U =U
sinceceU=U

{b, c} If Jopen set containsb and b € {a,b},3 @ # {a,b} # U No
andSn{a,b}>SNU#0

| Aopen set containscandc €U,3 @ #U =U
sincece U =U

{c,d} If ZAopen set containscandce U,2 @ U =U No
4 {sincec e U = U}
| Jopen set containsdand d € {a,d},3> @ # {a,d} # U
andSn{a,d-SNU=0

{a,b,d} (Jopen set containsaand a € {a,b},3 @ # {a,b} # U
andSn{a,b}>SNU==0

) Jopen set contains band b € {a,b},2 @ # {a,b} # U
andSn{a,b}->SNU=0

Jopen set containsdand d € {a,d},2 @ # {a,d} # U
\ andSn{a,d-SNU=0
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{a,c,d} Jopen set contains aand a € {a,b},2 @ # {a,b} # U No
andSn{a,b}>SNU =0
Aopen set containscandc€e€ U,3 @ # U =U
{sincec € U = U}
Jopen set contains dand d € {a,d},2 @ # {a,d} # U
andSn{a,d->SNU=0
{b,c, d} Jopen set containsband b € {a,b},3 @ # {a,b} # U No
andSNn{a,b}>SNU =@
Aopen set containscandc€U,2 @ = U =U
{sincec € U = U}
Jopen set containsdandd € {a,d},3 @ # {a,d} # U
andSn{a,dj->SNU =@

- Z0(U,w 1) = {0,U,{a}, (b}, {d}, {a, b}, {a, d}, {b, d}, fa,b, d}},

Remarks 3.3

1.V p_os is pl_os, but the convers is not true as the example (3.2) ,where {b} € ul_os , but {b} & p_os.
2.V I_os is pl_os, but the convers is not true as the example (3.2) ,where {a,b} € pul_os , but{a,d} ¢ I_os.
Proposition 3.4

Every pl_o (ul_c) setsis Z,1_o (Z,1_c) sets

Proof: Let Z be pl_o sets. Since, V p_os is pl_os and by using def.(1.1) . Then Z is Z,1_os.

But ,the convers is not true as the example (3.2) ,where {b,d} € Z,1 but {b, d} ¢ pl_os.

Remark 3.5

A subset Z of space (U, y, 1) is ZHH_clopen if Z are both (Zu]I_os) and(Zu]I_cs),

from the example (3.2), note @,U are Zu]I_clopen sets

Propositions 3.6 :V Zu_os is ZHH_os.
Proof: LetZ € (U, ) is Z,_os, by using remarks( 3.3(1)) and proposition (3.4), then Z,,_os is Z,I_os.
Definitions 3.7

1. A subset A on (U, w, 1) is ideal supra interior, denoted by intzuﬂ(cfl), defined as the largest pll_os contained in A;

that is, the union of all ull_o sets included in A.

From the example 3.2 with A ={a,b}, then intzuﬂ(cﬂ)={a ,b}

2. A subset A on (U, 1) is ideal supra closure, denoted by clzuﬂ(c/l), defined as the smallest pll_cs containing A;

that is, the intersection of all pll_c sets that include A.

From the example 3.2 with A ={a,b}, then clzuﬂ(cﬂ)={a,b,c}
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Properties 3.8 : A subset A of (U, 1, I) ,then

L intz 3(A) €A

2. A €pl & inty 1 (A) = A

3.clg g(A) 2A

4. Aisplos = Z,I(A)=A

5.x€ Z,[(A) & V ul_os Sy containing x, SyN A* @
Proposition 3.9

A subset A of (U, y, I). Then intZuH(C/Z) = U—chuH(c/ZC).

Proof : Let x € intzun(c/l) .Then thereis S€ pl, 3 xeS cAand xgU —S

e, x &cly (U—S), since U—Sis an pl_os. So x € cly ; (A°), from definitions (3.7), clz 1(A°) € clg 1 (U - S)
and hence x € U — clzun(c/lc).

Conversely ; Suppose thatx € U — clz 1(A°). So X & clz ;(A°), then there is a

ul_o set S, containing x, such that S, N (A°) = @. So S < A. Therefore, x € intz ;(A). Hence the result.

Now, we generalized the separation axioms through Z,I_open sets in (U, y, I).

Definition 3.10

A space (U, , 1) is Z,1_T-space iff for all pair of distinct points x,y € U, 3 Z,1_os that contains one of the points but
not the other.
Examples 3.11

1- From the example (2.3), with 1 = {@,{2}}. So, (U, uz, I) = {@,U,{1},{2}} ,then ZO(U, u,0)= { @, U,{1},{2},{1,2}},
we get (U, 1) is Z,1_T,-space.

2- From the example (2.3), with I = {@, {2}}. So,(U, 1, 1) = {0, U,{2},{1,2}} ,then ZO(U,, 1)= {9, U,{1}{2},{1,2}}.
So, (U, w, Dis not Z,1_T;-space.

Theorem 3.12

Aspace (U, 1) is Z,1_T;-space iff for every pair of distinct points x,y of U , clg,, {x} # clzuﬂ{y}.
Proof : By using proposition (2.4) and remarks (3.3), ¥ p_os is pl_os, so the proof.

From the example (3.11), we getcly | {1h =+ clg, ({2}). Hence (U, ) is Z,I_T,-space.
Definitions 3.13 : A space (U, u, ) is said to be

1- Z,1_T;-space iff for any two distinct points x ,y€U,3 Z,[_osinU 3 one contains x but notyand Z,1_osinU
containing y but not x.
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2- Z,1_T,-space iff for any two distinct points x,y € U,32Z,1 os GandH,3 x € G,y € H, and the intersection
GNH=0.

Examples 3.14
1- From the example (2.6), with I = {@, {3}}. So, (U, 1, I) = {0, U, {2},{3},{2,3},{2,4}} ,then
Z0(U,w, D)={0,U{2},{3},{2,3},{2,4},{3,4}}; Then (U, , 1) is Z,I_T,-space.

2- From the example (2.11), with I={9,{3}}. So (U,w1)={U,®{3},{1,2},{2,3}} then Z, 0(U,p)= {0,
U{13{2},{3},{1,2},{1,3},{2,3}}. Then (U, n, 1) is Z,I_T,-space.

Theorem 3.15
Every Z I T,-space is Z,I_T,-space.

Proof : Let (U, I) be Z,1_T,-space, and x ,y € U,x# ythen,3twoZ, Il osGHCS U,3x€ G y€H GNH = Q.
Since GNH = @. Thatismeanx € Gandx € H,y ¢ G,y € H.

Hence (U, u, I) is Z,,1_T;-space.

Theorem 3.16

Every Z,1_T;-space is Z,I_T;_;-space. On the contrary, it is not true ,where i=0,1,2
Proof : proving Z,1_T,-space is Z,I_T; -space.

Let (U, 1) be Z,I_T,-space,andx,y € U, x # y then, 3twoZ,I_os

GHCU,3x€eGandx¢H,y¢G, yeH, GNH=@. That is mean, 3 Z,l os GE U, 3 x€EGandy ¢ G.
Hence (U, u, ) is Z,1_T; -space..

Example 3.17

From the remark( 2.7) with I = {@, {1}}, So (U, ,, )= {U, @, {1}, {3}, {1,3}};

ZOo(U,u D)= {V, ®,{1},{3}, {1,3}} . Then, (U, w, 1) is Z,I_Ty-space but not Z,I_T; -space.

Proposition 3.18

Let (U, 1) be Z,I_T;-space iff for each x € U, { x} is pll_cs.

Proof : Let (U, u, I) be pl_topological space, we prove that { x}¢ is pl_os in U. Let a € { x}°, a # x then by (def. (3.13)),
3 G, is pl_os in U where G,does not contain x. Hence; a € G, € {x}€ and { x} = {G,:a € {x}¢}. This means { x}° is
a union of each pl_o sets thus { x}¢ is pl_os. Then { x} is pl_cs.

Conversely; Let { x} is pl_csin U and let { a, b}€ U where a # b then a € { b}¢,b € { a}° and { b}, { a}‘are pl_o sets
in U. Hence (U, 1) is Z,I_T,-space.

Theorems 3.19
A space (U, y,I) be any Zu]I_Ti-space ,then each (A, 4" 1) is Zu]I_Tl--space, where i= 0,1,2.
Proof; 1- To prove (A, " 1) is Z,1_T; -space

Let ACSUanda,,a;, EASa; #a,ItwoZ,l_osG ,H" SU3a €G anda; €A, thena; EANG" = G** and
a, € H* then a, € A N H* = H*". Therefore (A, p 4", 1) is Z,1_T,-space
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2- To prove (A, w4" 1) is Z,1_T,-space

Let a;,a, €A, 3 ay #a, , since A€U, so a,a, €U, then Itwoul_os G, H* S U,3 a, € G*,a, € H" and
G'NH*=0@. then a; EANG" € (uyg*0), a,€ ANH" € (ug51), and (ANG)N(ANH)=0@. Therefore
(A, 14", Dis Z,1_T,-space.

Remark 3.20

The figure represents the logical relationships some the separation axioms in (U, u, I) .

WI_T,- space —>  Z,I_T,- space
uI_T;-space ——> Z;J(_Tl-space

ul_T,- space ———> 2,1 T,- space

Figure (3-1): The relationships some the separation axioms in (U, y, I)
The converse of the above remark is need not be true in general, is shown in the
Example 3.21
From the example (2.11,(2)), with I = {@,{2}}. So, (U, 1, 1) = {@, U, {2}, {1,2}} ,then
Z0(U,u, 1)={ 0, U{1}{2},{1,2}};
Then (U, w, I) is not Z,1_T; -space.
Remarks 3.22
1-From the example (3.11,(2)), we get (U, w, ) is pl_T,-space but not pl_T; -space.
And also, we get (U, i, I) is ull_Ty-space but not Z,I_T,-space.
2-From the example (3.11,(1)), we get (U, u, ) is Z,I_T,-space but not Z,I_T;-space.
3- From the remark (2.12), with I we get is Z,I_T; (uI_T3)-space but not Z 1T, (Z,1_T,)-space.
4-From the example (3.21), we get (U, u, 1) is pl_T; (ul_T,)-space but not Z,,I_T; (Z,1_T)-space.

5- The figure represents the relationships between some the separation axioms in (U, y, ) But we note that the
converse is not necessarily true.

Z,I_T,-space « Z, T,-space< p_T,-space
l l l
Z,I_T,-space « Z, I _T;-space « p_T;-space
l l l
2,1 Ty-space « Z,_Ty-space < p_T,-space

Figure (3-2): The relationships some the separation axioms in (U, y, I)
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Conclusion: In our work we have provided new concepts supra Z on the ideal supra topological space and to
prove some of its properties, as well as to generalize the separation axioms on the space under consideration.
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