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1. Introduction

The investigation of meromorphic univalent functions plays a main role in complex analysis, especially in the study
of geometric function classes. The family of meromorphic starlike functions was first introduced and developed by
Pommerenke [1], with further substantial contributions later provided by Mogra et al. [2] and Abdelrahman M.
Yehia [3] . This area of research relies heavily on the concept of differential subordination, originally formulated by
Miller and Mocanu [4], providing researchers an effective means to use concepts to study analytic and meromorphic
functions.

Let the function of the form

Flw)= o 1+ X2, cao™?] ,Cm € ¢ (1.1)
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is analytic in the open unit disc without center point Q@ ={ w: w € ¢,0 < ||w|]| < 1} and belong to the class M . let
M (p) be a subclass of meromorphic convex and M (p) be a subclass of meromorphic starlike respectively of order
p (see also the recent works [5], [6][7] )- we can say that the function F of the form (1.1) in a subclass My (p) if it
holding

F(w)
Re(—(1+ mF(—m))>>p, pef0,1) ,weQ.

And F € M/ (p) if it holding

F(w)
Re(—wm>>p, pe[0,1) ,weQ.

There are a many perversely studies on a class meromorphic functions specifically the subclass M*(p) ,p € [0,1)
by [8], [9], [10], [11], [12].

let T(w) and F(w) are two analytic functions in Q, the function F(w) is said to be subordinate to T(w) written by
F(w) < T(w) if there exist a schwars function M(w) € Qs.tF(w) = T(M(w)) when M(0) =0 M(w)| <1,w € Q.
Our operator is called bernardi operator [13], [14], [15], [16] which is Dp : M - M define as

Do(F()) = ' B2 F@ dz | B=123,.. (1.2)
And

Dp(F(@)) = o7 [1+ 25 (77) emo™*] (13)
If B=1andY =1 for F(w)
We get

Dp(F(@) = o7 |1+ it (o) cmo™] (14)

The operator in (1.4) is called libera integral operator, it's worth noting this operator was studied [17], in this paper
we’ll using the operator in (1.3) when f = 1 as

1+Y

Dp(F(w)) = w™ [1 +¥e (—) mem+ﬁ] (1.5)

m+Y

The form in (1.5) is called bernardi integral operator, we say that F € M belong to M[c,d,Y,R,p,e] N M =
My[c,0,Y,R,p,e].

I'(m)

Definition (1.1): in the case of —-1<0<R <1 , Y>1 ,LRe(p)>0,0= Y

class M [c,d,Y,R,p o]if:

the function f € M in the

_ l(w[Dp(g,Y,w )]\) 1< 1+Rw
p\ Dp(eY.w) 1+00

In the other word equivalently



Omar j. mohammed , Abdul Rahman S. juma, Journal of Al-Qadisiyah for Computer Science and Mathematics Vol.18.(1) 2026,pp.Math1-9 3

®[Dp(eY,0)]
Dp(@Y,w)
L <1 (1.6)
For each F in the subclass M [c,d,Y, R, p, e ] be of the form
Fw) = o 1+ X35 lcmlw™ ] (1.7)

Notation and background (1.1) (Hilpert spaces of meromorphic functions)

The rady space H?is the space of meromorphic function[18], [19] F; Q@ — ¢ s.t

1 2T
IFllE, = Sup0<r<12—f [F(rw)|*dw < oo
TJo

If F of the form (1.1) have simple pole we have

(o)
IFlife =) leml?
m=1

2. Main Result

At the began we supplies the enough conditions to show the formula (1.7) which is the form of meromorphic
function in the class ]\/[p* [c,0,Y,R,p,0]. and we study the closure, distortion and growth with it's bounds, linear
combinations at last the extremal points.

Theorem 2.1) the coefficient estimate
let F(w) of the formula (1.7) class then F € M;[c,d,Y, R, p, e ] iff;

1+Y

S5l + 1) = 8) - IpI®R - )] (25) e | < IPIR - ) (21)

m+Y.

Proof: letf € M;[c,0,Y,R,p,e]s.tF(w) of the formula (1.7) then from (1.6) we have

” o [Dp(eY.w) F(w)] + Dp(e.Y,0) F(w) ”
dw[Dp(e,Y,w) F(w)] +p(R-8)[Dp(e,Y,w) F(w)]

1+Y\@
2R=1m+1)(y) llemllom*?

1+Y

Q
=0) lemllom+t

P(R—0)+%55-; O(m+1)(

But we have that ||Re(w)]|| < || w || consequently

o 1 1+Y@ mllom+1
Re( 2R=1(m+1)(527) lemllo )< 1 22)

Y\@
P(R-0)+E55=1 0m+1)(2ey) llcmllwm+?

Regard Re(w) = v € [0.1) the devisor is greater than 0. take w —» 1~ Eq (2.2) we get:
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[S-alm + 1)@ = 8) = IpI® - )] (22| < Ipl® - 0)

The first hand said is complete, conversely, we noting that:

Dp(o,Y,w) P(‘w)
@ [Dp(@Y.0) F(w)] -
DpeYe) Fw) TOtP(R=9)

+1

1+Y)g

m+Y. <1

Im= 1(m+1)(
1+Y

P(R=0)+ T2, [0(m+1)+pR-2)) (20

By using Eq (2.1) if Regard ||w|| = 1 we getF € M [c,d,Y,R,p,e] the convers hand said is hold

Corollary (1.2) if the function of the formal (1.7) belong to the class M;[c,d,Y,R,p,e ] then:

IplI(R-2)
[(m+1)(1-9)-lIpll(R-)](

llemll < s Vm=>1

1+Y)
m+Y.

the result is sharp for

Flw)= ~+ lpll(R=-0) o™ vm>1

© " [(m+D)1-0)-IpllR-2))(E0)*

Theorem 2.2) growth and distortion
Let the function F of the form (1.7) belong to M;;[c,d,Y,R,p,e] thenfor [lo|| = A < 1

we receive:

lIpll(R-9)
[2(1-0)-lIpll(R-0)] (2o

[p|(R-0)

i) t—
[2(1-0)—Ip|(R-D)] (%

A < IF()ll <27t +

2+Y)Q

2+Y)
m+Y

m+Y,

Y - lIpli(R-2) | - IpI(R-0)
ii)) A7 — £ —A< F) < A2+ P
[2(1-0)-lIpll(R-0)) (2L (2(1-9)-Ipl(R-D)I (2

m+Y.

2+\r)g
m+Y

There exist (3 —29) — |[p|(R—03) >1

Proof: let F(w) € My [c,0,Y,R,p, 0] then from th.2 we get

[2(1 - 0) = IpI(R — )] ()] Scs 2l < [+ 1)(1 =) — R — )] (2)° < Ipl(®R - )
Vm=>1

Implies
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o Ipl(R-0)
Ym=1ltml < . 2170
[2(1-0)~Ip|R-D)] (o)
therefore
- © - [pl(R-8)
IF)Il < o™ + llwll Ef=ileml < o™l + . srellwll and
[2(1-9)-Ip|(R-D)] (o)
_ o - Ipl(R-8)
IF@)I = lo ™l = llwll Zx=ileml = o™l - 2 e llwll
[2(1-9)-Ip| (R-D)] ()
Differentiate with respect w each side of Eq (1.7) to get
; - o - Ipl(R-9)
IF@)Il < llo™?ll + lloll Zx=ilenl < llo™2] + . e lloll
[2(1-0)~Ip|(R-D)] (o)
and
; - ) - IpI(R-0)
IF@)| = lw™2ll = lloll Zh=ileml = o™ - 2 yelloll vm=>1
2(1-9)-|pI(R-0)] (o)
complete

Theorem 2.3) the radii of starlike-ness and convexity

let Fin (1.7) in the class M [c,d,Y, R, p, @ | therefore we have:

i) a function F is meromorphically starelike of order p in the unit disk ||w|| < A; in other word

F
Re(-512) >p, (loll < A,p€[0.1)

where

. (1-p)[(m+1)(1-9)—|p|(R-3)]
Ay = infyy, { }

(m+p) |pl(R-8)

ii) a function F is meromorphically convex of order p in the disk |w| < A, in other word

wF ()
Re<—<1+ Fw) )) >p,(llwll <2;,p€[0,1))

where

1
(1—P)[(m+1)(1—0)—IPI(R—0)]}ﬁ

Az = Infinz; { (m+p)IpIm(R-0)

Proof: i) by (1.7) we obtain

0 (®)
T 21 (m+1) el o™+
2p—1+2E@| T (2-2p)-ER =1 (2p-1+m)[em| o™+
F(w)

Hence

(2.3)

(2.4)

(2.5)
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©F (@)
F@ || <
2p—1+“$(“) =1, peloD)
F(w)
If
m+p
Z?S:l(—l_p)lcml lol™** <1

its satisfies by th.1 Eq (2.6) satisfy if

m+p m+1 [(m+1)(1—a)_|p|(R_a)](%g{)g
(242) oo+ < (
P Ipl(R-0)

Hence

1-P(m+1)(1-0)-|p| (R‘a)](%f

Ip|(R-8)(m+p)

1
Jm+1

loll < {
By (2.4) we have ||o|| < A,
ii) by (1.7) we get

2+w'ﬁ(w) 0 m+1
F(w) 2=y (m+ Dlem| llol
LoF@ = L2-2p)-3%_; (2p-1+m)lem| lofM+1]
F(w)

Hence we get

wF(@)

F(w)
|| <1 el
F(w)

Now If

m+p
Tn=imES) el o™ <1

its satisfies by th.1 if

4
m+p by _ [m+)a-0)-IplR-2))(257)
(F0) ol ™+ < o
1-p IpI(R—0)

Then

o]l < {(1—p>[(m+1>(1—a>—||p||(se—a)](,%)g}%
= IpIm(R—3)(m+P)

Thus

By (2.4) we have |w| < 2,

Theorem 2.4) (convex linear combination)

the closed of the class MP* [c,d,Y,R,p, 0] under convex linear combinations is hold.

(2.6)

(2.7)



Omar j. mohammed , Abdul Rahman S. juma, Journal of Al-Qadisiyah for Computer Science and Mathematics Vol.18.(1) 2026,pp.Math 1-9

7

Proof: let the functions of the form

F(w) = =+ Zileml 0™ (m=1,2)

Are belong to M [c, 9 ] it is sufficient to explain that the function T which defined by

T(w) = (1= 8)F1(w) + 8F,(w) V8 €[0,1]

is belong to M;[c,d,Y,R,p, e ] since

T(@) = =+ Ziaes[(1 = 8) [cm ] + 8lcmzlo™ & € [0,1]

Given in th.(2.1)

[(n + (1 =9) — Ipl®R = )] (Z2)°[(A = 8)|emal + Blema ]
=[(m + 1)1 - 3) — pIR - )] (22)" (1 - &)|cma]

2+7Y\°
Hm+ (1 =) ~ IpIR = )] (=) 8leaa|

S@A-=98)plR-09)+ 8|plR—-9) = llpll(R—-9)
Thus

T(w) € My[c,0,Y,R,p,e]

Theorem 2.5) [Extreme points of the class]

suppose Fo(w) = % &

1 Ipl(R-0)
Fm(w) ==+ - e m

@ [21-0)-Ipl(R-0))(Z%

m=>1

ThenF € M [c,0,Y,R,p, 0] Iff it can be written by the form

F(w) = = + iy T Fn (@)

strp, =0 , Yoorm=1

proof: suppose that the function F(w) as the form (2.9) then

Fw) =2+ Ty 1y ——2ED o ym
w (2(1-9)-Ip| (R-D)](2r%)
Implies
2472 Ipl(R-2)
2(1-9) — |pl(R - )] (=) xr
[2(1-9) = IPI®R — )] (2) x T o)

= Xm+1Tm [PI(R = 0) = (1 = rp)|p|(R = 9) < [pl(R—-9)

(2.8)

(2.9)



8 Omarj. mohammed, Abdul Rahman S. juma, Journal of Al-Qadisiyah for Computer Science and Mathematics Vol.18.(1) 2026,pp.Math 1-9

The constraint of eq.(2.1) is true thus F € M;[c,d,Y,R,p,e ] and

Ip|(R-2)

™7 -0 -ple-0)(ZX)"
We place
Q
[2(1-0)~Ipl(R-D)]) (22X
Iy = 4 (m+Y) |Cm| m=1
Ipl(R—0)
But

rp=1-Y0-1Tm

Consequently
F@) =) tFn@
m=1
The prove is complete

3. Conclusion

In present paper we insert a generalization subclass of meromorphic which is related to bernardi
operator in Hardy space, and studied some geometric properties as growth and distortion and others
were looked.
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