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Abstract

In this paper | introduce and study relationships between spectral
sequences and the new exact sequences . | will show that the new exact
sequence is the second derived exact couple .
Let
E

3:/1'\(1‘(3

—

be an exact couple , we derive 3 to get the second exact couple 3! = NES
which is the new exact sequence . the process of derivation can
be iterated indefinitely, yielding an infinite sequence of exact couples .

| establish some results ,for examples ;

The class of all exact couples and morphisms between these couples formed
a category T =(3,F). There is a functor from the category of
cw — complexesinto T .

If K=L (arecw— complexes), then
FK)=3F(L) Yrr=012,-.

If K beany (n—1) — connected complex , then
E,q=0 Vr&vpp=12-n—-1 ,and &, =C;, Vr.
Introduction

In this work | introduce and study relationships between spectral
sequences and the new exact sequences (in short NES) introduced in [D] . |
mean by the term ““ complex ” in the sequel a “ connected cw-complex , see [
HJ.

This work contains two sections ; in first section , | construct a spectral
sequence from exact couples and | construct a categories whose objects are
exact couples and morphisms between these couples .
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In second section ,I establish some results about our work , some of these
results are purely algebraic and others depend on the topology of space , for
examples ;

If K beany (n—1) — connected complex , then
Epq=0 Vr&vpp=12--n-1 , and Eng =Chg VT,
Section 1_(Construction)

Let K be a cw-complex . For each integer p and q , let
E,q be m, (K?, KP~1) if q = —p and zero otherwise , and
C,q, be m,. (K?) if q = —p and zero otherwise .

Consider the following sequence which is known to be exact ,
see [D],

i i a

o (KT P (KPP, (KPKPT) (KDY

p+q p+q

which forms a first exact couple ,
E
] d
3 - V \
where

0 whose degree (—1,0)

I whosedegree (1,—1)

j whosedegree (0,0)
and

/;‘anﬂ _vpra Fpal

From this exact couple, we construct a second exact couple,
which is itself the new exact sequence (NES), (see [D]), by taking

ker.d
1 _ .
E*p.q — P tT/

im.d (=Hpq)

p-Llg

c
1 _ “p e
Coq = g q/im. Opi1q (=Rpq)

1 _ - _
Cpoq=ker.j,, (=4L,,)
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where  dy, . =J,_14°0p4-

and
. Pog  Upg
RN PN AN
/\:H‘I s N/\:FE‘ s N/\LH: “
p+lgq {Jrl/,q, p.q pq \py p—1q p-1gq
Op.q

It is easy to see that the NES is an exact sequence, (for details see [D])

Hence we have a second exact couple ;

81
.1 1
31 ) V {
61 il 61
where
£l £l £l
’,y'p'l' L“\\ - 3 E_qu\
1 -7 21 1 -" 21
p.q ».q Ewﬂ—Lq p—1lg

Now, we will construct a third exact couple .

1 S | 1.¢c1 1
Let  dp, =jled:E,—& 1,

Itis clear that d!od! =0 | impliesthat ! isa chain complex .

Denote

2 _ ker.d!

&% = [im.d

C* = ker.j! = im.i!
2 _ ¢!

¢ = ’Xker. il

Define
iZ: €2 —C* by i*(x) =[x], Vx € C* |

jf: € —&* by FyD=0U'G], Yy ec?,
and 8*: 2 —€* by 9*([z])=0'(2), V[z]e &* .
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Remark 1.1
The homomorphisms i*, j* and @* are well defined .

To prove j* is well defined ;
Let lee=C/ . 6 yec = jlpee

= d(j'») = jtea'(j'm) =0
= jl(y) € ker.d? = [j'Oleé?
Now , suppose  [¥1] = [¥-]
=  y,—Yy, Eker.i' =im.a!
— 3Jx€ &' suchthat ' (x)=y, —y»
= jly—y) = jlorteimal = [l =[Gl

To prove @* is well defined ;

1
Let [z] € &2 = ker.d /im.dl , z € ker.d!

= 0=dY z)=jt°8%(z) = 0%z € ker.j'= im.i' =C*
Now , suppose  [z;] = [23]
= z,—2, €im.d', = 3yec &' suchthat d'(y)=2z; —z,
= 9l(z,—2;) =8 (a*(y)) =9 (o0 (») =0
= d'(zy) = 0'(z2) .

And it is clear that i* is well defined m

Theorem 1.2
EE
jE 2
The diagram / \i
CE 1-2 [32
Is an exact couple .
proof
First, to prove;  im.j* = ker.d*.

let a £C*, a=[x] , where x € ¢!

0*(j(@) = ([ 0D = 0* (10 ) =0 ,= im.j € ker.d?.
let b € &% , b=][z], where z € ker.d"

assumethat 3*(b) =0 = 8%(z)=0 = zc ker.d' =im.j!
= z=jY(y) forsome yec €' = [y]€EC*
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sowelet j*([yD=[')]=[zl=b = ker.0*C<im.j*.

Second , to prove; im.i* = ker.j*.
let a€C*, a=[x], where x € ¢!

1
assume jf(a)=0 = [Yx)]=0 in &= ker.d /im 41

= jl(x) eim.d' sothat d'(y)=j'(x) for some yc &'
thus 29l = () = (x-0'())¢€ker.j* =im.it = ¢?

sowe let  i? (x — 61(}*)) = [x]=a =  ker.j* € im.i*.

Let x € €* =im.i' = ker.j!
= jF(F0)=FOD=['@I=0 = im.i’<Skerj*.

Final , to prove ; im.8% = ker.i*
let bEE&%, b=[z] , where z € ker.d!
— 2 (62(11)) _ 2 (62([2])) — 2 (al(z)) — 0 = im.d? < ker.i%.
Let x € C* = im.i' = ker.j!
2N Tl - 2 _ Cl
assume () =[x]=0 in =%/ .

— x€ker.i'=im.d' = 98 (y)=x, forsome ye&!

so dl(y)=j9'(y)=j'(x)=0 = yecker.dl

Let [y]€&* = d*(yD=90'(y)=x = x€im.o*

— ker.i* € im.d* ]
Remark 1.3

The exact couple 3 is called the derived couple of the original
exact couple 3 . the process of derivation can be iterated indefinitely, yielding
an infinite sequence of exact couples ;

) = 61"
3 7 \ r=0,1,2,-

. it €T

suchthat 3° =3, 3' = NES and 3 *!is the derived couple of 3".
The endomorphism d&” = j" o @" has the property that €" «d”™ =0,
so that £ is a chain complex under &", whose homology group is £7*1.
In this way we obtain a spectral sequence .
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Definition 1.4
Define a morphism between two exact couple 3", 3"
F,: 3" — 37, we mean a family of homomorphisms (f,.g,) showing in
the following diagram

E’ +- > 7
A \\6,, A ﬂ‘
J T 7 _
CroTTTTT Yor T > C
it /
5 —
cn glr > cn
such that
a'r | f‘l" = Hor ° 61
TTF “Gor = J1r ® i:T
F g1y = f:r':'f

So that F, is a chain morphism and induces a morphism
Fl=F..1,and fl,gl defined a maps between the derived couples , such
that ;

fro i €L E1 definedby f,.4([2]) = [f,(2)] V[z] € €.
Gors1:C™1 = C*1  defined by goy.1(x) = go,(x) Y€€,
G1r-1: €1 = C*L defined by gy,.,([x]) = [g1,(x)] Yx €€,

Now, let F,: 3" — 3" and F.: 3" — 3 are two morphisms ,
we define the composition of morphisms as following ;

FreF,=(frofr.9r°9,)0:3 — 3
it is easy to show that F;. o« F,. is a homomorphism .

Remark 1.5
The homomorphisms  f,.1,90r.1 and gq,.., are well defined .

To prove f,.q iswell defined ;

Let [Z] - ET+1 = ker' diflm:‘ii . E E ker. ﬂir = ET+1 .

& (f(2)=J 0" (f.(2) =T (go, ° ") (2)
=7 (90:(07(2)) =T (g1, (7 (D))

= 2 g1,)(07@)) = (f, =T (2))
= .fr(jr o 61(2)) = f?(w(z)) =0
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= f,.(z)€Eker.d” = [f.(2)] €& x
Assume [z,] = [z,]
= 2z, —Z, €Eim.d" thatis d"(y)=2z,—2z, forsome yecE”

= fzy—z)=f (&) =f.(j=0" () =(f,=i)0" ()
=J ogy )0 (y) =7 (511-(67'(3’))) =F(Qur(arij’)))

=7 (37 £, ) =2 (F, )
but £, EE = f.(z—z) Eim.d”
and Ertl = ker. -ff‘"/im_a,‘,, . thatis [f,(z)] =[f,(25)] .

To prove gg,.1 iswell defined ;
Let x € C*l =ker.j- =im.i""tcer
7(90r(0) =7 (g1,(0) = fr 0 j7(x) = £,.(0) = 0
= go(X)Eker.] = go.(x)€C!
Assume x; = X3 = o, (X1) = gor(x2) = Fore1(x1) = G1re1(x2).

To prove gq,.1 1S well defined ;
Let [x] € €1 = @fker. ir o, XECT = gy, (X)ECT

=  [gD]EC™! = @r/ker_?r

Assume [x;]=[x;] = x;—x,Eker.i" C€C"
?'(9’17-@1 - 1’2)) = ?'(Qur{ﬁ - -1’2)) =guoil(x;—x2)=0
= gn(x1—x)€ker.?” = [g.(x)] =[g1,.(x7)] N

We shall describe F,: 3" — 37 isan isomorphism , if and only if ,
fr Gor & g1, are an isomorphisms . We shall describe 3" as isomorphic to
3" and write 3" = 3", ifand only if , there is an isomorphism F,: 3" — 3" .

Remark 1.6
The relation , =, is an equivalence relation .

Section 2 (Results and Conclusion)
From remark 1.3 , definition 1.4 and ( theorem 3 in [D] ), we have the
following theorem

Theorem 2.1

The class of all exact couples and the homomorphisms between these
couples forms a category T = (3", F,.) .
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From remark 1.3 , definition 1.4 , ( theorem6 in [D] ) and ( see [S] ) we
have the following theorem

Theorem 2.2
There is a functor from the category of cw — complexesinto I .
Denote itby & ,where §(K) =3 (K) and §(f)=7F

Theorem 2.3
In the second exact couple 3'(= NES) .
If K is (n—1) — connected complex . Then X, ., (K) isan extension

£7:+1. (Kj
Of Hﬂ+1q(K:I by ! /ﬁ1!+2q{‘?—fﬂ+2q{K:‘j .

Proof
From our property of NES [D], we have
Npg(K) =3, (K) and p,.,, is onto, we extract from NES(= 31 the

subsequence

1'!+i|'.]‘ ':'!+1|'.]‘ F:lz+1q-

o ﬂ+2q(K) 1:+1q(K)4’\‘ﬂ+1q(K) T!+1.Q(K)_}O

from exactness we have  ker. pt,, 14 = 0,.1,4(£yi1,4(K))
but 8'.ra+1.q' maps £1a+1.q(K) onto 811+1.q(£ﬂ+1.q(f(j)

with ker. I9*.*:+1.q' = 1911+1.q I'(“}‘-'{':b!+2.r:‘- {ij
then from fundamental homomorphism theorem , we have

- £1:+1.q (K)
8:-:+1.q (£1:+1.q (K:I) - /REJ". 81:+1.q

n+Ll.g (K)/
ﬂﬂ +2.q (H‘H+2.q (K))
but #‘n+1q ( n+1, q(K)) 1-:+1.q(K:I

Then

~ Hﬂ_,_«]_.q(K)/ . HT!+1.Q‘(K)
*?{:-Hl.q (K) - ker. Hut1q - /8;-:+1.q(£1:+1.q (K:I)

Therefore
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N‘H +1.q (K)

Hﬂ+1.q(K) = u
£1:+1.q (K:I/lg:-HZ.q (‘?{THZ.q(K:')
Corollary 2.4
1K)
=0 Hyl(K) = R

" 1 7 then ﬂ+l( ) Lﬂ—l::-K:'-":ﬁﬂ—Z L:?{T!—Z::-K:IJ
Proof

From NES(=3'), we have N,o = m,(K) , and from above theorem (
Th. 2.3) the corollary is hold |

From remark 1.3 , definition 1.4 and ( theorem 7 in [D] ), we have the
following lemma

Lemma 2.5

Let f,.f": K — L behomotopic (f ~ f7), then
g =80"): J(K)— F) (ie. F.=F.).
Theorem 2.6

If K=L, then 3(K)=3(L) VvYr,r=0,12,--.

proof
From [D], we have 3'(K) = 3'(L),but 3" derivative from
3, vr,r=0,1,2---  Therefore 3" (K)= 3"(L) Vr,r=0,1,2,--- =

Theorem 2.7
.\_F - '1 o _.]..- _
If ¢1,=Ch, .Vp,q in 3' .Then 3" =3 Vror=12--.
Proof

From five lemma theorem

(In a commutatlve dlagram of abelian groups ,

k
f—l%B—>L"—> D—>E

N O AT

AL ol ps E

if the two rows are exactand «,f ,6 and £ are isomorphisms,
then ¥ is an isomorphism also ) see [H] . |

Theorem 2.8
If K is a cw—complex such that K™ ! consists of a single
0 —cell € . Then
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1) ¢

=0 ,Yrr=012-- Vpp=n-1,

2 c.=&.,%vrr=0,12--
g g

Proof

Consider the second exact couple (NES) of K ;
T il";'.-:+1.q' — Ilpilg L - j{ﬂ g ’En—l.q - i"“"'J-:—’l..:]' -
We have , (see [D])

L,,=R,,=0 if p=n-—1,

:-:q- *.-: q

and L,,=0 , Ny =EH,, -
Then we have the following exact sequence ;
ai Ii _J'i ai ii
" £ﬂ+1.q = \ﬂ+1.q - n+Ll.g —-0- \‘H q %“?{.‘H q -0

return to second exact couple , we have
Chy=£L,,=0 ifp=n,

Cl = *N 0 ifp=sn—-1,
and C’,_.'-Eq = Npg ZHpg =g
In third exact couple , we have
£z ker.d;./ where dl_ =jl oal
— , = a
p.q im. d'p+1q p.q pq - U pg

r I |
Coq=ker.j,,=im.i,,

¥ 1
2 — hp-q/_ _Cogq )
p.q im. ﬂp+1.q ker. i

Now
Ci,=kerj, . =0 ifpsn-—1,

C’,ﬁq = ker.jr, =0,

2 61
— bq — 1 1y —
Cog = kerr,;q_ﬂ ifp=n—1,

1 _ 1 _ 1 _ —_ 1
d;ﬁq J'n 1q ° a;ﬁq =0 = ker. 'ﬁfnq Hﬂ.q E‘Hq )
Id'.-:+1q' _Jﬂ q 61:+1q 0 — im. If’i'.-:+1.:]' 0.

Then
ker.dl
2 _ n.g ‘J'ir.]' e ol
E'H q Am.d;];-l_llq jﬂ Eﬂ g — C:r! q
But
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¢l cL

2 Mn.q _ —ng _ 1
C'ﬂ.q _ ker. l:.r]iq — 0~ Cﬂ.q
Then
2 e el
Eﬂ.q = Cﬂ.q :

Therefore the third exact couple is

2 2 2 2 2 2
T ﬁﬂ+1.q - Gﬂ+1.q - E:T!+1.q' -0 eﬂ.q - gﬂ.q - 0.

Continue in this way , we have foreachr =0,1,2, -+

- (?:;+1.q - G;;+1.q - E:;+1.q -0~ G'::q - E:zq -0,
That is
Chq=0 vVr,r=0112,--- Vp,p=n—-1,
and Chq = Eng Vr,r=0,12,-- u

From above theorems ( Th. 2.6 & Th. 2.8 ), and two lemmas in [D] ( Le.
2.14 & Le.2.15 ), we have the following theorem

Theorem 2.9
If K beany (n— 1) — connected complex . Then
1 ¢,,=0 ,¥vr,r=012- ,Ypp=n-1,

p.gq
(2) ChLq= Ehgq » Vrir=0,12,-.
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