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Introduction

Many researchers in functional analysis concentrate on operator theory, with particular interest in fuzzy operator
theory. In 1965, Zadeh [1] introduced the foundational concept of fuzzy sets, along with their properties and
operations, marking a significant development in mathematics. Subsequently, in 1991, Biswas proposed several key
definitions in fuzzy mathematics, including the fuzzy inner product and fuzzy norm mappings, accompanied by
several theorems [2]. Building on this, in 1993, Keohil and Kumar introduced additional properties of the fuzzy
inner product and proposed a concept called the fuzzy co-inner product space [5].

Kohil and Kumar 1995 further developed the theory, by defining fuzzy linear operators on fuzzy inner product
spaces and exploring their fundamental properties [4]. Later, in 2009, Goudearzi and Viaezpour examined the
concept of fuzzy Hilbert spaces (FH-spaces), presenting several important results related to this structure [5].

In 2018, Radharamani et al. introduced a new class of fuzzy operators known as fuzzy normal operators, defined on
fuzzy Hilbert spaces. They provided various characterizations and essential properties of these operators [6]. In
2022 proposed generalizations for the fuzzy ((,u—n))* -quasi-normal operators on fuzzy Hilbert spaces and
explored their key properties and operations [10].

In the present work, we propose new generalizations of fuzzy operators, specifically the fuzzy(jt — n)*-quasi-normal
operators defined on FH-spaces. The primary motivation behind this research is to extend the existing results and
investigate new operational behaviors of such operators [7,8]. More specifically, we aim to establish and prove
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several characterizations associated with these concepts in fuzzy operator theory. The main findings are detailed in
the following sections of this paper.

2- Preliminaries

Definition 2.1 [1]: The order pair of the sets A = {(x, u 7(x))|x € X Auz(x) € I}, is namely fuzzy set A over X
where p4: X — I is a mapping said to be set characterized of a membership mapping where I = [0,1] and also,
Uz(x) is said to be degree of membership of x in A.

Definition 2.2 [9]: The fuzzy vector space (F-space) V(X) is fuzzy set with a couple of operations defined for every
fuzzy points  £,(), Ju() in the fuzzy set € V(X) , satisfy

D+ Muwrtue) = Futo + Yu

i) . 2,00 = (%) 4, T € RA).
Now, another essential concept of this work gives by the following definition.
Definitions 2.3 [4]: A F-operator T:H —» Hisa
1) fuzzy linear operator (F‘ L— operator) if it satisfies the condition
7~1(&74(%) + Byﬂ(y)) = (57(%) + ET(%)) ’
forall X, and J,.,, € H and @, b any fuzzy scalars.
2) fuzzy bounded operator (F‘B - operator) if it satisfies the condition
17Gaeo)ll < @ 7|
V%, € Hand 3 € R*(A).

Definitions 2.4 [3]: Let T:H — H be FBL— operator , the fuzzy adjoint of operator T*is such that
Fueoy T Tuey) = Ty Tu) vV uey Fury € H

Definitions 2.5 [1]: An fuzzy operator T:H — His Fuzzy self adjoint operator (F — self adjoint operator) if
T=T"

Definitions 2.6 [1]: An fuzzy operator T:H — His Fuzzy normal operator  if 7T* = T*T with shortly by
(FN - operator).

Definitions 2.7 [3]: An fuzzy operator T:H - H, where H is fuzzy Hilbert space, is Fuzzy Quasi-normal operator
on the if satisfy T(7*T) = (T*T)T and shortly by (FQN — operator).

3. On fuzzy N-— n-quasi-normal operators:

Here, we propose a generalization of the quasi-normal operator, referred to as the fuzzy (W — n)*--quasi-normal
operator. We also present several properties associated with this operator. We begin with the main definition.

Definition 3.1: LetT: H — H be fuzzy bounded linear operator defined on fuzzy Hilbert space H,then one can say
T is fuzzy N — n-quasi-normal operator if 7*(T7*") = N (TT*")T*, where N:H - H,n€ N.

Remark: 3.2:

When n =1, N =1, then T: H - H is fuzzy quasi-normal operator.
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Proposition 3.3: Let 7:";11-7 - Hbe fuzzy N —n-quasi-normal operator defined on fuzzy Hilbert space H, then,
[7-(T7") | ™ = [V (TT)T"]

Proof :
By using mathematical induction

ifm=1,

ifitis truewhenm =k
(7 (17" * = [ (777"
To proveitwhenm = k + 1
[P = [T [ ()]
So that
[T T (AT] = W) ()T

= [V (TT")T e+,

Theorem 3.4: Let T,,T;: H - H be fuzzy N' — n quasi-normal operator which satisfy the conditions
T, =T, T, =TT, =T,T, =0,thenT, + T, isa fuzzy N — n-quasi-normal operator.
Proof:
P Nk P ~ —_— ~ *TL
(To +T1)" (To+Ty) (To+Th)
~ ~\* ~ ~ ~ % ~ k\ 1
= (TO + Tl) ((TO + Tl)(TO + Tl ) )
~ ~\* o~ ~ ~ xN ~ xn—0 ~ % ~ %N
=M+ T) T+ T)@ +n(f" )T+ + 1)
~ % ~ % ~ ~ ~ xN ~ %N
=T +T)(TH+T)T +T1 )
~ ¥ ~ * ~ ~ %N ~ ~ xN ~ ~xN ~ ~ *xN
= (TO + Tl )(TOTO + TlTO + TOTl + T]_Tl )
~ K~ ~ xT ~ K~ ~ %1 ~ K~ ~ T ~ %~ ~ %1 ~ F ~ ~ %1 ~ %~ ~ %N ~ %~ ~ %1 ~F ~ ~ %1
=T, I,T, +1T, 1,7, +T,T,T, +T, )T, +T,T,7, +T, )T, + T, T,T, +T1T, I'T;
~ K o~ ~ xT ~ %~ ~ %11
= To To To + Tl Tl Tl

~ o~ ~ %N~ % ~ o~ ~ %N~ %
= N(T()TO )TO +N(T1T1 )Tl ....(1)

= F(+T)@ " +n (T )R+t BT+ 1)

~ o~ ~ ~ xN ~ xN ~ % ~ %
=N(T+T)T +T )T +T)
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~ o~ ~ %N ~ ~ N ~ ~xN ~ ~*xN ~ * ~ %
=N{T, T, +T,T, +T,T, +1T,T, YT, +T,)
~ ~ ~ %M ~ % ~ ~ %M ~ % ~ ~ %M ~ x ~ ~*xMN ~ % ~ ~ %M ~ % ~ ~ %M ~ % ~ ~ %M ~ % ~ o~ kT~ %
=N(T, T, Ty +TT, Ty +T,0 Ty +T.T T, +T, 0, T, +T,T, T, + T,0, T, +T.T, Tl)
~ o~ ~ N ~ ~ o~ ~*M ~ *
= (N1, T, + NOET)
~ o~ ~*%MN_ ~ % ~ o~ ~xN %
= N{T T T, + N5 HT ..(2)
*M

=N ([ +7) (R+7)") (T +T)

Therefore; T, + T; is a fuzzy (' — n)*-quasi-normal operator.

Theorem 3.5: Let T, T;: H - H be fuzzy N' — n-quasi-normal operator with satisfy the conditions
.7, = T,T,, T,T, =T, Ty, and T, fuzzy quasi-normal then T,T; is a fuzzy V' — n-quasi-normal.
Proof:

(7)) (1) (Toh)" =(M5) (TT) (7.T)

~ K~k ~ o~ ~ N ~ xN
=T, Ty )(TO'Tl)(TO T, )ss

*M

~ K~ K~ ~ ~ %N ~ xN
=T, T, T)(MT, Ty )
~F ~ o~k ~ kN ~ ~ xN
=T, ToTy )Ty TiTy )
~ % ~ ~ %N ~F ~ ~ %N
=T, ToTo (T TiTy )
P ~ ~ kN o~k —~— ~ ~ %N~ %
= No((ToTo )To YN ((ThT;, )Ty )
—~ o~ ~ ~ kN~ % ~ ~ %N~ %
= NoM [((ToTy )Ty YWTL Ty )Ty )]
—~ —~ ~ ~ N~ ~ % ~ %N~ %
= NoM [((ToTy HT1To )Ty )Ty
P ~ o~ ~ %N ~ % ~ %N~ %
= NN [(ToT1 Ty )To )Ty )T
—~ —~ ~ o~ ~ N kN~ %~ %
=N [((T,Th Ty )Ty To Ty
—~ —~— ~ o~ ~ %N ~ xN ~ K~k
= ]\fo]\fl[((TonTo T )(To T, )
—~ o~ ~ o~ ~ \*N ~ o~ \*
= HAI((RT)(T) ") (B 7)1,
—~ —~ ~ o~ ~ ~\*xN ~ o~ *
= HAI((BT)(T. 7)) (TFi.)
By choosing W,V = 7, then, we have (7,.7)'(1,.11) (1) = FU(%.7) (%.70) "1(T. 1)
Therefore; T,T;. is a fuzzy N — n-quasi-normal.
Theorem 3.6: Let T: H - H be fuzzy N — n-quasi-normal defined on fuzzy Hilbert space then

AT is a fuzzy N’ — n-quasi-normal, for any fuzzy real scalar 1.

Proof:
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Therefore; AT is a fuzzy N — n-quasi-normal operator

Theorem 3.7: Let T:H » H be fuzzy N — n-quasi-normal defined on fuzzy Hilbert space then T/&S is a fuzzy
N — n-quasi-normal, where @ is closed subspace

Proof:
T‘/a* (T‘/a T‘/w*n> _ 7~w*(7~"7~"*n)/6
- ]\7[(77*71)7*]/6
=5 (5T )

Therefore; T/ & Is afuzzy N’ — m-quasi-normal operator.

4. Conclusions

One result is the introduction of particular generalization of a type of fuzzy bounded operator which is fuzzy V' — n-
quasi-normal operators with some operations such as addition and multiplication as well as the relation of this with
fuzzy self-adjoint operator one can have in this paper.
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