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In this paper, we present a generalization types of the h-Hadamard integrals and derivatives
parameterized by k. The h-Hadamard integrals and derivatives are themselves
generalizations of the Hadamard integrals and derivatives, defined in relation to a continuous
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1. Introduction

The classical calculus concepts of differentiation and integration are generalized by using fractional numbers. In
[1, 2, 3-5,7] many authors introduce several types of fractional integral and derivative. For fractional integrals and
derivatives have various applications in various branches of science [8-10, 12, 13, 14]. The type of fractional
integral and derivative depend on another function in the kernel of the fractional operator. This type of fractional is
considered generalized for the concept of fractional operator. In [11], Kilbas et al. introduce h-fractional Riemann-
Liouville, and in [6], K. KBALACHANDRAN introduces the h-fractional Hadamard operator. Another method to
generalize the concept of fractional operator by using k-function ,in the first time, in [15], Mubeen and Habibullah
introduce a special k-fractional integral of the Riemann-Liouville, in this method, there is a need for developed
Gamma and Beta function. In [16-19], Gamma function and Beta function are developed by parameter k. This
development acts as a generalization of fractional integrals and derivatives by using k-functions, to use the k-

function for generalizing fractional integrals and derivatives. C, ) stands for Banach space of all continuous

function defined on [a,b].
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2.Fundamental Concepts

2.1 Definition [6]:
Let ¢pbe a function defined on the interval [a,b] and a > 0 then:

The formulas :

() = = [“(Inx — mu)*'pw) 2, x € [a,b] @D

r'(a)
is called the left Hadamard integral and

b
(760 = 1o [ Mnu— 0 9@ T e lab] @2)

is called the right Hadamard integral.
2.2 Definition [6]:
Let f be a function defined on the interval [a,b] and & > 0 then:

h'(u)

«a, a e
The formulas :Iy - $(x) = = f (h(u)

)(nh() —Inh@)**p@)du , x€lab]  (23)

is called the h-left Hadamard integral.

and

b
1 ’
190" (x )—F—J<h((::))>(lnh(u) —Inh(x)*“¢p)du , x € [a,b] 2.4)

is called the h-right Hadamard integral.
Now , we introduce a developed version of Definition(1.2) by using parameter k > 0. In [ ], Diaz and
Pariguan introduce the special k-functions for gamma and beta functions as the following definition.

2.3 Definition [16,17]: Let a, § € R and k > 0 then the formula

[oe]

rk(a>=j a1g-¥ gy

0

is called the k-gamma function, and

1
1
Be(wf) =3 [y =%
0

is called the k-Beta function

2.4 Some properties of k-gamma and k-Beta function [16,17]:
LT (u+ k) = pul (w);
ii. k)=1

)

iii. Fk (Tl) = T

()T ()

iv. B(u,m) = e

3. k-h-Fractional Hadamard Integral and derivative
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In this section, we give a new fractional integral and derivative , namely k-h-fractional Hadamard integral
and derivative as generalized for Caputo-Hadamard fractional, Riemann-Liouville fractional and Erdelyi-Kober
fractional.

3.1 Definition:
Let ¢ be a continuous function in a Banach space C, ;) then :
[ (h’(u)

kaa _
O =it @ ) \hw

)(ln h(x) —1In h(u))__lqﬁ(u)du , X €[a,b] (3.1

is called the k-h-left Hadamard integral. And

Ikab b(x) = (h (w)

KT, (a) )(ln h(u) —In h(X))__ dpw)du , x € [a,b] (3.2)

is called the k-h-right Hadamard integral.

3.2 Definition:

Let ¢ be a continuous function in a Banach space Cjq,jandn —1 < a <n ,k <nthen:

h(u) i) kn aat

k,a,at _
DH,h (b(X) - (h’(u) dx H,h d)(X)

1 (h) d\* [ (KW na_
k- @ (h'(@E) / (W)““h(x)““h(”” Elgwdu , x€fab]  (33)

is called k-h-left Hadamard dervitive. And

kab h(u) d kab
P = (h,(u)@ e

b
1 h d h' n-a
D)) (h((lf)a) j ( (u)> (Inh(w) ~Inh())F “$Wdu , x €[ab] (34

is called k-h-right Hadamard derivative.
3.3 A special cases of k-h-left (right) Hadamard integral(dervitive).
1. K=1, h(x)=x we get a classical Hadamard fractional integral(derivative)
2. K=1, h(x) = e*, we get a Riemann-Liouville fractional integral(derivative)
3. K=1, h(x) = x¢ ,cis constant , we obtain a generalization of Hadamard fractional integral(derivative).

3.4 Example:
Let ¢p(x) = c,h(x) = x™,where c is constant and1 < a < 2 ,k < 1then:

X
+ 1 mu™-1 a_
Ig:zm(C)szk(a)f< — )(mlnx—mlnu)k c¢)du , xER
a

X
2 X 2

(Inx —Inwx| = me (lnx—lna)%

méc
aly (@) a ali(a)

Also we can calculate the k-h-left Hadamard fractional derivative as following

m?c
k[‘k (a)

<1> (Inx — lnu)k du=—
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X

kaa 1 d % k2 aa _ m k -
(c)_(— E) (c) = ka(Z—a) p f (lnx—lnu) L©)du

a

?¢‘|N

mc 1 d% —a¥
= (Z—a)Fk(l—a)(m dx ) (nx —Inu) % a
mc 1 d 3 2-a

RS ED) (m dx ) (Inx —Ina)

The following Figure show k-h-left fractional Hadamard derivative where h(x) = x,c = 2,a = 2

X

(@) (b) y & 4

N

' hén
| b
e

o
N
S | Ao & o

Fig.1 (a) k-h-left fractional Hadamard derivative (b) k-h-left fractional Hadamard Integral ,wheren =2, a =1,k = 2,

3.5 Theorem:

Let ¢ be a continuous function defined on [a,b] ,n —1 < a,f <nand h € C"[a, b] then:

III-CI:Z,a*'III-cI:ﬁ,a ¢(x) _ Ikﬁa Ikoca ¢(x) _ Ikoc+ﬁa ¢(x) (35)

Proof:

et gty 1 [N e [(R®) 2

Iy Iy P(x) = kZFk(a)Fk(ﬁ)aJ(h(u))ﬂnh(x) In h(u)) j(h( ))(ln h(u) — Inh(v)) Lo (v)dudv
1w I b k) — In A
= T @ (B) J ( h(v)>¢( ) f < e )>(ln h(x) —InhW)x "(Inh(u) —Inh@W))x ‘dudv  (3.6)

a

In h(w)-Inh(v)

Suppose that z = RGO I h() ,then z(Inh(x) —Inh(v)) = Inh(u) — In h(v)
iy = h'(w) du £, (Inh(u)—Inh(v) 1
2= (h(u) ) mh() —Inh@) 2° ~ (m h(x) —In h(v)) ’

a
__1 In h(x)-In h(u)\ & x 1
(1 Z) (ln h(x)-In h(v)) thus

26 (n h(x) = In h()E" = (In h(w) — In h(v))F™
(1 = 2)F 1(n h(x) — In A@)E" = (In h(x) — In h(w))*"

dz(Inh(x) —Inh(v)) = <h((u))> du

Let's simplify the internal integral in Equation (3.6) using the terms z and 1-z, we obtain that
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j-c h’(u) @, E—l M_l 1 . E_l
(m> (Inh(x) —Inh@))x "(nh(w) —In h(v))x ‘du = (Inh(x) — Inh(v)) & f(l_z)k il dz

=k(nh(x) —In h(v))__lBk (@, B) 3.7)
By substation Eq.(3.7) in Eq.(3.6) we get that:

caat kpat o~ Bu@p) x<h’(v)
™ a9 =13 on @ ) \rw)

) (nh(x) — Inh@) T $) dv

X

1 h'(v) ——1

= 1 1

T f ( e ) kGO —Inh@)NF ™ $v) dv
a

I IR 60 = I g )

By similarly method we can prove that Ik pa I “px) = Ik wthat g (x)

Therefor If,’_’,f'a I’;ﬁa d(x) = Ikﬁa Ik'w P(x) = Ikmﬁa $(x)

Theorem 3.6:
Let f be a continuous function defined on [a,b] ,and n —1 < a,8 <nand h € C"*[aq, b] then:
DES ] (x) = ¢ (x) (3.8)

Where C™[a, b] is a Banach space of all continuous functions and differentiable n-times.

Proof:
+ + d . . h d

o 5 50 = (R0 L freen e g = (B0 g
1 (h@w) d\F [ (K@) .

= kT, (n) (hl(u) dx> f(h( )>(ln h(x) = In h(w)x *¢p(w)du

By using partition method for above integral we obtain

n x
1 h(w) d \* n gy
) (h’(u) a) (Inh(x) — Inh(a))xp(a) + f(ln h(x) — Inh(u))x¢'(w)du
a
n n_y
Now , We analyze the quantity (:r((?) %)k = (:,(&)) %)k (:,(Zl)) ;—x) and the factor (h'((?) = ) begins to acts it first.

= ﬁ(%dd_xy (Inh(x) —In h(a))"ld)(a) + f(ln h(x) —In h(u))"lq.') (w)du

G-y (1w 4"

L)
@ Wa) (Inh(x) —In h(a))"2¢(a) + f(ln h(x) —In h(u))"zq.') (w)du

if we continue in this process we obtain

_ )

(;) (¢(a) + f; d)’(u)du) = ¢(x) , then the proof is perform.
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3.7 Proposition:

Let ¢ be a continuous function defined on [a,b] ,n,m € N,n —1 < @« <nand h € C"*™[aq, b] then:

(:/((L;))%) kaa o(x) = ka+ma b (x) (3.9)
Proof:
h(u) d kaa _ h(u)i % Mi kn aat
(md_> e = <h'<u) dx) (h'(u) dx) an ¢
1 haw) d\ & [ (h'w) na
= T (hl(u) E) f(h(u))al] h(x) —Inh(w)* " ¢pw)du

Sincen—1<a<n thus (n+m)—1<a+m<n+m, now we rewrite the above integral by the terms n+m

and a +m
n+m x
1 h(u) d \ * h'(u) (n+ m) (mta) |
= — 1 1
K (n +m—a) (h’(u) dx) f (h(u) (In h(x) — In h(w)) ¢(u)du
a
= Dk'“+m'a+¢)(x), thus the proof is complete.

3.8 Proposition:

Let nmeNn—1<a,B <nand k <n,h € C""™[a,b],lim,_,, h(x) exists, then:

kaa* _ By _ kB _ “b_y
Iy® (Inh(x) —Inh(a))x " = ToiatF) (Inh(x) —Inh(a))* (3.10)
Proof:
jlowa” (Inh(x) —In h(a))_ 1= j h’(u) (Inh(x) —In h(u))%_l(ln h(w) —In h(a))é_ldu
H.h T kI, (a) ‘h(w)
1 [ (k@)
’ a B
= f ) i h(x) = Inh(a) +In k(@) — In Aw)F* (n h(w) — In h(a))F " du
kI, (@) h(u)
a
[ (W@
= nw _ _ _ ! _ B4
KT, () (h(u)) ((ln h(x) —Inh(a)) — (nh(u) —In h(a))) (Inh(u) —Inh(a))x "du
a
_ (Inh(x)-In R rx (1 () In h(w)—In h(a)) e~ ! B4
R | G2 (1 -5 D)t nh@ - Inh@)* du (3.11)
__ Inhw)-Inh(a) _ (MW du . o .
Let w = b Inh@ ,then dw = (h(u) ) e by substitution w, 1-w in Eq.(3.11) we obtain

(In h(x) — In h(@)) ®

144" (In h(x) — Inh(@))F~1 = KT (a)

1
A —-w) wk dw

0

We note that the last integral is Beta function, hence

(In h(x) — In h(@)) E

144" (In h(x) — Inh(@))F~1 = B(a,B)

kT (a)
ot ,_(nh@) —In h(@) % ' T (T (8) RG] by
X% (In h(x) — In h(a))?#- @ Y RCET)) (In h(x) —Inh(a))

4.Conclusion
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In this paper, the results illustrate the examination of the properties of fractional integrals for the modified new k-
fractional Hadamard integral and derivative operators. This modification of the new k-h-fractional Hadamard
integral relies on an exponential kernel with an arbitrary exponent within the integral. Additionally, in relation to
the new fractional integral operators. This work is framework for future work in application and fractional
differential equations.
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