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Introduction
One of the very important concepts in a topology is the concept of function. there are several types of function
related to types of open set in topological space. Introduce in [1], the definition of H-open set and they introduce
several concepts related to H-open set. in this paper , we study an important classes of function namely ,H-

continuous ,H-irresolute,
H-closed function ,H-open function ,H-homomorphism function and give the concept of H-closed function. in this

work ,we use the concepts of H-open set to construct some types of H-function namely.

The work consists of two section. section one introduces the definition
of H-functions and some proposition and example and results ,we will be needed in the next section. In section two

we review some ,example and proposition and results.

1. Basic Concepts
A subset A of the topological space (X,T) is called H-open set if for every non-empty set U in X

1.1 Definition [2]:
,U = X,Uand UeT, AC int(A U U).
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The complement of the H-open set is called H-closed. we denoted the
Family of all H-open set of a topological space (X, T)by TH.

1.2 Example[2]: LetX = {a,b,c,d}and T = {@,X,{a},{a, b},{a, c}, {a, b, c}}. Then
T" = {¢x,{a},{b}{c}.{a b}.{a c}.{b,c}.{a,b c}}.

1.3 Proposition [1]: Every open set in a topological space (X ,T) is H-open.
1.4 Proposition[2]:Let(X,T) be a space, A and B two H-open sets. Then

(i) AU B is an H-open set.

(i) ANB is an H-open set.

1.5 Definition [1]: Let X be a space and A€ X, The union of all H-open sets of X contained in A is called the H-interior
of A and denoted by A°H,

1.6 Proposition [1]: Let (X,T) be a space and A€ B < X. Then:
(i) Aisan H-open setif and only if A=A°H

(ii) IfAc B then A°HcBOH

(iv) A°H is an H-opened set.

1.7 Definition [2]: Let X be a space and the A C X, The intersection of all H-closed sets of X containing A is called the
H-closure of A and is denoted by A .

1.8 Proposition [1]: Let (X, T) be a space and A, BC X then:

(i) Ais H-closed setif and only if A=A,

(ii) fAcBthenAH" c BH

(i) ACAH

1.9 Definition [4]: Let f : X—>Y be a function of a spaces. Then:

(i) f is called continuous function if f ~1(A) is an open set in X for every open set A in Y.

(ii) f is called an open function if f(A) is a open setin Y for every open set A in X.

(iii) f is called closed function if f(A) is a closed set in Y for every closed setA in X.

1.10 Theorem [7]:

Let f : X—>Y be a function of a spaces . then:

(i) f His a continuous function if and only if f ~1(A) is a closed set in X for every closed set A in A.

(i) f is a continuous function if and only if f(A)< f(A) for every subset of X.
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(iii) f is a continuous function if and only if f~1(A)  f*(A) for every subset A of Y .

(iv) f is a continuous function if and only if f~1(A%) c(f~1(A))°for every subset A of Y.

1.11 Theorem [3]: Let f : X—Y be a function of a spaces . Then the following statements are equivalent:
(i) f is an open function.

(i) £ (A®) <(f(A))°, for every subset A of X.

(iii) (f "1 (A))° < f~1(A%),for every subset A of Y.

(iv) f~X(A)c f~1(A), for every subset A of Y.

1.12 Definition [6]: A bijective function f : X—>Y from a space X onto a space Y is called Homeomorphism if H is

continuous and open (or closed).
Also, X is called homeomorphic to the space Y ( written X=Y) .

1.13 Proposition [7]: Let X and Y be spaces and f : X—Y be a homeomorphism function . Let Ac X and Bc X such

that f(A) = B.Thenf,: A—>B is an homeomorphism Function.

1.14 Definition [1,2]: Let X and Y be spaces and f: X—>Y be a function .then:

(i) f is called H-continuous function if f ~*(A) is an H-open setin X For every opensetAinY.
(ii) f is called H-irresolute function if f ~*(A) is an H-open set in X for every H-open set A in Y.
1.15 Remark [1,2]:

(i) every H-irresolute function is an H-continuous function .

(ii) every continuous function is H-continuous function .

The converse of Remark (1.15,i,ii) , is not true in general as the

Following example shows.

1.16 Eexample[1]:

LetX=Y = {a,b,c},t= {0,X, {a}}, th={@,X,{a},{b,c}}, 0={@,Y,{b,c}} and ob = {@,{a},{b},{c}{a,b}.{a,c},{b,c}}. Clearly, the
identity Function : (X,7)—(Y,0) is H- continuous but not H-irresolute .

1.17 Eexample [2] : Let X={a,b,c} and Y = {1,2,3},t={@,X, {b}}, t™={0 X,{b}.{a,c}}, 0={0,Y,{1}, {1,3}}. A Function f:
(X,t1)—>(Y,0) is defined by f({a})={2}, f({b})={1}, f({c})={3}.Clearly ,f is an H-continuous but not continuous.

1.18 Eexample[1]: Let X=Y = {a,b,c},t= {B)X {a},{ac}, ™={0,X,{a}.{c}.{a,c}{b,c}}, o={@,Y {a},{c}{a, c}} andoh
= {0,Y,{a},{c},{a,c}}. Clearly, the identity Function f: (X,T)—>(Y,0) is H- irresolute but not continuous .

1.19 Proposition [1,2]: Let X,Y and Z be a spaces, and f :X—Y ,g:Y—Z be function. Then:
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(1)if f is H-continuous ,g is H-continuous ,then gof is H-continuous.
(ii) if is H-irresolute ,g is H-irresolute , then gof is H-irresolute.

(iii) if fis H-irresolute ,g is H-continuous, then gof is H-irresolute .
1.20 Definition [2]:
(1) f is called H-open function if f(A) is an H-open setin Y For every open set A in X.

1.21 Example[2]: Let X=Y = {a,b,c },t= {#,X,{b,c}}, 6={@,Y,{a}} and o= {@,X,{a},{b,c}}. Clearly ,the identity Function :
(X,t)—>(Y,0) is an H-open.

1.22 Remark [1]: Every open function is H-open function.

The convers of the Remark (1.22) need not be true as shown in the following in example(1.21),the identity function,

the identity Function f : (X,t)—(Y,0) is an H-open but not open.

1.23 Definition [2]: A bijective function f: X—Y is said to be H-homeomorphism if f is an H-continuous and H-open
function.

1.24 Remark [2]: Every homeomorphism function is an H-homeomorphism function.
The converse of the remark (1.24) ,need not be true as shown in the following example .
1.25 Example [2]: Let X=Y = {a,b,c},t={@)X {a,c}},th = {@,X,{a},{b},{c}{ab}{a,c}{b,c}}, 0={0,Y,{b, c}} and oh

= {@,{a},{b}{c}{a,b}{a,c}{b,c}}. Clearly, the identity Function f: (X,t)—>(Y,0) is H-homeomorphism but not

homeomorphism.
2-The Main Results

2.1 Proposition: Let f :X—Y be a function of a space . Then the following
Statements are equivalent

(1) f is H-irresolute .

(ii) for x €X and any H-open subset V of Y containing f(x),there exists

an H-open set U in X such that xeU and f(U) cV.

(iii) The inverse image of every H-closed subset of Y is an H-closed

Subset of X.

Proof:

(i—ii) Letxe Xand V beis an H-open setin Y such that f(x)eV . since fis
H-irresolute ,we have xe f~! (V) c X .let U=f~1 (V). thenxeU and f(U)cV .
(ii—i) Let V be an H-open set in Y and Let xe f = (V) .then, f(x)eV and thus

there exists U is be an H-open set such that xeU and f(U)c V.

Now,xeUc f [f(V)]c f~T (V).
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then, f~1(V) is an H-nhd of all its points. thus f~! (V) is H-open set.

Hence f is an H-irresolute.

(iii—>ii)

Let xeX and V €Y such that f(x)€V. then Y=V is H-open in Y. by given hypothesis ,f~* (Y—V)= X—f~%(V) is an H-
closed setin X, then f~1(V) is an H-open in X. Let U= f~1(V) and clearly ,xeU.

therefore, f(U)=f[f~1(V)]cV.
(i—iii)
Let F is an H-closed set of Y. then Y—F is an H-open in Y.
than f~1 (Y—F) is an H-open in X.
since f~Y(Y—F) =f~Y(Y)—f~1(F)= X—f ~1(F) is an H-open in X.
Hence, f~1(F)Is an H-closed set in X.
(iii—i)
Let U is an H-open in Y. then Y—U is an H-closed in Y. by (iii), then f~(Y—U) is an H-closed. Since f~*(Y-U)
=X—f"1(U). then, X—f ~1(U) is an H-closed in Y .we have f~*(U) is H-open set in X.

Hence, f is H-irresolute.

2. 2 Proposition:

Let f :X—Y be a function of spaces. Then the following statements
are equivalent:

(1)f is an H-continuous function .

(i) £~ (A°) < f~1(A°)eH for every subset Aof Y.

(i) £~*(A)is an H-closed set in X for every closed set in X for every
Closed setin X for every closed set A in Y.

(iv) f(/_\H)g f(A) for every subset A of X .

) f-1(A)Hc f~1(A) for every subset A of Y.

Proof:

(ioii)

Let Ac X ,since A° is open in Y, then f~!(A°)is H-open in X ,since A°cA, then f~1(A°)cf~1(A), thus
fHA)=((f 1A ((F (AN .

(ii—iii)

Let A be closed subset of Y, then Y—A is open set in Y ,thus by
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hypothesis f 7} (Y=A)c(f ! (Y=A))°", then f 7} (Y)—f~1(A) = (f 7! (Y)—f~" (A))°" and therefore (f*(A))°c ((f
GYD

Then, (f~ (A))<is an H-open setin X.

Hence f~1 (A) is an H-closed set in X.

(iii=iv)

let Ac X .then f(A) is closed setin Y, then by(iii) f~* (f(A)) isa
H-closed set in X containing A. thus A" f~(f(A)). Hence f(A )< f(A) .

(ivov)

let ACY. then by (iv) ,f (f 1 (A)H)c F(F1(A)).
Hence, f~1(A)Hc f71(A).

(v—i)

suppose that f~1(A)"c f~1(A) and A is an open setin Y.
then, A is an closed set then,

Acc A= f YA fH(AT)

fAYc f71(E) = f71(A9)

= f(A)Hc f71(A%) .. (1)

A fA) .. (2)

from (1) and (2) we have that f(Ac)H=f~1(A°).

Then, f~1(A%)=X—f"1(A) is an H-closed .

Hence, f~1(A) is an H-open then f is an H-continuous function.

2.4 Proposition: Let f: X—Y be an H-continuous (H-irresolute) function and A
be an H-open set in X. then the restriction functionf,,:A—Y is an
H-continuous (H-irresolute) function.

Proof:

Let B is an open setin Y, since f is an H-continuous. then, f~*(B) is an H-open set in X. thus f~* (B) N A is an H-open

setin A.
but, (f;a (B))™*=f~"(B) nA. Hence, (/4 (B))~'is an H-open in A. thus, f;, :A—Y is an H-continuous.

2.5 Definition: f is called H-closed function if f(A) is an H-closed setin Y for every closed set A in X.
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2.6 Proposition: Let f :X—Y be an H-closed function and g :Y—Z be an H-closed Then gof: X—7Z is an H-closed
function.

Proof:

Let F be a closed subset of X,then f(F) is an H-closed in Y and then g(f(F) is an H-closed in Z. Hence gof: X—Z is an

H-closed function.

2.7 Proposition:

Let X and Y be a spaces and f : X—Y be a function .then :

(i) f is H-closed if and only if f (A)Hc f(A) for all Ac X .

(iii) if f(A)= f (A)H for each subset A of X .Then f is a continuous, H-closed ,function.
Proof:

(i) suppose that fis H-closed .Let Ac X ,since A is a closed, then A

is H-closed set ,then f( A) is H-closed in Y. and since A c A

then f(A)c f(A), by proposition (1.8,iii) thus f(A)"c f(A)H = f(A) ,Hence f(A)c F(A).

conversely: Let A be any closed set in X .then A=A ,since f(A)"c f(A)= f(A), thus f(A)=f(A)". Hence f(A) is an H-

closed setin Y .therefore f:X—Y isan H-closed f unction.
(i)
Let F be a closed subset of X, To prove that f is an H-closed function.

Since F=F, then f(F)= f(F) = f(F)". Hence f(F) is an H-closed subset of Y. therefore f:X—Y is an H-closed function.

Now, To prove that f is a continuous function. Let B X, then f(B )= f(B)! = f(B). Thus, f:X—Y is a continuous

function.
2.8 Proposition: A bijective function f:X—Y is an H-closed function if and only if f is an H-open function.
Proof:

(—) Let f:X—>Y be a bijective ,H-closed ,function and B be an open subset of X, thus B€is closed set. since f is H-

closed, then f(B€) is an

H-closed in Y, thus (f (B€))¢is H-open. since f is a bijective function ,then f(B€))“= f(B)hence f(B)is open in Y.

therefore fis an H-open function.

(<) by same for (—).

2.9 Proposition: Let X and Y be any spaces and f: X—Y be an H-homeomorphism

Function .Let Ac X and B is a H-open subset of Y such that f(A) = B then f,:A—B is an H-homeomorphism function.

Proof:
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Since f is one to one and f, (A)=f(A)=B, then f, is bijective function.

Now f, :A—B is a H- continuous function .To prove f,: A—B is H-open function.

Let W be any open subset of A ,then there exists open set K in X such that W=ANK. since f is one to one function .
then . f(ANK)=f(A)N f (K),thus f, (W)=f(W)=f(A)N f(K)= BN f(K).

Since f(K)is an H-open set in Y and B is a H-open set in Y, then by proposition (1.4,ii),BN f(K) is an H-open set in B.
Hence f,: A—>B is an H-open function. Thereforef, :A—B is an H-homeomorphism function.
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