Journal of Al-Qadisiyah for Computer Science and Mathematics Vol.18.(1) 2026,pp.Math 40-64

Available online at www.qu.edu.ig/journalcm

JOURNAL OF AL-QADISIYAH FOR COMPUTER SCIENCE AND MATHEMATICS
ISSN:2521-3504(online) ISSN:2074-0204(print)

University Of AL-Qadisiyah

A Numerical Solution of Mixed-Order Fredholm Integro-Differential
Equations by Using Trapezoidal, Two-Block, and Modified Two-Block
Methods

Kurdistan H. Hama @ * and Shazad S. Ahmed @

@ Department of Mathematics, College of Science, University of Sulaimani, Sulaymaniyah, Iraq. Email: kurdstanhama.ali@gmail.com,
shazad.ahmed@univsul.edu.iq

ARTICLEINFO ABSTRACT

Article history: The purpose of this article is to use the trapezoidal rule, two-point block schemes, and a
Received: 26 /10,2025 modified two-point block approach to numerically solve classical and fractional-order
Revised form: 16 /12/2025 (Mixed-orders in the Caputo sense) Fredholm integro-differential equations with variable

coefficients under limit conditions (IFDEs-CF). Three new algorithms are proposed to find
approximate solutions to these equations, firstly transforming them into systems of linear
algebraic equations using the trapezoidal method aided with finite difference approximation,
then applying two-block techniques with the predictor value obtained, and finally modifying

Accepted : 21/12/2025
Available online: 30 /03/2026

Keywords: the results by modification technique to obtain correcting values for these equations at each
fixed point. This approach is computationally attractive, and illustrative examples with usage

Classical and fractional order explanations are provided. Additionally, we provide specific examples to showcase the

integro-differential equations, accuracy of the method, and we employ the least-squares error methodology to minimize

Fredholm type, Caputo fractional error terms within the given domain. Finally, the most common application suggested for the

derivatives, Trapezoidal method, numerical approaches is developed in the Python program.

Two-point block method, Modify

two-point block method and Finite MSC..

difference approximation.

https://doi.org/10.29304/jqcsm.2026.18.12418

1. Introduction

One of the most significant areas of mathematics that deals with integrals and derivatives of any
arbitrary order is fractional calculus (FC). The idea of FC has been successfully applied in recent years to a
variety of problems in physics, signal processing, engineering, biology, and other domains. Fluid flow,
electrical networks, electromagnetic, control theory, facts, optics, capacity, diffusion, and viscoelasticity
are just a few of the domains in which FC finds application (see, for instance, [1], [2], [3], [4], [5], [6], [7],
and [8]). Many real-life problems are reduced to fractional differential and integral equations by
mathematical modeling [9]. Researchers in a wide range of scientific and technical domains have recently
shown a great deal of interest in fractional differential equations and integro-fractional differential
equations.

However, because of its numerous applications in the previously listed fields, integro-fractional
differential equations have attracted the curiosity of numerous scientists. Fredholm-type mixed classical
and fractional order integro-differential equations are among the most prevalent types of these equations.
As in many other situations, it is quite difficult to find the correct analytical solutions for fractional
differential and integral equations. The importance of approximate ways to avoid this issue has increased.
References [10], [11], [12], [13], [14] and [15] demonstrate variety of methods for evaluating the
approximate solution of integro-fractional differential equations. In [11], the author used Trapezoid's
quadrature to solve a multi-higher fractional order linear integro-differential equation of Fredholm type


mailto:kurdstanhama.ali@gmail.com
mailto:shazad.ahmed@univsul.edu.iq

2 Kurdstan H. H., Shazad S. A. , Journal of Al-Qadisiyah for Computer Science and Mathematics Vol.18.(1) 2026,pp.Math 40-64

in the Caputo sense. The author in [15] used the finite difference method in combination with the
homotopy perturbation method to numerically solve the linear VI-DEs, while [13] and [14] proposed a
method based on Block methods for numerically treating the most general VIFDEs of linear type.
Numerical techniques are used to approximate the solution of integro-fractional differential equations
because it is challenging to obtain the analytical solution of fractional differential equations.

This study uses a new methodological approach based on quadrature and direct two-point blocks to
expand on the basic concepts from previous studies. The trapezoidal technique is used to handle the
following problems, which combine an estimated finite difference in matrix form. Second, problems that
include the following are tackled using two-point blocks and a modified process approach. Linear
Fredholm integro-differential equations of the first classical order and multi-fractional orders
{o, B]-}:l__oll'_'fl are present in the range (0, 1) with variable coefficients (FIDEs-CF):

n-1

P(0Y' () + Z P(X)EDIY(X) + Pa(0Y@)
= ) + o j %o, 5) y(s)ds

+Z j (x, )50y (s)ds (1)

Under the boundary condltlon

Fooy(@) + figey(b) =9, 2)
where the functions: {p;}\, f and p € €([a, b],R) and {X } € C(E,R), thatis £ = {(x,5):a < x,s < b}
are knowns, in addition, y(x) is an unknown continuous functlon. While, given arbitrary real constants
Y9, @00, figo- Where the fractional orders: 6,,_1 > -+ > 01 > 69 > 0 and Bm > Bn- 1 > > B> B =
since o; < 1 with B; € (0,1), foralli=0,1,..,n—1andj=1,2,. wherew —1<B; < wf, wf
[Bj]=1for allj=1,2,..,m, andw{ -1 < 0; < @, wf =[] = 1,f0rall i=01,.,1—1 andfi e

m
Z*,meZ*. {}‘f}j—o are known parameters.

The paper is organized as follows: Section 2 includes a basic overview of the introduction to
fractional calculus and important lemmas, along with the essential concepts and the formulation of the
quadrature method with finite differences approximation for differentiations. In section 3, three
numerical algorithms for FIDEs-CF are derived in detail using the trapezoidal system, two-point blocks,
and modifications. The algorithm in this section also describes the main stages of the system. The
numerical results are shown in section 4, and the conclusions are given in section 5.

2. Preliminaries
2.1 Fractional Calculus:

This section provides the essential concepts and significant characteristics of fractional calculus
theory with basic lemmas that are utilized during the study for completeness.

Definition 1 ([16]). The space C;(I), { € R, contain all real-valued functions y that is defined on a closed
bounded interval [a, b] = I, if there exists a real number v > { such thaty(x) = (x — a)"y,(x)where
Yo € C(I). Moreover, y(x) is considered to be in the space C7'(I), where n € Z* U {0}, if and only if the n-
th derivative of y with respect to x , y™, belongs to C; (I).

Definition 2 ([17]). The p-Riemann-Liouville fractional integral on [a, b] for a function y € C;(I),{ = —1,
represented as operator .J?, of order p > 0, is defined as:
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1 b
JEy(x) = TP)L (x —s)P"1y(s)ds, p ERT

Here, I'(.) denotes the gamma function and the operator ,J° became identity, when the zeroth fractional
order that is ,/2y(x) = y(x). Also, has a commutative property, that is, for any arbitrary fractional orders

(pandy) € R, J2 JYy(x) = JY J2y(x) = JEVy(x). And J? is linear operators.

Lemma 1 ([3]). If we've x > aand for y(x) = (x — a)® where w # —[p], then the following statement
holds:

MNw+1)
p -
S =TT D
Definition 3 ([18]). For a function on interval I = [a,b], y(x) € €’,(I),and o = [p],p = 0, the Riemann-

Liouville (R-L) fractional derivative operator, ﬁD,f , is often stated as:

(x — a)®tP, p € R*.

e (f" G Y(S)ds) p ERY
BDPy(x) = DY O Py(x) = OX0 \Va Mo —p) ,
\ @@ r=[pl € Z* U {0}

wherew — 1 < a < w (= [p] € Z*),and #D? is linear operators.

Definition 4 ([9,10, 19]). For a function on interval [a, b], y(x) € C®,(I),and w = [p],p = 0, the Caputo
fractional derivative operator, D7, is often stated as:

([ 0= 9)° P d®y(s)

DLy (x) = oJ2 DLy (x) = Mw—p) ds®
y(x), r=[p] € Z* U {0}

ds, p€eR?'

a
dT
dx”

where w — 1 < p < w(= [p] € Z*). The fundamental properties of Caputo fractional derivative are: The
Caputo-type fractional derivative is a linear operator for any fractional orders and the a-Caputo fractional
derivative of a constant (4) is equal to zero i.e. DA = 0.

Lemma 2 ([12, 20]). The function y(x) = (x — a)?, for v = 0, has a Caputo derivative of order p = 0 with
@ = [p], which is formed as: Forv €{0,1,2,--,@w —1}: $Dy(x) =0and forve Nandv > worv ¢
Nandv > — 1:

Frv+1)

DLy(x) = I

Two—o3 D T D) (x —a)v=".

Lemma 3 ([12]). The finite difference approximation of Caputo derivative for 0 < p < 1 at given points

X=%X41;7=01..,N—1landh = b%,(]\f € Z") is formed as:

h P <
ED2Y(tr1s) = frmy )V Gorawen) =¥ )] 6.
k=0

where 87 = (k +1)17° — k'7P,

Lemma 4 ([19, 21]). Letp € R*such thatm — 1 < p < m(= [p] € Z*). Moreover, assume thaty €
C™ [a, b]. then the p-Caputo fractional derivative of y(x) is continuous on [a, b] and lim {Dfy(x) = 0.
x—-a

2.2 Trapezoidal Method:

The quadrature rule is defined as the weighted sum of a finite number of integrand function sample
values. Consider g(x), a real-valued function defined on the constrained interval a < x < b. The integral

f:g(x)dx is to be calculated using 27:1 wjg(xj) + Rem[g]. Rem[g] is the remainder, and the quadrature
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N . . : . : .
rule {wj,x]-}],_1 can be obtained in tabular form with x; representing the integration nodes and w;

representing the quadrature weights, or constants [22, 23]. Here, we introduce the Trapezoidal rule, an
algorithm for producing the quadrature rule determined by the weight function and node numbers:

The trapezoidal rule relies on linear interpolation of g(x)at x, and x,,,, where g(x) is approximated
by the straight line connecting (x,, g,) and (x,,1, gr+1) -The interval [a, b] is divided into N-subintervals
[x;, %-4+1] of equal length h = (b —a)/N, with sample points expressed as x, = x, +rh, where
(r=0,1,2,..N),and b = xy + Nh. The numerical integration of g(x) over [a, b] using the trapezoidal rule
can then be expressed as follows:

b h N-1 N
| o= E[g(a) +2 Z 9G) +9(b)| = hzow,?g(x,c) 3)

Where w! is weights for Trapezoidal rule, wl = w} = %;W,CT =1;(0 < k < N), with global error

—(i;z‘”hzg"(e),a <6 <bh.

2.3 Finite Differences Rule:

In mathematics the finite differences, or the corresponding difference quotients, are frequently
employed in numerical differentiation and other applications as approximations of derivatives.
Conversely, a finite difference is a numerical technique that is used to approximate the derivative of a
function without the need to calculate the derivative symbolically. By approximating functions on a grid
and substituting differences for derivatives, it is also a reasonably general method for functional
(differential or integral) equations.

Letx, = xo + kh,0 < k < N, where his the step size in the space. Denote Y, = %(x,) while ¢!
represents the approximation of Y, at the collocation point x, depending on step size h. According to
typical, we present the following notations for the first derivative at selecting point x,.: The forward,
backward, and central difference operators are the three types of difference operators, [23]:

Three-point forward difference with truncation error 0 (h?):

. 3yk 4yt — Y

2
Wi = o +0(h) @
Two-point central difference with truncation error 0(h?):

R _ .k

Yyl = Y1~ Y1 +0(h?) (5)
2h
Three-point Backward difference with truncation error 0(h?):
h_ —4 h_ +3 h

y;czy*x 2 Yr-1 ”Jﬂc_}_o(hz) O)

2h
2.4 Linear Multistep Rules:

Consider the initial wvalue problem for single first-order differential equation: y'(x) =
T(x,y(x)),y(xo) = y,, we seek a solution in the range a < x < b, where a and b are finite. Let x,, = x, +
kh,0 < k < N, where h are the step size in the space and let y, be an approximation to the theoretical
solution at x,, that is, to y(x,), F, = F(x,, V). The approximations built up by using the following linear
multistep methods, [14,24]:

h
Ye+1 — Y = E[Tx+1 +Tx]; order 2
Virz = Vi = 2hFpepq; order 2

h 7)
Vier1 — Vie = W [-Fys2 + 8F, 41 + 5F]; order3

h
Ve+2 = Ve = §[Tx+2 +4F i1 + Rl order 4}
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3. Three Algorithms to Solve FIDEs-CF:

This section presents a new three numerical algorithms for approximating solutions to Fredholm
integro-differential equations (FIDEs-CF) in the Caputo sense with variable coefficients that are mixed-
order, classical, and fractional-order (1) and (2). It uses a quadrature methods finite difference
approximations and two-point block approach, with some modifications.

3.1 First Algorithm:

Recall equation (1) for strictly decreasing the fractional orders g; and g lies in (0,1). Thus, for
obtaining an approximation of the solution y(x) in a given set of (N + 1)-equally spaced grid points x, =
Xo+1h,(r=0,1,..,N)with x, + Nh = b, consists in approximating the linear IFDEs-CF (1) in the
discretized equations:

n-1

PO ams, + ) 110 DY)+ Palt)y(x)
i=0

b m b ‘
= FO) + 0 [ 50005 Y55 + ) 0y [5G 6D () ®
a ]_1 a

This results in a system of N + 1 linear algebraic equations that approximate y(x,)in N + 1
unknowns: 9(x,.) = $ depending on h-step size. Here, the classical and fractional differential parts are
estimated using difference formulae, whereas the Fredholm integral part in (8) is approximated using the
quadrature formula: Trapezoidal method. The following classification was created by using the (3) rule to
evaluate each integral part in equation (8) for each r = 0,1, ..., N and considering the formulas (4, 5 and 6)
with the lemmas 3 and 4, respectively. This represents the Caputo-fractional order for any continuous
function at the starting pointx = x, = a equal to zero, using lemma 4, it is noted that the second
component vanishes. For r = 0, we first get:

b m b 8
Poly' (O)]x=x, + ProYo = fo + AOJ Ko (xg,5) y(s)ds + z /1]'] K (xo,5)5Ds " y(s)ds
a =1 a
Applying the three-point forward difference formula (4) to the classical first derivative and setting x = 0
yields equation (9), which is represented by (N, 0)-Forward formula:

Po ~ N ~ N
h (=398 + 497 — 951 + prodé
/‘{ h N-1
= fo+ KOO + Ao ) K19 +
=1

m N-1 -1

. o g b

+h z AjeAs () Z 3| ) (90p = 9i-p-1)85’
j=1 £=1 p=0

Aoh

77(8 Non

N-1
1 R R Bi
+53 (Phoy = 9hpe)y ©
p=0

Assuming that:

g = 10)
g riz-4)
Clearly that K;'p = ?Q(tr, sp) for all #,7 and p, and $]* is the approximate value of y(x,) depending on

step size h. Also, p; = p(x;) and p; ; = pi(xj) for all i, j. Furthermore, 61? defined in lemma 3. Second, for

r=12,..,N —1, also using formula (5) with lemma 3 and 4 to equation (8), we obtain equation (11)
which is represented by (N, r)-Central formula:
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[ Pia = 9l +me/l () Z(yr_q—?l‘_q_l)%i + Dy 97

N-1
Aoh Aoh
= fo 4 1G98 +,10h27(”’“h + I
N-1 1,0
. R 8
+hzzjcﬂﬁ(/) > K Z Ry e
j=1 =1 p=0
N-1
LN ~h Bj
+5 :K (yN P yN—]p—l)(SHn (11)
p=0

Finally, for r = N, also using formula (6) with lemma 3 and 4 to equation (8), we obtain equation (12)
which is represented by (N, N)-Backward formula:

n-1 N-1

[yN 2 — 4Ph_1 + 3901 + Z pinAq (D) Z( —-q~ 93—@—1)5:;? + PanIn
q=0
N-1

Aoh R . Aoh R
=fnt+ %Ké\]'oy(’f + ok Y KNPh + 2w NNk

2
=1
m N-1 -1
. . . B;
+ hz AiAp () z 5 > (9t = 9bp1)8y
= =1 p=0
1 N-1
o o Bj
FSI D (Fhop — Ihpe)y (12)
p=0

We developed a linear algebraic system of equations using equations (9), (11) and (12) that may be
expressed in matrix form (13) as follows:

[L—hI]?h=F (13)
where
F=[fo fi fN]T and Y" = [YO )A’{l }A’mT

The expression for L, which is a square matrix of dimension (N + 1), is as follows:

1
L=L"+L*+—1LS

2h
where
L* = [diag[Pro Pr1 pﬁ,N]]N+1 (14)
The expression for LA = [ka]zv+1x1v+1 for eachk,# = 0,1, ..., N which is a lower triangular matrix of
dimension (N + 1), is as follows:
LA =0, forallk < ¢
-1
LA — Z DixAs (D) forallk = 1: N
ke i=0 0.w.
0
-1 L r (15)
Lig==)  Pids(D5" forallk > 0;k =1:N
i=0
k"_z PirAs(DC, forallk>¢; =2:Nand¢=T1:k—1
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and the coefficients 6§ and C§*(¢ = W) for any real number a = ¢ and £ defined as:

S =Q+H*—£7* and 6§ =1
Cf =67 —671;C¢ =1 and assume §%; = 0, VieZ*

However, the matrix LY = [Li o
N+1XN+1

(16)
defines each element Li Jforevery k,£ = 0: N as follows:

—3p, if£=0
19 = 4p, ift=1
o¢ —p, iff=2
0 if>2
Dy iff=N-2
19 = —4py if€=N-1
Ne ) 3py  if€=N > 17)
0 iff<N—-2
foreachk =1,2,...,N — 1:
— P ifk=¢-1
Lg —J Pk ifk=¢+1
ke

0.W.
0 {hcrks>erih<r—1)
Moreover, the expression for I, which is a square matrix of dimension (N + 1), is as follows:
I = 2% + I
= [I,Zf?]NﬂxN+1 has the following expression for each k,# = 0,1, ..., N that is a first kernel (¥,)-matrix
of dimension (N + 1):

I?C

I = T3k (18)
‘s . . . 1A _ [1A4 v .
Additionally, the square matrix of dimension N 4+ 1is [ = [ka’]N+1><N+1’ and for any k,# = 0: N, define

each element I} as follows:

A = " LA ! Trgckid 5P
o=—)  XA()) aX;i 6,
j=1 d=1

forall#=1,2,...,N—1

[c/l — " 1A (]) N T*:}Ck'dcﬁj
kt — . jB d=¢ a-vj d-+¢

j=1

iy =23 Ay GYIN
k,N_2 =1 J B(] j

~~

(19)

where,

_(1/2 if £=00rN «_(1/2 if d=N
7}_{1 if 0.W. and %_{1 if o.w.

Finally, by creating a new row in the system (13) in matrix form, this technique adds a boundary condition
(2) of equation (1), which offers:

BYh =V (20)
Where B =[goo 0 - 0 hoolysr, YP=[p2 $7 - $T and V = [9,] creating a new matrix by
adding (20) to (13), produces
DY =E (21)
where
L —hl F
D=1 ..... and E =|---
B lw+2)x(v+1) Vii2)xa
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To determine the approximate column vector ¥" 's in equation (21), store the matrix D and compute D" D
and DTE to obtain the new square matrices then use any numerical iterative procedure to solve
[DTD] and [DTE]. Then the approximate solution for all §; at each point x; (i = 0,1, ...,N) is obtained for
fractional order linear FIDEs-CF is called y-approximate J to y(x) depending on small step size h.

The Algorithm (ATFIDE-CF). The approximate solution for mixed classical and fractional order integro-
differential equations of the Fredholm type with variable coefficients (FIDEs-CF) utilizing the finite
difference approximation and the closed Newton-Cotes formula (Trapezoidal rule) is summarized in the
following steps:

Step 1.

a.Input N € Z*,take h = (b — a)/N and x, = a + rh,r = 0: N.

b. Input the coefficients of boundary conditions g, hoo and 9,.

Step 2. For each k = 0,1, ..., £ computing A, (k) for all fractional orders @ = ¢ and 8, and ¢ =77 — 1 or m,
respectively, applied equation (10).

Step 3. For all £ = 0,1, ..., N find the constant coefficients ( §; and C;* ) for fractional orders a = ¢ and 8
respectively using equation (16).

Step 4. Utilizing equations (14, 15, and 17) and steps (2 and 3), determine the values of each element
L?,L# and LY, respectively. Finally, construct the matrix L = [Lys]y+1xn+1-

Step 5. The kernel values at every point are calculated using the formula 7(1-” = K;(xy, sp), for all j =
0,1,..,mandk,¢=0,1,...,N.

Step 6./%and I are evaluated using formulae (18 and 19), respectively. Create the matrix I =
[Ukeln+1xn+1 at the end.

Step 7. Using the formula f, = f(x,), find each component of the vector F at locations x, = a +
rh(r=0,1,...,N).

Step 8. Establishing boundary conditions g, hyo and 9, into matrices B and 9 to form (20).

Step 9. Construct the matrices D and E which are represented in system (21).

Step 10. To calculate Y", or the column-approximate values of the exact solution (Y), use the numerical
iterative approach for the system that is obtained in step 9 after multiplying both sides by D.

3.2 Second Algorithm:

The two-point block method provides a useful approach to a number of problems. For differential
equations, the two-point block method was explained, and for integral equations, it was provided. This
method will thus simultaneously generate approximations y7,; and 9., to y(x,41) and y(x,;2)
depending on step size h respectively, at each selected k-th blocks. Let ?p,r,p = 1,2, denoted an
approximation to y(xp+n) which is locally in error by a term of order h"*? i.e. y(xp+n) - ?p,r = 0(h"*?),
[13], [14] and [24].

Here, we want to solve our Mixed-order (classical and fractional) IDEs of Fredholm type problem
formed in equation (8) from the predictors valued 7", represented by *¥" = [P9¢ Pppr - pflﬁ]T, the
output of algorithm ATFIDE-CF, to the final point. Let x € [a = x,, xy = b] and the interval [x,, xy] is
discretized for the numerical technique as {xy, X1, ..., X, Xp41, Xn42, -, Xy} € R depending on the step size
h,x, = xo + th, (1 = 0,1, ..., N) with x, + Nh = b. The k-th block in Figure 1 has three points: x¥, x¥,, and
xk,,. The suggested approach is to utilize the predictor values in vector 7"
to compute the approximation values of 97, and 9%, simultaneously. The calculating method is
carried out in one single iteration on this block. Similarly, there are three locations in the (k + 1)-th block:
xk,, = xk*1, x¥+1 and xf+1 and so on for all other blocks. Using the new values of P?", enter 79, and

~h 1o values 0 on ued,
Pyh . into all correcting values 9%, and 9", ,, and continued

, depending on the step size h,
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k+1
Xn41

oo 4 2 3 s X Xk X =kt X3 IN-2 XN-1 Xy
15t block 27 - block k-thblock  (k + 1)-th block g-th block

Figure 1. Discretization of a two-point block method

In this study, the numerical solution for mixed classical and fractional order integro-differential
equations of the Fredholm type with variable coefficients (FIDEs-CF) was found using two-point block
approaches. In the context of the current study, these formulas show how the two-point block technique is
applied. Rewrite equation (1) as follows, keeping in mind the initial form:

d
Y by, By () =

where

F(x, y(x), Dy(x), Iy (x))
= G + BaCOYC) + )" BEDIY() + Aol[QoCr 551+ ) 41[QyGesiis]  (23)
i=0 Jj=1
and, foreachi =0,1,..,n—1;j = 0,1,...,m:
£ )

fx) Tk pi(x) = o)

_ —pa(x)

— %O(x! S) — _ :;(}'(xf S)
Palx) = ()

G S = ey

Ko(x,s) =

while,

Qo(x,5) = Ko, )y(s)  Q;(x5) = K;(x, )50y (s)
and and (24)

b b
1[Qo(x, s); s] =J Qo(x,s)ds I[Qj(x,s);s] =J’ Q;(x,s)ds

Therefore, calculating the result of the integration of equation (24) numerically, using the
Trapezoidal approach as in equation (3) with aid of lemma 4, produces for input N numbers of sub-
intervals on the hole interval [a, b] at any select collocation points say x = x,. = xy + 7h; + = 0:N.
Therefore, using lemma 3, we can construct the integral part at all collocation points and we get
approximately the following:

b
IIV[QO(x/r"IS);S] = f :Ko(st))’(s)ds = Trap [Qo(st)' a, b,N]
a
=K 95 +2 ) K9p+ KV (25)

and, foreachj =0,1, ..., m:
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b
19, )] = f R;(x,.,5)SDL y(s)ds = Trap [Q;(x,.,s), a, b, N]

N-1 -1

hl_ﬁj — ot Bi
— : Sh sh j
o | 5| 2t - sttty
17 e=1 »=0
1 N-1
— ~ ~ Bi
+E jle [yl%—p_yl%—p—l]ap] (26)
»=0

For every i =0,1,...,7 — 1 at every collocation point {x,.}, we may construct the g;-fractional derivative
part using lemmas 3 and 4, and we obtain approximately the following:

0 ifr=20
— [cpi — =1
N [ IC) MR N TS B
q=0

Now, the objective is to use a fourth-order, six-stage block technique to obtain approximate
solutions for a differential problem within intervals [x,,, x,,,] at fixed block say block « that is [x}, x}, ]
The differential problem (22) will be approached using the same approach that was created for problem
(1). We shall make our presentation as though we were dealing only with (22) and represented given
values as predictors ’9, P9 and P92, the output of algorithm ATFIDE-CF. Therefore, let's:

Yo, = P91,
Yo = F(x, P90, Dy ()], [Ty ()]s,

The procedure uses equations (7) in the following sequence of steps:

}for allr =0,1,2,... (28.4)

Voo = P9I + AT, } (26.5)
Yio = [F(X;Lc+1' Y0, []D)Y(x)]x:xﬁﬂi [Hy(x)]x:xﬁﬂ)' .
1= P90+ [T, + T
1,1 n 2 1,0 0,0)» (28 C)
Yi = F(xg+1lY1,1' [DY(x)]x=xﬁ+1» [H)’(x)]x=xﬁ+1)»
?{2‘1 = pyT’ll =+ Zh?'Ll, } (28 D)
?’2,1 = [F(x,’f+2,?2_1, [DJ’(X)]x=x§+2' [H)’(x)]x:xﬁﬂ)' .
\V4 P h "\ VA \V
Y., = "9+ o -5, + 8V, +5Y5,] (28.E)

§\{’1,2 = IF(xrlch' §\{1,2: [Dy(x)]xﬂcﬁ“' [Hy(x)]x=xﬁ+1)'
\V4 P h' V4 VA VA
Y, = p)’rill + § [Y2,1 +4Y;, + Y0,2],
§\{’2,2 = [F(x£+2'?2,2' []D))’(x)]x=xﬁ+2' [H)’(x)]x=x§+2)' (28.F)
\V4 P h' V4 VA VA
Y3 = p)’rill + § [Yz,z +4Y;, + Y0,2]-
Let us now consider (28 A to F) from a different notational viewpoint. Let:

RY = F(xx, P90, (DY ()] mag, 1y (0)]a=ag), 85 =Vio, RE=T7,

K _ W/ K _ W/ K _ W/
N4 - Y2,1 5= Y1,2 Ne - YZ,Z

Then (28 A to F) may be written in the formulas (29) and (30):
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R = F(x%, P9, Dy () ]pmrtt, [1y () mrk)
N; = F(xrllc +h, pﬁrill + hRY, []D).’Y(x)]x:xﬁ+h: [Hy(x)]x=x§+h)
h
N5 = F (4 b, P90+ 5 [R5 + KL DY G mr o, (VGO mion )
R = F(xX + 2h, P9 + 2085, [DY () emrts2n [V () |ymrits2n) (29)

h
(SR + 85 = N1, DY () Lmsgons (1Yo

NE=F(xf +h "9 + 0

h
Ne =F (xrllc + 2h, pj’\rll1 + § [RT + X% + 4N§]' []DY(x)]x=xﬁ+2h' [Hy(x)]x=x§+2h>

For each k(= 1,2,...,N/2)-th block, the six-stage two-block technique can therefore be expressed as
follows:

3 = 58
h
o1 = P+ 12 [58T + 885 — Nf] (30)

h
Prvz = Pn + Z[NT +4RE + K]
Equations (30) and (29) are applied numerically for a 1-block expansion. With k = 1, the first block
utilizing the points x3,x} and x} referred to as xy,x; and x, on interval [xy,x,], with values of

Pyh, P9 and PP}, respectively, apply the algorithm ATFIDE-CF. After determining the expected value at

the first point, °§}, equation (30) is used to determine the values at the following points, ‘9 and °p2.
For this first block, we determine all values of Nil(i = 1,2, ...,6), for definition of function FF using equation
(23) with equations (25 and 26) for numerical integrations (take N = N) and property of Caputo

derivative lemma 4, so:
N% = IF(XOv pyg’ []Dy(x)]x=xor [HY(x)]x=x0)

m
= f(x0) + Pro "9¢ + AoTrap [Qo(xo,5),a, b, N] + Z ATrap [Q;(xo,5),a,b,N]|

j=1
X% = F(x§ + B, P98 + h&E, DY (O)]mg o Y]yt 1n)
n-1
= f(x) + ﬁrm[ P90+ hNﬂ + Z pi1FDD[y(x1),0;] + AgTrap [Qo(x1,5),a, b, N]

=0

m
+ Z AiTrap [Qj (x1,8),a,b, N]
=1
h
N3 =T (x& +h, 90 + 5 [X1 + X3], DY () Lcgons [Hy(x)]x=x;+h)
-1
= f(xl) + P + pi1FDD[y(x),0;] + AgTrap [Qo(xy,5),a, b, N]

i=0

h
P90 +5 X+ R3]

m
+ Z AiTrap [Qj (x4,5),a,b, N]
=

X} = F (xd +2h, P98 + 2hX3, [DY()]mgron (1Y 0]t 20

n-1

= ) + Pra[ 9% + 2084 + D iaFDDIy(x), 0] + AoTrap [QoCez, 5), @, b, ]

=0

m
+ Z AiTrap [Qj(xz, s),a,b, N]
=1
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R =TF(x}+h Pyl L3 581 + 881 — &1],[D I
5 Xg+n Yo + 12 [5K1 + 8X3 il [ }’(x)]x=x3+h,[ }’(x)]x=xg+h
-1

h
+ Iy [587 + 883 — Ri]| + » p;1FDD[y(xy), 0]

i=0

= f(xy) + Pra | P98

m
+ ATrap [Qy(xy1,5),a,b,N] + Z AiTrap [Qj(xl,s), a,b, N]

j=1

Rl =F(x + 2h, P9 ﬁxl N1+ 4x1), [D I

6 Xy +2h, "y + 3[ ]+ N+ 5],[ }’(x)]x:xg“h,[ Y(x)]x=x5+2h
n—-1

+ ) PaFDDIy(x,), ol
i=0

= _ . h
= f02) + Paa | P90 + 3 [R1 + K] + 4%5]

m
+ AgTrap [Qy(xy, s),a,b,N] + z/lerap [Qj(xz,s), a, b, N]
=1

Thus, from equation (30), we obtain “$%, pF and Pl

= 9 Ih= 9 +oslSNI BRI -Nl and C9F = ©9F +2IN] +4N] + 1)
We use equation (23) to define the function F with equations (25 and 26) for numerical integrations
(assume N = N) and lemma 3 to approximate the Caputo derivative by finite difference in order to identify
all values of X2(i = 1,2, ...,6) for the second block, i.e, k = 2. With values of °9%, 9% and P9}, using the
points x2, x? and x7 (also known as x,, x; and x,) on interval [x,, x,], The ATFIDE-CF procedure is applied,

respectively, with known that ¥* = [ pF  °pP  °ph  Pph  Poh ... Poh . PHR] Thus:

m
RZ = f(x,) + Pr2 PR + AoTrap [Qy(x,,5),a,b,N] + z ATrap [Qj(xz,s), a,b, N]

J=1
-1

X3 = f(x3) + Pzl 97 + AR+ ) §i3FDD[y(x3), 0,1 + A Trap [Qy(x3,5), a, b, N]

Si

I}
(=]

4

m
+ AiTrap [Qj (x3,5),a,b, N]

Jj=1
n-1

+ D BiaFDDIy(), 0] + AoTrap [Qo(xs, ), @, b, N]

i=0

_ h
RE = f0a) + Paz | P2 + 5 [RF +X7]

m
+ Z AiTrap [Q]-(x3, s),a,b, N]
=1
-1

szl- = f(x4) + ﬁﬁA[ Cf’? + Zh?‘(%] + Z ﬁi_4FDD[y(x4), o] + AoTrap [Qy(x4,5),a, b, N]

i=0

m

+ Z AiTrap [Qj (x4,5),a,b, N]
=1

-1

~ h
RE = f(x3) + Pas | Py + 17 [ORT + 8X5 — Xi]

+ Z pisFDD [y(x3),0i] + AgTrap [Qy(x3,5),a,b,N]

i=0

m
+ Z AjTrap [Qj (x3,5),a,b, N]
=1
-1

_ h
RE = f(xa) + Pral| 95 + 3 [NZ + X3 + 48Z]

+ D BaFDDIy(x), o] + AoTrap [Qo(xs, ), a, b, N]

=0

m
+ Z AiTrap [Qj(x4, s),a,b, N]
=1
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Thus, from equation (30), we obtain 9% and P

h h
D3 = P2+ BRI+ BRI -RI] and G = D7+ S [N] + ARG+ K]

Calculating all corrector values for each selected block for each x=34,..,N/2 h =
R £ S < e AL / PR /]

The Algorithm (ABFIDE-CF). The following procedures provide a summary of the corrector approximate
solution “§/(x = 0: N) for FIDEs-CF using the finite difference approximation and the two-point block

approach using Trapezoidal technique for predictor values P9

Step 1.
a.Input N € Z*, take h = (b — a)/N and x, = a + rh,r = 0: N and the number of blocks (N/2).
b. Input the coefficients of boundary conditions g, hoo and 9,.
Step 2. Execute the ATFIDE-CF algorithm to obtain the predictor values of PYh =
[P98 Pyt P9k
Step 3. Define the function F, from the form (23).
e Forevery k = 1,2, ..., N/2, take the subsequent actions on each block interval [x}, x¥ ,]:
Step 4. Evaluate:
i- Trap [Qy(xk,s),a,b,N] and Trap [Qj(x,’f, s),a,b, N] from equations (25 and 26). Putting in
[]Iy(x)]chﬁ-
ii- FDD[y(xy),0;] from equation (27). Putting in [Dy (x)] x= .
Step 5. Compute the {X{} from equation (29).
Step 6. Return step 4 for point x = x;{ + h. Evaluate: [[y(x)], -y« and [Dy(x)]—xicip -
Step 7. Compute the {X% and K%}, respectively, from equation (29).
Step 8. Return step 4 for point x = x;; + 2h. Evaluate: [Iy(x)]y=xx42p and [Dy (x)]x=xkc12p -
Step 9. Compute the {X}, RE and R{}, respectively, from equation (29).
Step 10. By using steps 5, 7 and 9 compute: { “p*,; and 97, ,} from equation (30).
Step 11. If k < N/2 go to step 4. Otherwise stop.

3.3 Third Algorithm:

In the second strategy ABFIDE-CF, the two-point block method offers a reliable predictor-corrector
numerical framework for solving complicated mixed-order Fredholm integro-differential equations
(FIDEs-CF). By improving the original two-point block method with superior extrapolation and correction
techniques, it substantially improves the answer's accuracy. The method operates in three main stages.
Initially, approximate solutions P9$#, P92, ..., P9 are obtained at all grid points using the algorithm
ATFIDE-CF. Using these initial values, the conventional two-point block algorithm ABFIDE-CF is used in
the second stage P, P9I, ..., ‘. The process then moves into an iterative refinement phase, where the
modified two block algorithm is used to gradually improve the results at each grid point. This is done by
employing improved techniques for increased precision.

We turn next to methods for decreasing the step size (h) in the present block. Suppose that after ?1,1
in equation (28.C) we wish to halve h. We first perform ¥/ ; in (28.C). seth = h/2, then the Y, and ¥/

that we just computed are values at x,, and so we relabel them Y, , and Y} ,.ie.setY,; =Y,; and Y}, =
?’1'1. After using the Hermite interpolation formula [24], to find new Y:

S 1 < < h 7 V44
Y, = E [Yo,l + Y2,1] + Z [Yo,1 - Y2,1],
Vi1 = F(%500, Vo DY) Lm0, ),
< coh h i ¥ \V
Yi,= "¥n + 12 [_Ym +8Y,, + 5Yo,1],

§\{’1,2 = ]F(frl1€+11 §\{1,2' [Dy(x)]x:f,'i+1' [Hy(x)]x:f,ﬁ,l)'

where X5,, = x, +qgh (31.C)

(31.E)
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\V4 PN ]hl Vi Vi V4
YZ,Z = Cy.r}z' + § [Yz‘l + 4Y1’2 + YO,Z]’ ]
§\{'2,2 = IF(frlfn’?z,z: []D)}’(x)]xﬂﬁﬂ‘ [HJ’(X)]xmzﬁ”)' (BL.F)
U canh ]hl U7 V24 V2
Yo3= "Vn + 3 [V, +4Y;, + ¥5,).
Let us now consider (28 A and B) with (31 C to F) from a different notational viewpoint. Let:
T = F(X;:, Cﬁrillv []D)y(x)]x:x%r [Hy(x)]x:xﬁ)! Qg = §\{gl,Oi Qg = ?11,1
Qf = Y'm Q= §\{’1,2 Q5 = S’Y’z,z

we can rewrite the formula in the new corrector strategy as follows at block «, the interval [x), x),,]. That
equations (28 A and B) with (31 C to F) may be written in the formulas (32) and (33):

0 = F(x, P DY eceg, 1y () ms)
Qf = F(xkyr, P+ hQ5, (DY )]emrs, 1 [Ty () Leays, )
h
0 = F (s, 9l +5 105 + 051 DY amsg,, [, )

0 = F (s, 90+ 7105 + 05] 4 5 [0F — 051, DY (Lo, . Iy CO) G2)
3 = M Xne I 2 4 2l T4 3L DY X)) =i, o WYX ) =g,
o} _
+ 75 (505 + 805 — 051, DY (Lo, [ (e,
h
05 = F (i, 0+ 5 105 + 05 + 4051, (DY (O o, [V (e,
Where Xy, , = x,, + gh such thath = h/2 and for all g = 0,1,2, ... For each k (= 1,2, ..., N/2)-th block, the
modify six-stage two-block technique can therefore be expressed as follows:

K —K csh
'0'4 - IF(xn+1' Yn

c*ah _ Coh

Yn = In
.n .n h —
“Pper = IR+ E[SQT + 803 — Q3] (33)

h
“Pnaz = TIn + 2 10F + 405 + 05]

The Algorithm (AMBFIDE-CF). The following procedures provide a summary of the corrector
approximate solution “*§*(x = 0: N) for FIDEs-CF using the finite difference approximation and the two-
point block approach $!* using Trapezoidal technique for predictor values P9

Step 1.
a.Input N € Z*, take h = (b — a)/N and x, = a + rh,r = 0: N and the number of blocks (N /2).
b. Input the coefficients of boundary conditions g, hoo and 9,.
Step 2. Execute the ABFIDE-CF algorithm to obtain the predictor values of €P" =
[P0 97 - Il
Step 3. Define the function F, from the form (23).
e Forevery k = 1,2, ..., N/2, take the subsequent actions on each block interval [x}, xk ,]:
Step 4. Evaluate:
iii- Trap [Qy(xX,s),a,b,N] and Trap [Qj(x;f, s),a,b, N] from equations (25 and 26). Putting in
[]IY(X)]x=x§-
iv- FDD[y(xy), 0;] from equation (27). Putting in [Dy (x)] x .
Step 5. Compute the {Qf} from equation (32).
Step 6. Return step 4 for point x = xp,,. Evaluate: [Iy(x)],=xx,, and [Dy(x) ] —xx, -
Step 7. Compute the {Qf and Q%}, respectively, from equation (32).
Step 8. Return step 4 for point x = Xz . Evaluate: [Iy(x)] =g« and [Dy(x) ] —zx, -
Step 9. Compute the {Q¥, Q¥ and Q¥}, respectively, from equation (32).

Ccxsh

Step 10. By using steps 5, 7 and 9 compute: {9/, ; and “*$}*,,} from equation (33).
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Step 11. If k < N/2 go to step 4. Otherwise stop

4. Numerical Experimental Tests:

In this section, the numerical results of some representative problems are used to demonstrate the
feasibility of the current three algorithms (ATFIDE-CF, ABFIDE-CF and AMBFIDE-CF). These findings are
also explained in tables and figures. They were all finished using a computer program that was running
Python 3.8.8 (2021). ¥ ,[y(x,) — $x(x,)]? The least square errors (LSE) in the tables are represented by
M € N at M-selected collocation points x, locations. The running time is also given in tabular form.
Additionally, apply the absolute error function E (x,) = |y(x,) — ¥n(xp)|, forall £ = 0,1, ..., M, to each test
problem at the chosen interval points. Additionally, use graphs to show it.

Test Problem 1. Consider the mixed classical and fractional order integro-differential equations of the
Fredholm type with variable coefficients on the closed bounded interval [a, b] = [0,1]:

1 1

ssin(x) y(s)ds — j e*SDOy(s)ds

2
Y'() = 53 6PYY () + 2y() = £0 +
0 0

where

-2 3e*

fe) = r(z.s)xz'8 T 26r23)

+3x3+ 2.6 x —0.275 sin(x)

whereas the boundary condition: y(0) —y(1) = _?2 While the exact solution is y(x) = %xz — %

This example obtained the numerical computation at every point applying the suggested strategy
which is a linear IFDEs-CF of Fredholm type with variable coefficients for all derivative orders (C-F) lies in
(0,1]: Take N =10andx, = xo +rh, (r =0:N). Sincen = m = 1and the fractional orders are g, =
0.2and 5, = 0.4 , S, = 0 with boundary coefficients goq = 1; hgo = —1 and J, = —2/3. While, the kernels
are ¥y (x,s) = ssin(x) with K, (x,s) = e* and the eigenvalues parameters A; =1; 4, = —1 and the
functions: p(x) = 1, po(x) = _?zx and p; (x) = 2x. We obtained the numerical results by using the

suggested approach to the mentioned situation. Set the Python application for all three algorithms,
ATFIDE-CF, ABFIDE-CF, and AMBFIDE-CF, and run all of them to obtain the following data solution for our
test problem. Use equation (10) to get the following results:

Ay(0) =1.7016542932 and Ag(0) =1 Ap(1) =2.8112403816
Also, the various values of §7 and C{ for fractions @ = o and B for all £ = 0,1, ...,10 are presented in table
1 and 2 respectively, by applying equation (16).

Table 1. Contain all values of 7 for fractions a« = o and g for all £ =

0,1,..,10
Orders: o-fractional B-fractional

? 5;° b sh

0 1 1 1

1 0.7411011266 1 0.5157165665
2 0.6671235587 1 0.4174654784
3 0.6232084477 1 0.3642146651
4 0.5924651854 1 0.3291310944
5 0.5690643942 1 0.3036282472
6 0.5503136812 1 0.2839397981
7 0.5347552493 1 0.2681064035
8 0.5215144917 1 0.2549905657
9 0.5100273100 1 0.2438788867
10 0.4999096827 1 0.2342974276
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Table 2. Contain all values of C§ for fractions « = ¢ and g forall# = 0,1, ...,10

Orders: o-fractional B-fractional

¢ c C° ¢

0 1 1 1

1 —0.2588988734 0 —0.4842834335
2 —0.0739775679 0 —0.0982510881
3 —0.0439151109 0 —0.0532508134
4 —0.0307432624 0 —0.0350835707
5 —0.0234007911 0 —0.0255028472
6 —0.0187507131 0 —0.0196884490
7 —0.0155584319 0 —0.0158333947
8 —0.0132407576 0 —0.0131158378
9 —0.0114871817 0 —0.0111116790
10 —0.0101176273 0 —0.0095814591

For the finite differences quadratic Trapezoidal techniques, the matrices L(z L+ LA +i Lg) and
I(= 2o1% + 1Y) are created as equations (14 for L”-matrix, 15 for L#-matrix, 17 for L9-matrix) and (18

for I -matrix, 19 for I**-matrix). The Python program which written for this purpose runs to obtain:

L
-15
—4.88656
0.16815
0.22704
0.2828
=1 0.33606
0.38734
0.43701
0.48532
0.53246
L 0.57859

and

r10.84895
11.98994
13.25094
14.64455
16.18473
=117.88689
19.76807
21.8471
24.14478
26.68411
L 29.4905

20
0.08656
—4.94126
0.02518
0.01993
0.01744
0.01593
0.01489
0.01412
0.01352
0.01303

—0.70122
—0.76499
—0.83661
-0.917
—1.00716
—1.10818
—1.22124
—1.34766
—1.48886
—1.64639
—1.82197

-5 0

5 0

0.17311 5
—4.91189  0.25967
0.03357 —4.88252
0.02491  0.04196
0.02093  0.02989
0.01858  0.02441
0.01702  0.02124
0.01589  0.01914
0.01502  0.01765
—0.73528 —0.77597
—0.79264 —0.82763
—0.85833 —0.88817
—0.93341 -0.95879
—1.01902 -1.04078
-1.11638 —1.13553
—1.22683 —1.24451
—1.35182 —1.36934
—1.49291 -1.51174
—1.65182 —1.67357
—1.83039 -1.85686

0
0
0

5

0.34623
—4.85315
0.05035
0.03487
0.0279
0.02389
0.02127

—0.8259
—0.87282
—0.92929
—0.99664
—1.07633

—-1.1699
—1.27903
—1.40547
—1.55113
—1.71805
—1.90843

[=N =N}

5
0.43278
—4.82378
0.05875
0.03986
0.03139
0.02655

—0.88942
—0.93304
—-0.987
—1.05283
-1.13215
—1.22669
—1.33831
—1.46896
—-1.62076
—1.79596
—1.99696

[$2 N e e el )

0.51934
—4.79441
0.06714
0.04484
0.03488

—0.97458
—1.01718
-1.07115
—1.13823
—1.22025
—-1.31916
—1.43702
—1.57603
—1.73856
—1.92709
—2.1443

From the boundary condition equation, the matrix form computed as:

[B;C]=[1000000000—1;—2/3]

substituting the above matrices for fundamental equation (21), the augmented

on a condition which is:

0 0
0 0
0 0
0 0
0 0
0 0
5 0
0.60589 5
—4.76504  0.69245
0.07553 —4.73567
0.04982 5.08392
—1.09875 -1.3117
—1.14442 -1.36979
—1.20294 —1.44318
—-1.27629 -1.53419
—1.36654 —1.64529
—1.47593 —1.77909
—-1.60679 —1.93836
—1.76165 —2.12606
—1.94315 -—2.34536
—2.15415 -2.5996
—2.39767 —2.89239

[=NeRoNoloNoNoN-]

wui

0.77901
—19.7063

—2.13052
—2.26474
—2.42342
—2.60994
—2.82789
—3.08115
—3.37389
—3.71055
—4.09594
—4.53524
—5.03403

[=NeloloNoloNoNoNe)

5

15.86556

—1.405621
—1.50353

-1.61749

—1.74963

—-1.90223

—2.07776

—2.27889

—2.50846

—2.76959

—3.0656

—3.40014

matrix is obtained based

11x11

11x11
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[D; E]

—16.08489485
—6.08555061
—1.15694717
—1.23741213
—1.33567684
—1.45263223

=] —1.58946695
—1.7477029

—1.92916131

—2.13594831
—2.3704565

1

20.0701221
0.16305495
—4.85759852
0.11687658
0.12064325
0.12825567
0.13805239
0.14965643
0.16300608
0.17815798
0.19522839

0

—4.92647243
5.07926386
0.25894615
—4.8185473

0.1354712

0.1365474
0.14360887
0.15376467
0.16630868
0.18106714
0.19806002

0

0.07759673
0.08276265
5.08881678
0.35554816
—4.77844013
0.15551403
0.15434252
0.16134748
0.17241138
0.18650169
0.2033357

0

0.08258975
0.08728245
0.09292858
5.09966369
0.45385822
—4.73615742
0.17825634
0.17541985
0.18301364
0.19569697
0.21211487

0

0.08894193
0.09330436
0.09870045
0.10528304
5.11321485
0.55545108
—4.68994681
0.20564215
0.20193122
0.21098415
0.22624239

0

0.09745808  0.10987454
0.10171783 0.11444181
0.10711541 0.12029421
0.11382344 0.1276287

0.12202527  0.13665427
5.13191568 0.1475927

0.66303993  5.16067949
—4.63680361  0.78205958
0.24099384 —4.57072124
0.23754558  0.29094542
0.24930654  0.28958589

0 0

0.13116995
0.13697854
0.1443178
0.1534193
0.16452911
0.17790865
0.19383584
5.21260643
0.92698665
—4.4757063

537316205 —19.20289226

0

0.21305218
0.22647407
0.24234228
0.26099354
0.28278885
0.30811536
0.33738856
0.37105481
5.40959432
1.23253181

0

0.14056202

0.20777631

0.25084626

0.27695872
5.30656043

-1

solving the system above, by procedure that [D” D; DT E], the approximate solutions ¥" are obtained. Table
3 shows a comparison between the exact solution and numerical solutions y(x) = y5(x) for N = 10 of the
three strategies: Trapezoidal method, Two-point block method and modify two-point block method
depending on the least square error and running time. Also, the results, least square error, and the
required time for running the programs for different values, i.e., different step size h, are shown in Table 4.
Figures 1 displays a comparison between the approximate solutions by three algorithms and the exact
solution with a step size of h = 0.1 and N = 10 for test example 1. The absolute errors are also depicted in

Figure 2.

Table 3. Numerical results in that shows comparing the exact y(x) and numerical solutions
% (x) for test example 1 using algorithms (ATFIDE-CF, ABFIDE-CF and AMBFIDE-CF) depending
on least square error and running time for N = 10.

Approximate Solutions
X, Exact Solution Trapezoidal Two-point block Modify two-point
block
0.0 —0.200 —0.18273375 —0.18273375 —0.18273375
0.1 —0.185 —0.16703029 —0.16703133 —0.16739067
0.2 —0.140 —0.12148536 —0.12148943 —0.12228406
0.3 —0.065 —0.04612347 —0.04613745 —0.04740482
0.4 0.040 0.05907293 0.05907504 0.05726772
0.5 0.175 0.19408961 0.19404502 0.19176367
0.6 0.340 0.35895958 0.35896959 0.35612065
0.7 0.535 0.55367793 0.55358522 0.55038113
0.8 0.760 0.77829193 0.77831431 0.77459073
0.9 1.015 1.03280208 1.03264302 1.02879698
1.0 1.300 1.31726626 1.31730722 1.31306533
L.S.E. 3.706303 x 1073 3.697489 x 1073 2.881255 x 1073

R.Time/Sec

0.106966495519

0.29590439796

2.1884922981

. 0.80709732

015035338 1.12563557

0.16174937 :
0.17496287 :
0.19022297 :

1.46198904
1.82821971
2.23725188
2.70254144

022788857 3.23795161

3.85769076
4.57627892

" 5.40853015

16.20557744 : 6'36??4538

2

3
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Table 4. The mean least squared errors and running times N = 10,50 and 100 for the Trapezoidal,
Two-point block, and modify two-point block methods for various step sizes.

Least square Error (LSE.) and R.Time /Sec for different input N
Methods N =10 _ NZSORT' NZlOORT'
.1me lime lime
LSE. /Soe LSE. /Soe LSE. /Soc

Tr"’pé}zo’da 3.706303 x 1073 | 0.106966 | 1.603494 x 10~*| 10.017458 | 3.859712 x 10~5| 46.913775
TVZ(;ZZZM 3.697489 x 1073 | 0.295904 | 1.603414 x 10~*| 14.526843 | 3.859676 x 10~5| 69.572829
Modify two- |, 001955 % 10| 2.188492 | 1.231219 x 10| 70.886375 | 2.959983 x 10-5| 442.463386
point block

Comparison of Exact & Approximate Solutions

Exact

1.2 4 =% Two-Bl

solution
—@- Tapezoidal approximation

approximation

@ 4bs_error Trapezoidal

| W~ Abs_emn
=0~ Abs_error Modifytwo-Block

or two-Block

—@ Modified Two-Block approximation

1.0

0.8 1

0.6 1

fx)
Absolute error

0.4

0.2 1

0.0 1

u T T T T T T T T T T T T T T T T
0.0 0.2 0.4 0.6 0.8 1.0 00 01 02 03 04 05 06 07 08 09 1.0

Figure 3. Absolute error plot function
|y(x) — 9% (x)| for N = 10, h = 0.1 for test

Figure 2. For test example, 1 with a step size of h =
0.1, the approximate solutions, while the precise

solution is shown by a solid line. example 1.
le—3 (a) 1le—3 (b)
— Trapezoidal = PP I Trapezoidal
3.5 —— Two_Block Lt: ° Two_Block
— modifytwo_ Block £ .
] 0.0 == T T
3.0 (e Mo 0.5 1.0
x5
2.5
le—3 (=)
= = — Trapezoidal
= 2-97 = 2-5 ] —— modifytwo_Block
—_— —
1.5 0.0 = T T
(e M o) 0.5 1.0
x5
1.0
1le—3 (d}
a.5 - § —— Two_Block
= 2.5 7 —— modifytwo_Block
frd
0.0 | ~
T T T T T T 0.0 = T T
0.0 0.2 o.4 0.6 0.8 1.0 0.0 1.0

Figure 4. (a) LSE. comparison of Trapezoidal, Two-point block and modify two-point block methods for
Example 1 (b) LSE. comparison of Trapezoidal and Two-point block methods. (c) LSE. comparison of
Trapezoidal and Modify Two-Block methods. (d) LSE. comparison of Two-point block and modify two-
point block methods.
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Test Problem 2. Consider the mixed classical and fractional order integro-differential equations of the
Fredholm type with variable coefficients on the closed bounded interval [a, b] = [0,1]:

y' () + §D23y(x) + §DI°y(x) + xy(x)

=f(x) + <1—10) J;I(ZS —x)y(s)ds — (%) fol(cosh(x) + 5x)$D26y(s)ds

where
1 2 1 2 1 1 2 1
— 0.7 _ 2.7 0.5 __ 2.5 _ h 5 [ _ .4
O =ran* “tan* Trant tasn* 10O+ res Tl 737
+ ! + 0.9466667
52X 0
The suitable condition is: y(1) =§ . While the exact solution is y(x)=x— §x3 .

This example obtained the numerical computation at every point applying the suggested three strategy
which is a linear IFDEs-CF of Fredholm type with variable coefficients for all derivative orders (C-F) lies in
(0,1]: Take N = 10 and x, = x, + rh, (r = 0: N). Sincenn = 2;m = 1 and the fractional orders are g, =
0.3,0; = 0.5and §; = 0.6, S, = 0 with boundary coefficients goq = 0; hoo = 1and 9, = 2/3. While, the
kernels are ¥,(x,s) = 2s —x with X, (x,s) = cosh(x) + 5x and the eigenvalues parameters 1, =
1/10; A; = —1/10 and the functions: p(x) = 1,p, = p; = 1 and p,(x) = x. We obtained the numerical
results by using the suggested approach to the mentioned situation. Set the Python application for all
three algorithms, ATFIDE-CF, ABFIDE-CF, and AMBFIDE-CF, and run all of them to obtain the following
data solution for our test problem. Use equation (10) to get the following results:
Ay(0) = 2.1958807641 A, (1) =3.5682482323 and Ap(0) =1 Ap(l) = 4.4869086589

Also, the various values of §7 and CJ for fractions @ = o and f for all £ = 0,1, ...,10 are presented in table
5 and 6 respectively, by applying equation (16).

Table 5. Contain all values of 67 for fractions « = o and g forall £ = 0,1, ..., 10

Orders: o-fractional B-fractional

£ 5,° 5, 5f° 651

0 1 1 1 1

1 0.6245047927 | 0.4142135624 1 0.3195079108
2 0.5331644873 | 0.3178372452 1 0.2323376631
3 0.4813465416 | 0.2679491924 1 0.1892555527
4 0.4461534921 | 0.2360679775 1 0.1625528121
5 0.4199747728 | 0.2134217653 1 0.1440185724
6 0.3993846907 | 0.1962615683 1 0.1302339134
7 0.3825650730 | 0.1826758137 1 0.1194902855
8 0.3684428716 | 0.1715728753 1 0.1108279753
9 0.3563356145 | 0.1622776602 1 0.1036617462
10 0.3457843332 | 0.1543471302 1 0.0976122038
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Table 6. Contain all values of Cf* for fractions @ = ¢ and g forall £ = 0,1, ...,10

Orders: o-fractional B-fractional

¢ ce c ch ch

0 1 1 1 1

1 —0.3754952073 | —0.5857864376 0 —0.6804920892
2 —0.0913403055| —0.0963763172 0 —0.0871702476
3 —0.0518179457 | —0.0498880528 0 —0.0430821105
4 —0.0351930495| —0.0318812149 0 —0.0267027406
5 —0.0261787192 | —0.0226462122 0 —0.0185342398
6 —0.0205900821 | —0.0171601970 0 —0.0137846590
7 —0.0168196177 | —0.0135857546 0 —0.0107436279
8 —0.0141222014| —0.0111029384 0 —0.0086623102
9 —0.0121072571| —0.0092952151 0 —0.0071662291
10 —0.0105512813 | —0.0079305300 0 —0.0060495425

Table 7 shows a comparison between the exact solution and numerical solutions y(x) = ${(x) for N = 10
of the three strategies: Trapezoidal method, Two-point block method and modify two-point block method
depending on the least square error and running time. Also, the results, least square error, and the
required time for running the programs for different values, i.e., different step size h, are shown in Table 8.
Figures 4 displays a comparison between the approximate solutions by three algorithms and the exact
solution with a step size of h = 0.1 and N = 10 for test example 2. The absolute errors are also depicted in
Figure 5.

Table 7. Numerical results in that shows comparing the exact y(x) and numerical solutions
y% (x) for test example 2 using algorithms (ATFIDE-CF, ABFIDE-CF and AMBFIDE-CF) depending
on least square error and running time for N = 10.

Approximate Solutions

i Exact Solution Trapezoidal Two-point block MOdUﬁl;lomé Z-p oint
0.0 0.00000000 0.00262389 0.00262389 0.00262389
0.1 0.09966667 0.10213647 0.10239117 0.10231600
0.2 0.19733333 0.20023795 0.19991350 0.19985559
0.3 0.29100000 0.29370573 0.29360413 0.29332099
0.4 0.37866667 0.38130687 0.38077218 0.38070664
0.5 0.45833333 0.46071284 0.46045080 0.46003975
0.6 0.52800000 0.53007016 0.52939046 0.52933072
0.7 0.58566667 0.58741241 0.58707058 0.58658722
0.8 0.62933333 0.63056866 0.62987389 0.62983338
0.9 0.65700000 0.65799280 0.65744933 0.65704657
1.0 0.66666667 0.66674359 0.66620614 0.66629882
LSE. 5.122598 x 107> 4127387 x 107> 3.573159 x 107°
R. Time/Sec 0.22990847 0.35886931 3.05152345
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Table 8. The mean least squared errors and running times N = 10,50 and 100 for the Trapezoidal,
Two-point block, and modify two-point block methods for various step sizes.

Least square Error (LSE.) and R. Time/Sec for different input N

Methods N =10 N = 50 N =100
R.Time R.Time R.Time
LSE. JSec LSE. JSec LSE. J5ec
Trapezoida
] 5.122598 x 10~5| 0.229908 | 2.360518 x 10~6| 13.327582 | 6.234882 x 10~7| 46.913775

Two-point

block 4127387 x 10~5| 0.358869 | 2.282876 x 10~¢| 20.416350 | 6.161447 x 10~7| 105.80631

Modify
twk‘)’l'cf’ccl’(mt 3.573159 x 10~5| 3.051523 | 2.065440 x 10~¢| 118.41427 | 5.933845 x 10~7| 993.2877

Comparison of Exact & Approximate Solutions

0.010

0.6 +

0.5

0.4 1

fix)

0.3+

0.2 4

0.1+

0.0

Ex:

act solution

~@- Tapezoidal approximation

¥~ Two-Block approximation

8 Modified Two-Block approximation

0.009

0.008

0.007

0.006

0.005

Absolute error

0.004

0.003 1

0.002 +

0.001

@ Abs_error Trapezoidal
W~ Abs_ern
=0~ Abs_error Modifytwo-Block

or two-Block

T
0.0

Figure 5. For test example, 2 with a step size of
h = 0.1, the approximate solutions, while the
precise solution is shown by a solid line.

T T
0.2 0.4

le—5

T
0.6
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0.000 +—
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Trapezoidal
— Two_Block
— modifytwo_Block

-0 .2

1.0

LS. Error

LS. Eror

LS. Error

Figure 6. Absolute error plot function
ly(x) — 9% (x)| for N = 10,h = 0.1 for test
example 2.

{2)

Trapezoidal
Two_Block

0.0 o.5 1.0
>
le—5S (=)

Trapezoidal
modifytwo_Block

o.5 1.0

o.
P
le—5 (=D
— Two_Block
1 —— modifytwo_Block
o.0 o.5 1.0

x5

Figure 7. (a) LSE. comparison of Trapezoidal, Two-point block and modify two-point block methods for
Example 1 (b) LSE. comparison of Trapezoidal and Two-point block methods. (c) LSE. comparison of
Trapezoidal and Modify Two-Block methods. (d) LSE. comparison of Two-point block and modify two-
point block methods.
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Test Problem 3. Consider the mixed classical and fractional order integro-differential equations of the
Fredholm type with variable coefficients on the closed bounded interval [a, b] = [0,1]:

Y0+ §D81y(e) + (x + DEDEEYC) + (37) §D84y(C0) + (62 + 2)y(0)

= f(x) + %fol(ZS)y(s)ds - %fol (cos (g) - x) ¢D07y(s)ds
where

2 2

—2 X190 2 2.7 1.7 x26 — 5 x 1
O =tz9* “tan® ** )_I‘(26) r(33)(cos()_x)_x -2 _2x+ﬁ
The boundary condition: 3y(0) +y(1) =—1 . While the exact solution is y(x) =—
This example obtained the numerical computation at every point applying the suggested three strategy
which is a linear IFDEs-CF of Fredholm type with variable coefficients for all derivative orders (C-F) lies in
(0,1]: Take N = 10and x,, = x, + rh, (r = 0: N). Since = 3;m = 1 and the fractional orders are g, =
0.1,0; =0.3,0, =04 and B, = 0.7, B, = 0 with boundary coefficients gog = 3; hgo =1 and 9y = —1.
While, the kernels are K, (x,s) = 2s with X, (x,s) = cos(x/2) — x and the eigenvalues parameters 4, =
1/5; 4, = —1/5 and the functions:p(x) = 1,p,(x) = 1,p;(x) =x +1,p,(x) = x/3 and p3(x) = x* + 2
We obtained the numerical results by using the suggested approach to the mentioned situation. Set the
Python application for all three algorithms, ATFIDE-CF, ABFIDE-CF, and AMBFIDE-CF, and run all of them
to obtain the following data solution for our test problem. Use equation (10) to get the following results:

As(0) = 1.3089729017 Ay (1) = 2.19588076 A,(2) = 2.811240381 and c/‘l,;(O) =1 a‘lﬁ(l) = 5.58444120
The exact solution and numerical solutions for y(x) = (x) for N = 10 of the three strategies-the
trapezoidal technique, the two-point block method, and the modified two-point block method-based on
the running time and least square error are compared in Table 9. Additionally, Table 10 displays the
outcomes, least square error, and time needed to execute the algorithms for various values, or step sizes h.
For test example 3, Figure 7 compares the exact answer with a step size of h = 0.1 and N = 10 with the
approximate solutions obtained by three algorithms. Figure 8 shows the absolute errors as well.

Table 9. Numerical results in that shows comparing the exact y(x) and numerical solutions
% (x) for test example 3 using algorithms (ATFIDE-CF, ABFIDE-CF and AMBFIDE-CF) depending
on least square error and running time for N = 10.

Approximate Solutions 9 (x)

x; Exact Solution _ _
Trapezoidal Two-point block Madlﬁ;ﬂt:;zp oint

0.0 —0.00 0.00072054 0.00072054 0.00072054

0.1 —0.01 —0.01006724 —0.00996222 —0.00983996
0.2 —0.04 —0.04078291 —0.04081348 —0.04027094
0.3 —0.09 —0.09118969 —0.09106657 —0.09057865
0.4 —0.16 —0.16152601 —0.16157594 —0.16079390
0.5 —0.25 —0.25174146 —0.25155096 —0.25094407
0.6 —0.36 —0.36190286 —0.36193282 —0.36104488
0.7 —0.49 —0.49200872 —0.49176476 —0.49110902
0.8 —0.64 —0.64207961 —0.64211555 —0.64114496
0.9 —0.81 —0.81212011 —0.81179837 —0.81115950
1.0 —1.00 —1.00213953 —1.00218459 —1.00115753

LSE. 2.896651 x 107> 2.654127 x 107> 8.791524 x 107

R. Time/Sec 0.17188239 0.34373093 2.48437190
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Table 10. The mean least squared errors and running times N = 10,50 and 100 for the Trapezoidal,
Two-point block, and modify two-point block methods for various step sizes.

Least square Error (LSE.) and R. Time/Sec for different input N

Methods N =10 N = 50 N =10

R.Time R.Time R.Time
LSE. /Sec LSE. /Sec LSE. /Sec

Trapezoidal | , ggcccq « 10-5 | 0171882 | 1.073431 x 10-6 | 14.785652 | 2.740044 x 10~7 | 90.684154

Two-point
block 2.654127 x 107> | 0.343731 | 1.071960 x 107¢ | 16.072447 | 2.739603 x 10~7 | 109.72937

Modify

twk‘)’l'(f’ccl’(i“t 8.791524 x 1076 | 2.484371 | 2.545316 x 10~7 | 119.14772 | 5.744475 x 10~8 | 807.42086

Comparison of Exact & Approximate Solutions 0.010
0.009 +

0.0
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Figure 8. For test example, 3 with a step size of h = Figure 9. Absolute error plot function
0.1, the approximate solutions, while the precise |y(x) — 9% (x)| for N = 10,h = 0.1 for test
solution is shown by a solid line. example 3.
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Figure 10. (a) LSE. comparison of Trapezoidal, Two-point block and modify two-point block methods for
Example 3 (b) LSE. comparison of Trapezoidal and Two-point block methods. (c) LSE. comparison of
Trapezoidal and Modify Two-Block methods. (d) LSE. comparison of Two-point block and modify two-
point block methods.
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5. Conclusion:

In this study, we have presented and implemented three distinct numerical techniques-namely,
the Trapezoidal Method, the Two-Point Block Method, and the Modified Two-Point Block Method-to solve
mixed classical and fractional-order integro-differential equations of Fredholm type with variable
coefficients under boundary conditions (IFDEs-CF) in the Caputo sense. The primary aim was to assess the
performance, accuracy, and practical applicability of each method in approximating the solutions to these
complex equations. All algorithms were thoroughly formulated and implemented using the Python
programming language, and their effectiveness was evaluated through a series of carefully selected
numerical examples.

Based on the numerical outcomes and graphical analyses, we draw the following conclusions:
1. Accuracy of the Modified Two-Point Block Method:

Among the three numerical approaches examined, the Modified Two-Point Block Method consistently
yielded the highest level of accuracy. This method demonstrated superior approximation quality,
particularly in terms of minimizing the least squares error, and showed strong agreement with the exact
solutions of the test problems.

2. Performance of the Two-Point Block Method:

The Two-Point Block Method also performed well across all test cases. It produced accurate results and
outperformed the classical Trapezoidal Method in most scenarios. This indicates its reliability as a robust
and efficient method for solving IFDEs-CF, especially when the Modified version is not required.

3. Effectiveness of the Trapezoidal Method:

While the Trapezoidal Method is a more conventional approach, it still provided accurate approximations,
particularly when applied with sufficiently small step sizes h. However, its performance was relatively less
effective compared to the other two methods, especially for problems involving strong fractional behavior.

4. Impact of Step Size and Number of Intervals:

For all three methods, the accuracy of the numerical solution improves as the number of subintervals N
increases, which corresponds to a reduction in the step size h. A finer discretization led to a noticeable
decrease in the least squares error, confirming the convergence behavior of each method.

5. General Observations on Convergence and Reliability:

Although all three methods yielded convergent and practically useful solutions, the Modified Two-Point
Block Method emerged as the most reliable and accurate technique for this particular class of equations. It
not only ensured better convergence rates but also maintained numerical stability across different
problem settings.

In summary, the study confirms that while each method has its merits, the Modified Two-Point
Block Method is the most suitable choice for solving IFDEs-CF in the Caputo sense, due to its superior
accuracy, consistency, and computational effectiveness. These findings contribute to the broader
understanding of numerical strategies for fractional integro-differential equations and provide a solid
foundation for further exploration in this area.
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