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This work investigates the relationship between the smoothness measure and the function norm in
the space Zgw(l), where modified symmetric difference based on the Ditzian-Totik function
@(x) = V1 — x? are employed to assess the behavior of functions within centered subintervals. The
focus is on the weighted smoothness measure of order m,used to derive both local and global
estimates of the function. The weighted smoothness measure can be bound in terms of a series
involving E,, (x) , which represents the optimal approximation of the function by polynomials. The

Keywords:

Weighted normed space
Symmetric difference
Modulus of smoothness
Jackson's inequality

following estimate incorporates the effects of the weight, partial smoothness, and derivative
behavior into a precise quantitative expression linking approximation properties with smoothness
analysis. The results contribute to a deeper understanding of the interplay between function
smoothness and behavior in approximation function spaces, and they open pathways to accurate
numerical applications.
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1. Introduction

In this paper, a weighted normed space Z e where asl<p<oo,axa€(01]W:I >R W EW,|lw|<k,k

positive then the norm distance on Zgw (D is IIFII

2,0 Zaw(l) -R. Defmed the function F € Z (D) as follows:

The modulus of smoothness of order m € N take the form of :

@ (F, 6, D p =

||F||Z£W(1) ||F||Lwﬁ(1) + A(m)(F X)W| ,ZVx€I,meEN,1<p<o (1.1)
@i (F, 8)up = sup Ay (F,. )” 1 =[a,b] (1.2)
niss 1l tmy 2.

LetF € L, ,(I) ,F:1 > R ,I =[a,b] , thenthe symmetrlc difference (see [1, 2]) of order m defined by:
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N gyt (™ (9COhD) (CICLD\ WP CICOLD)
(m)(FX)W_ ;(—1) (i)F(x+ - )W<X+ - ),le+ o xel (13)
,0.W
Where () = is the b1nomlal coefficient.

l)'
The error of opt1mal~approximation of a function F with polynomials of degree < nin norm Z E‘W(I ), and
expressed by the symbol E, (F),p , it can be estimated in terms of the m — order smoothness scale as:

BuPup = cCm) % ()

Where E, (Fwp itis the error of the optimal approximation of the degree < n in the space Zg‘w(l).

2. Main Result

In this part, we show several dependencies between the modulus of smoothness and the norm of the function F in
the space Z,, b (D). And provide estimates for the approximation error based on the order of smoothness, in the first
figure, the relationship between the modulus of smoothness at different orders is shown, where the relation
remains valid for different values of h, in the second figure, the validity of the relation is shown with the existence of
a constant satisfying Jacksons inequality (see [3]).

Lemma 2.1 [4]. LetF € L, ,(1) N A'(4,),0 < p < 1 then

AGY (F,)

< c(m) lIFll.,,qcn
my ’

LW,[)(I)

Corollary 2.2. LetF € Zg_w(l) thenfor 1 < p < oo we have
afl(F'g)wﬁ <B wm(.F 6)W{)
WhereB=1+c,c=c(m Mk, a,A;) ,6§ >0

Proof. From the inequality

AGY (.. < (1+0)|[a%YE.)
my Zlg,w(l) m Lw,f)(l)
When 0 < h <6 then
sup ([A5Y (F..) < (1+0) sup ||ASPF.)
|h|<8 m Z,EW(I) |h|<8 (m) Lw,f)(l)

By using definition the modulus of smoothness (1.2) and (1.3)

We get
N(p(.F S)Wf) <Bw (.F S)Wb

Where B = (1+c¢) and ¢ =c(a,m,M, k,A;) and § >0

Theorem 2.3.Letm = 1 and J, < I ,thenforfF € Zg_w(l) ,1 < p < oo thereexista fixed ¢ > 0, so that:
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1
”F”zf,’,_wu) <mbc ||F||Z£'W(L ) G B UL T ) wp
where J, =[v—(m+ 1)@,v+m@] ,7r=1,..,s ,wherec = c(p,m)

Proof. We will first find a relation between the subintervals of the interval [, = [a,_, ,a,] and I = [a;,a;,,],t =
1,3,5,...,s , we will work on the interval [, .

We have L, = [v —m((p(xzﬁ ,V+ m@] Jh, =hy+(r—1d,r=1,..,sand L. c [, Now by symmetric
difference of order m € N,and for F € wa(l) ,we obtain AYY(F,x), = Yo (=)™ (T]”)F(x + Oy (x +

m)
(p)h)
)

m—1
=Fx+ @(x)h) w(x + (“’Sfl)“) + Z( 1ym-i ( ) Fx+ (rp(x)hn)w( 4 (<p(x>h>)
j=0

Flx+ (p(x)h)) w(x + €8W) = A(,,ih)(]:‘, X — L (=)™ (]. )F (x + (20mD) w(x + LM
m)

Since for allx € [, and 0 < h < §, we havex + % <X+ @(x)h and since F is increasing in an interval [, , then

for1 < p < o ,wehave

x)h x)h h
‘P(HM)W(HM) B W<X+(<p<) ))’
m m m
Then
m-1 p
(plh) (A0 b m—j m (p()hj) (p(x)h)
|F T W(X+ " ) (m) + ;(_1) (j)F(X+T)W(X+T)
(m)(F Xw z |(—1)m—j <m>| F X+(<p(x)hj) wlx+ CIOLA
m = j | ( m ) ( m )|
By take the integration of both sides with respect to J,, where
Jr = [V_ (m+ 1)—((p();)hr),v+m—((p();)hr)] 3L.c],,r=1,..,5.
Then
) m-—1 6
£ I )+ ) e T, [ ) ) a1, a0,
j=0

Now, consider the interval

S PRCEL

(I, v —%qo(x)hr]

suchthatT, c J,..
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What we do is split the interval J,. into two intervals, which are:

(m+1)

T, = [v - oX)h, ,v — —go(x)hr] and L, = [v —%(p(x)hr v +?(p(x)hr], see that || =IT.|+IL.| ,r=

This retail achieves the following:

p
f |_F (X + (<P(X)h)) w (X + ((P(X)h))| dx
Jr m m

<1, g o 1, 5 e o)

e, e+ ) e ) o

Since the interval L, is to the right of interval T, and the length of interval L, is greater then the length of interval
T, , such that

IL.| = mpX)h, and |T,| = %mq)(x)hr ,vm > 1, then

Ty (e e (s ) o, ZIF e G
ANl ( (q,(x)h])) (*M,fl)h))‘ =), W(”(w(:l)h))‘ .

b b
F(X+ (<p(r>r<l)h)) W<X+(<p(:r<l)h)>‘ dx+f, F<X+ (2<pr(r>l<)h)) W<X+ (<P(:r<l)h))’ dx

((m — Dp()h) @\
F<X+—> W<X+T)‘ d

Iy

-
j=0

m

S T LY LTy L

tp()

Since x < x + —— and w(x) decreasing,

(P(X)h
hence w (x +— ) < w(x), then

(p(x)h)
_f, W(x 4 (20 "we<l, P60 wGolPdx = IFIS,
p_ (p(x)h) (p(x)h) p
o 1 =, P 228 o a2 g,
We will discuss the remaining cases forwhenj = 2,...,m —1

. p
F <x + M) W(X)’ dx.
m

(@()h)) @\’ &
( 90;<nj> <+%)‘dxstLr

j=2

2
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Letu=x+%)hj ,thenx=u—%)hj and dx = du , then

m-1 hi [} m-1
Z I, F<X+w> W(X)| dx = Z fLrJrrp(fr)th
j=2 j=2

We have —u — ("’(2’”') <., _ @O

<u-— Vj=2,..
w (—u — %)hj)), hence

m

~\ D
Fa) w (u B (<p(x)h1)>| i

m

,m — 1,since w(x) decreasing function then (u - (q’(;ﬂ) <

m-—1 hi h p m—1 . b
Z fLT F(’“’@) W<X+%>| dx < Z fLr+<p(;2hj F(u)w<u——((p(2 ])>| d
j=2 =

Z fL +‘P(X)h1

m

Fa w ( (<p(x)h1))‘ i

Since w(x) is even function then

W(—u—@) =w<—(u+@))=w(u+(‘p§;ﬂ)and sinceuSu+(<p(;ﬂ a

nd w(x) decreasing function
then w (u + —(w(x)hj))
m

< w(u) , hence

(w(x)hﬂ wlx s @M mzl [, voms IF) w)Pdu
m - = L+ 200 ’

thatis
m-—1 m-—1
1P [, yowon; IF@) w@)lPdu .
i=2 =2 m
Sinceu = x+@ , then
m-—1 m-—1 i . b
X)h x)h
P < f, ( +(<p( ) ])) W<X+(<p( ) 1))‘ dx
i= =2 m m

=m-2)IFl},

. 14
F(X+ (‘P(X)h])> W<X+ (<p(X)h))
m m

IIFII IIFII +(m— Z)H.FH

W(L ) w T' W(L )

=c(p,m) m IIFII

Then

m-—

I, Zl

m-1
dxslg+1f’+zljf’

i=2

W(Lr)

Then
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[ IF X+M w X+M f)alx <[ [A™(F x) bdx+c(f) m) m |IF|IP
Jr m m =y | ek MW ’ z8 (L)
(m) aw
(m) 5
<
IFlls o < ||Aon G0 +e@mymb IFllp
' (m) 28 U '
By definition the modulus of smoothness (1.2), we get
A, < @ F Oup
(m) Z(g,w(l)
then

where m>1 ,L,. cJ,

1
5 ~p
IFll s gy < COmIMS IFlLp )+ Bl s

1) EXX)}IT)

the same way in (2.1) , on an interval I where f is decreasing on I , consider n
T] and split the interval J, into two interval,, which are: . and L, see that |]r| L1+ |Tr| ,r=1,..,8
We get

(2.1)

T, = v+mM,v+(m+

1
1 P
||F||Z£,w(jr) S m[) c ||F||Z£_W(Lr) + . (,F! |]r| !]T )W,f) "
whereL, c J,, m>1,c=c(p,m) >0

Example 2.4. Let

) F®) =55 W =55 xel.

2) p=4,m=2,h=02,%x,=0

Using the definition of the modulus of smoothness in formula (1.2) at = [—2,2], and using the definition of the
norm [ on the space Zglw(l) in formula (1.1) once at interval I = [—2,2] and once at subinterval L, = [—1,1] , we
obtain the following results:

IFllp o = 09192 IIFlLs () =~ 09188

1
@9 (F,8)wp =~ 0.0146, mb ~ 1.189
By Jackson inequality 3 ¢ = c(m, p) and ¢ = 0.8275 such that

IFlle ) ~0.9192 < 10187829814

1
~ b M
cbm)mb NIFlle 5+ @m(F 6wy
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Verification of the Inequality

—— RHS: C-mYP - |flzry + w'™
1.3 === LHS: [flzen

1.2

I1F

Value

1.0}

0.9

0.8}

0.7 0.8 0.9 1.0 151 1.2
Value of constant C

Fig. 1 - The figure shows that the inequality is satisfied when the constant value ¢ = 0.8275.
Lemma 2.5.ForF € Z), (I),1 < p < o, a € (0,1]and m, k € N we have &% (F, 6)y.p < ¢ @7 (F, &) -

Wherec =c(m —k) ,k<m.

Proof: Whenk <m ,Letm = k + 1, then by symmetric difference of order m, we have for F € ZE‘W(I) ,Vx €1,

that

MG (F, %)y = "*”cF Xy -
m

By integrating both sides in relation to the norm in the space Zg'w(l) , we obtain the following:

(m)(.F ) — ‘ k+1)(]: ) — (1) ( (k)(]; ) ) A(m k) <A(k)(]; ))
m) Zg_w(l) (k+1) Zg,w(l) (1) ® Zg,w(l) (m—k) (k) Zg,w(l)
By using Lemma (2.1) we get
NG ) < c(m— k) |[AG) (F,.)
(m) Z,E,W(I) (k) Zg,w(l)
By taking the supremum of both sides, we obtain that
AGY () < c(m=1k) sup ||Ag0(F,.)
Oshs6 m Zab W@ 0shsS || 0 Zgw(l)

Based on the definition of the modulus of smoothness in the space Zgiw (1) , we conclude the following:

@7 (F, wp < cay (F, 8 w,p-

Where
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c=cim—k),k <m.

It follows that a function F belonging to the apace Zg_w(l) of order m exhibits greater smoothness than a function

of order, where k <m

Example 2.6. Let

1) F® =yl ,W(x)=$,xel.

2) p=4,m=4,k=2,1=[01].

Using the definition of the modulus of smoothness in formula (1.2) when m = 4 and again when k = 2, we get

the following results.

and,

Hence

AR F, )

AR ED

~ 0.00437

A0

~ 0.0000944

z8

@Y (F 8)wp < @F Fr8)upe

Table 1 - The table shows the comparison of the modulus of smoothness at different orders and preserves

same relation at different values of h.

h

|A;1“ F w) |L4

|A;:” F w) |L4

0.01
0.02
0.03
0.04
0.05
0.06
0.07
0.08
0.09
0.10

0.000068
0.000255
0.000543
0.000917
0.001362
0.001870
0.002431
0.003039
0.003686
0.004368

0.0000000283
0.0000003904
0.000001719
0.000004759
0.00001025
0.00001884
0.00003113
0.00004757
0.00006856
0.00009440
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Comparison of L~4 Norms of Symmetric Differences (m=2 vs m=4)

(B (F W)l
—a— |AY(F
0.004 | = 182 (Wl
0.003
E
o
=
< 0.002
il
0.001
0.000} & - - . . o —
0.02 0.04 0.06 0.08 0.10
h

Fig. 2 - A comparison between the modulus of smoothness atorders m =2 and m = 4

Theorem 2.7. LetF € Zf;w(l) ,1<p<ocoandn >m—1,thenforanyn € N,m > p,we obtain

w,p

61(51 (F: 5)W,f) <B n_(m_l)En—(m—l) (F(m_l))

-1 &
D™D Y (1 + 0P (P

nz2

where
B=1+4+c,c=cm,M,a,k,A;),D =c(n)B ,d = 0.
Proof. Foranyn € N ,Letn = 2" 3 r = Max{i: 1,2, ..., ,2! < n}. Defined the algebraic polynomial P, € [],, by

P = (P = Pi®) + (P @) = Ppics () + ++ + (Pyiminy () = Poicti-y () + P (x), VX E 1

r

PO = ) (P = Py (),

i=1

where P,i(x) and P,i-1(x) are polynomials belong to [],: and [],i-1 respectively and out of [], , also P,i,P,i-1
are best approximation in an interval I to F € ZS‘W(I) and satisfies when P, interpolate f in an interval I , that

IF = Paill,s oy = ,inf IF=Pallyp = Ew Pup = EnF Tldues -

And
”-F - PZi_lllzuf"w(I) = P‘r}éllfln”F - P"”Zgw(l) = En(.F)w,b = En (.Fi Hn)w,f)

By using Corollary (2.2) for 1 < p < o , then
o’ (F, Swp <B w? (F, wp-
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By using (Theorem (1.5.1), (v), [2]) we have for 1 < p < oo that

W (F,8)wp < B S™ g (F™D,6) o
<B 5(m—1)w7‘fl(f‘(m—1) _ pn(YYl—l)' S)W,b +B (5m_1(1);ﬁ(Pn(m_1), S)W,p )

By (Theorem (1.6.1) [2, 5]) and (Proposition 1.6.5) [3]) we get

0,y < B O™ F =B+ B P,

=L+, forn>m-—1.

Il = B 6“"’1—1”];‘(‘"’1—1) - P‘n(m_l)”LW’ﬁ([)

<B&mHF Y =BTV ()

Since P, the optimal approximation of F and F is @ —Ho6lders smooth also P,fm_l) the optimal approximation of

F(M=1 in other words P, is the optimal approximation to F , not only in values but also in derivatives , hence

I, <Bé&™1? En—(m—l)(.F(m_l))W’ﬁ

=Bn "D I By gnoy) F(m_l))w,f) (2.2)
Now,
— - (m)
L L

By using ((proposition (3.2.2) [4],[6]) we get

1
I, <c@B ™ "™ T IPl,, oy ;mn €N

1
=D 6711—1 |I|m b ”Pn _P]-”LW,f)(I)’D =B C(Tl)

,
<D¢sm1 |1|m_% Z”PZi - PZHHL )
i=1 "
. r
<Dn =D |75 Z [ IIF - Pzi”Lwﬁu(I) +[IF - Pzi‘1||Lwﬁ(’)]
i=1 ' ’

.
i
<D=V Z [ NP =Paillp gy +IF = Poimillp g ]
i=1 " .

To investigate the behavior of the approximation error associated with hierarchical polynomial approximations
of a function ', we consider error contributions from successive approximation levels. specifically, we examine the
cumulative error arising from polynomial approximation at levels 2! and 2:~! , and observe that their combined
contribution at each step can be estimated by
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,
-1 ~ ~
Iy < D 277D Y (B (P + Eyies (g
i=1

This quantity represents the total error due to two consecutive approximation levels.

By aggregating such pairwise error contributions at to level 2" , we obtainan an upper bound on the overall error
accumulated across all intermediate levels. More formally, we have the inequality:

.
1 .~
L < D27 UM Y 2 By (R L), -
i=1

Such a formulation is particularly useful in multilevel numerical schemes, where selective control over error
contributions can lead to more efficient and adaptive approximation strategies

I? < p2-0m=vrp i) ZZ‘f’Ezl(F Hz)

By using the following inequality (see [7]):
2 < Ziizzi_lﬂ(k + 1)"P~1 hence for k <m — 1 we get

Forv =1, we get

1P < p2-(m-vrp 11|t Z Z (k+ 1)~ Ezi(F'Hzi)Evp'

=1 g=2i-141

Wehavek <m—1<n then k+1<m<n+1,(k+ 1P < (n+1)P? then

If’<D|1| f’znﬁn 1)f>(k+1)f>1E(f1]2)

<p|lm f’z n=m=0b (n 1+ 116, (PP

vnz2

Now,wehaven +1 ~n as n > o then (n+ 1)P~* ~ nP~! hence
nTMPHP (n + 1)1 x nmb+hpb-1
We havem >p_then —m < —pthenn™™ <n Pandn ™ < nPhencen ™ nP < n P nPand n ™ nPnb-1 <
n=b* nb nb-1 = n=b*+2b-1 thatis

n~m=1b (p 4 1)P~1 < n~(p*-2p+1)

Therefor
1
1P < p ) Yt B,y d=F"—2p+1 andd 20
n2
m=1 —d _
12 <D |I| b an En(.F)w,f) (23)
nz2

Wheren+1>m>pnmeN,1 <p <o wesetform (2.2) and (2.3), that
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wrfl(.l:ia)w,b <L+

~ 1 —d__
<B n_(m_l)En—(m—l)(.F(m_l))w,b +D |1|m p Zn b E, (.F)w,f)'

n=2

Where
d=>0,B=1+c,c=c(mM,a,k, A;),D = c(n)B.
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