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Abstract

The perturbed linear dynamical system with unbounded perturbed control
operator generating by unbounded infinitesimal generator have been adapted.
The solvability of this class with admissibility as wheel as some dynamical
system properties are also given and proved .The solution is guaranteed via
composite perturbation semigroup approach.

1- Introduction

Balachandran in [4] Presented the semigroup theory and optimal control
theory in Hilbert space, [9] studied the semigroup formulation of Boundary
input problems for systems governed by parabolic partial differential equations
and the results were uses to examine the time optimal boundary control
problem, [3] searched for sufficient conditions for boundary controllability of
integro-differential systems of Banach spaces and the result was obtained by
using the strongly continuous semigroup theory and Banach contraction
principle,[14] concerned with approximating infinite dimensional optimal
control problems with non normal system operators and in proving convergence
of the infinitesimal generators. Solvability and controllability of semilinear
initial value control problem via semigroup approach were studied by [20,23]
and the development of approximation technique for infinite dimensional linear-
quadratic optimal control problem via semigroup approach searched by [2].The
work of [1] focused on the controllability of the mild solution of some
semilinear initial and boundary control problems in arbitrary Banach spaces
with their optimal controls solution.

The unbounded control operator appears naturally for example, when we
model boundary or point control from system described by linear PDE's. There
Is extensive literature dealing with systems having unbounded control operators.
Among those are [7],[8],.[17],[19].[22],[24].
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The concept of a composite semigroup was used to drive a necessary and
sufficient condition for an unbounded control operator to be admissible in the
sense of Weiss [27] that which given a necessary condition for admissibility of
unbounded control operators on a Banach space X. It also showed that the
conditions are sufficient conditions in the case of invertible semigroups. One
can find these conditions, more details, explanations and examples in ([10],
[11], [12] ,[16] [25],[26],[28]).

Our argument totally relies on the concept of a composite perturbation
semigroup. This is a very promising technique with a potentially wide range of
applications in the infinite-dimensional control system theory.

The linear dynamical control system in the presence of unbounded
control operators as well as the perturbation for the generators are one of the
main interest and themes of this work. The solvability of such system and the
study of some of its dynamical properties, up to our knowledge and research are
still a challenge for many researchers. So, the main aim of the following work is
to define such a dynamical properties as well as the solvability using the
concept of composite semigroup generated by some unbounded linear
generators. Some preliminaries are then needed to understand the present
approac

The following problem have been presented an disused in this paper.
SZ(0) = (AL + AAYZ(L) + Z(O(Az + AAg) + (B + AB)U(D)
Z(0) = Zg

where B : U—— L(H) is a linear unbounded perturbed control operator, and
ABe L(U,L(H))where u € L? _([0,:0),U) is the control function. Let A;:D(A,)
< L(H) and A, cL(H) are unbounded linear operators AA;eL(H) and AA,e
L(Hj that D(Al) (- D(AAl)and D(Az) (@ D(AAQ) A1+ AA]_, Ag + AAz are
defined as linear unbounded operators with D(A; + AA;) and D(A; + AA))
contained in H.

2. Some mathematical concepts

In this section , some necessary mathematical concepts for usual semigroup
,petutbation and compsite semigroups theorys.

Definition(2.1) [5]

A family {T(t)}wo of bounded linear operators on a Banach space X is
called a (one-parameter) semigroup on X if it satisfies the following conditions:
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T{t+s)=T@H)T(s),Vts=>0
T(0) =1, where | is identity operator.

Definition(2.2), [18]
The linear operator A defined on the domain:

D(A)={x e X: Iiirn TMX=X exists} and (6)
t0 t
Ax = lim TOX=X = d*T(t)|  for x eD(A)

t10
t dt o

Is the infinitesimal generator of the semigroup T(t), D(A) is the domain of A.

Definition(2.3) [3]

A semigroup {T(t)}o on a Banach space X is called strongly continuous
semigroup of a bounded linear operators or (C,-semigroup) if themap T: t——>

T(t) eL(X), t € [ "satisfies the following conditions:
1. T(t+s)=TMT(ES), Vi, se ™.
2. T(0) =1, where | identity operator.
3. lim IT(t)x — X]||x =0, for every x e X.

Lemma(2.4), [4].[21]

A linear (unbounded)operator A is the infinitesimel generator of a C,-
semigroup satisfying the following conditions:

(i) Aisclosed and D(A) = X.
(if) For x € D(A), T(t)x eD(A) and
OIiT(t)x = AT(t)x = T(H)AX, forall t >0
t

(i) The resolvent set p(A) of A contains [] © and for every A > 0
IR(A; A)||< L. Then lim AR(%; A)x =X, for x e X.
A A—>0
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Definition(2.5) ,[6]
The weakest topology on L(X, Y), such that E, : L(X, Y) —— Y given by:

E«(T) = Tx are continuous for all x €X is called the strong operator
topology.

Remark(2.6), [5]

A semigroup {{T(t)}=o Iis called a continuous in the uniform operator
topology, if:

(1) |ITE+A)Xx-T@OX||[x —> 0,asA——> 0,V x € X.
@) |ITOx =Tt -A)X||x —> 0,a3sA——> 0,V x e X

Lemma(2.7), [6]

If Ay and A, are operators, such that o(A;) N o(A;) = I, then the
equation

A X — XA, = C has a unique solution X for every operator C.

Theorem(2.8), [21]

Let X be a real Banach space and let A be the unbounded linear
infinitesimal generator of a C,-semigroup T(t) on X, satisfying:

IT®llLx < Me™.

If AA is a bounded linear operator on X, then A+AA with
D(A+AA)=D(A) is the infinitesimal generator of a C,-perturbation semigroup
S(t) on X, satisfying:

ISMllo < Me™MIAAlCO

foranyt>0,w>0and M > 1.

Definition(2.9)
Let L(H) be a Banach space, a one-parameter family
{5(t)}0 < L(L((H)), te[0,) of bounded linear operators defined by:

8(t) = S1()ZS2(1) | (7)
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for generator & + AA, for any ZelL(H) and t <[0,0) is called composite
perturbation semigroup, where Sq(t),S,(t) are two perturbation semigroups
defined from H into H for (A;+AA,) and(A, + AA,) respectively.

Definition(2.10)

The infinitesimal generator & + AA of £(t) of problem formulation on a
uniform operator topology defined as the limit:

B(t)Zh-Z

(8 + AB)Z = T~ limyo { } e D(a+aa),

where D(& + AA) — L(H) is the domain of 2A+AA defined as follows:

D(A + AA) = { ZeL(H): 1- lim, ,o {22} exist in {L(H),} }

where {L(H), t} stands for L(H) equipped with the strong operator topology r,
I.e., topology induced by family of seminorms p = {pn}nen, Where siminorms
pn(Z) = lIZhllw, Z € L(H)

Remarks(2.11)

1. {L(H), 7} stands for L(H) equipped with the strong operator topology
1, 1.e., topology induced by family of seminorms p = {pn}nen, Where
siminorms pn(Z) = ||Zh||u, Z € L(H).

2. Let D(A;) < D(AA2), D(A;) < D(AA;) and D(a) < D(A&).Therefore the
following are concluded

a-The different between the usual strongly continuous semigroups of
problem formulation and the composite perturbation semigroup (7)
follows from the fact that in general for Z €L (H), the function [0,0) o t
= $(t)Z € L(H) is continuous in {L(H), t}, and which cannot be
continuous in {L(H), ||.||} unless the semigroups {%:(t)}e0, {S2(0)}e0 <
L(H) are uniformly continuous. However, this takes place case only if
their generators A; + AA;, A, + AA,; are bounded operators on H.

b-The generator A + AA is densely defined only in {L(H), t} and does not in
{L(H), [|.|[}- This implies that D(A+AA) in L(H) is only a proper set and
not the whole L(H).
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Lemma(2.12)

Let 5(t)= S;(t)ZS,(t), t > 0 be a composite perturbation semigroup defined
on L(L(H)); Sy(t) and Sy(t) are, perturbation semigroups defined on L(H) then

a- The family {=(t)}»o < L(H), t > 0 is a semigroup, i.e.,

1.8(0)Z=2,V Z e L(H)

2.5(t + 5)Z =5(t)(8(s)z)=5(s)(s(t))Z for Z e L(H),andt,s € [0, «).
b- [IS®lle < M1M2et(W1+W2)+M1IIAA1II|_(H)+'V|2||AA2|||_(H) fort e [0, o).
c- 5(t) € L(L(H)) is a strong-operator and continuous at the origin, i.e.,

- Itiw||(5(t)2)h - (®0)h|ly=0,h e H, Z € L(H).

Lemma(2.13)

The operator A + A& of problem formulation is infinitesimal generator for
5(t) defined on its domain D(&+ AA&) satisfying the following properties:

(a) D(a + A&) is strong-operator dense in L(H).
(b) A + A4 is uniform-operator closed on L(H).
(c) ForZ e L(H):

_t[(S(I’)Z) dr S D(Jﬁh + Aﬂ), and

0

(A +A4) ([ s()zdr)=S()Z - Z.

(d) ForZ € D(a) :
8(t)Z € D(a + AA), the function [0,0) > t > $(1)ZeL(H)
is continuously differentiable in {L(H),t} and

%(g(oa = (4 + AA) (()2)=S()((& + A8)2)

(e) ForZ e D(a + A&) and h € D(A; + AA))
(& + A&)Z2)h = (A + AA)Zh + Z(A; + AA)h .

The problem of admissibility for unbounded linear operator and the
necessary and sufficient conditions (assumptions) for the solvability of problem
formulation is then intrduced and as follows.
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3.Problem Formulation

Let H and U be a pair of real Hilbert spaces with norm
|, and].], respectively. Consider the initial value linear perturbed control

problem in infinite dimensional state space:
5200 = (Ac+ AA)Z() + Z()(A + AA) + (B + AB)U()

(8)
Z(0) =2,

Where B: U—— L(H) is a linear unbounded perturbed control operator, and
ABe L(U,L(H)) is a perturbation control operator. where u e L, _([0,«),U) is the
control function. Let A;:D(A;) € H——H and A;:D(A;) ¢ H——H are two
unbounded infinitesimal generators. also AA;eL(H) and AA,e L(H) that D(A,)
< D(AA;) and D(A;) < D(AA;) defined from H into H are linear unbounded
operators with D(A; + AA;) and D(A + AA,) contained in H.

It should be noticed that the existence and unigueness of strong solution
of (8) have been developed by assuming the following assumptions:

1. Ho = L(H) is a Banach space with the norm
1Zlly, = IR (0 (& +24))Z|juy for Z € Hoand & € p(a +aa),

we define a family of seminorms P« = {P<h}uch, where P<h(Z) = ||R (A;

(A +a&))Zh||, for Z € H,, and Hy with the strong operator topology 7«
induced by p- is denoted by {Hq, t}. It is clear that ||Z||,_|0 =B (A;

(& +28))Z|lparan) = sup 1@, for Z e Hoand A e p(A& +44) (H, does not
bl

depend upon A).A;, A, are linear unbounded operators (infinitesimal

generators satisfying the conditions of Hille-Yoside theorem on H generating

Co-semigroup {T1(t) }0 < Ho and {T,(t) }0 < Ho, respectively.

2. A; + AA; with domain D(A; + AA;) = D(A;) < H and A, + AA, with the
domain D(A, + AA;) = D(A;) < H are linear perturbation unbounded linear
operator on H generating C,-perturbation semigroups {S:(t)}=0 < Ho and
{S,(t) }=0 < Ho, respectively.

3. & + AA is infinitesimal generator of a C,-composite perturbation semigroup
{5(t)}0 and with domain D(& + A &) = D(&) < Ho.

4. (A + AB)Zh = AZh + A AZh= (AZh + ZAh) + (AAZh + ZAAh)= (A, +
AA)Zh +

Z(A, + AAy))hfor any Z € Hy and h € H, where 4 is standing for A;. +.A;
and A &

107



Journal of Al-Qadisiyah for Computer Science and Mathematics
Vol.3 No.1 Year 2011

standing for (AAL.+. AA,).

4. D(A1) < D(AA,;) is a Hilbert space with the norm ||. |[pany =[|(AM — (At
AA1).||l4, Where & € p(A; + AA;) and D(A;) < D(AA)) is a Hilbert space with
the norm |[.[loaz) = [[(1l = (A2 + AA,).|| u, where pu € p(Az + AA,). {S1(t)}e0
restricts to a C,-perturbation semigroup {s,(t)}.., < L(D(A;)) with generator
A, + AA, having the restriction of A; +_AA1 and {S,(t) }wo restricts to C,-
perturbation semigroup {s,(t)},., < L(D(A,)) with generator A, + AA; having
the restriction A, + AA,. -

5. H_1(A; + AA,) is a Hilbert space defined as the completion of H in the norm
- 1a_, ca,+0an = [[R(A; Ar + AA) |4 and H_y (A, + AA,) is a Hilbert space
defined as a completion of H in the norm [I. llx__ca_s1ay = IR(A; Az + AA,) ||,
{Si1(t)}=0 extends to C, semigroup {s,(t)}., < L(H_1(A; + AA;)) with
generator A, + AA, being continuously extension of A; + AA;. Analogously,
{Ss(t)}0 extends to a Cy-semigroup {s,(t)}h., = L(H_1(A, + AA,)) with
generator A, + AA, being continuously extension of A, + AA,.

6.H = D@&) < D(A&) is a Banach space with the norm
1Zllg, = [I(AI— (& +248))Z|]y , for Z e Hand A € p(A + AA4).

Moreover, on D(& + a&) we define a family of seminorms p; = {p:h}nch,
where p;h(Z) = [I(A1— (& +A&))zZh|l,, for Z € D(&a+a4) H; with the
topology induced by the uniform norm is denoted by {H,, ||.||[.} and with
strong operator topology 7, induced by p; is denoted by {Hy, t1}. It is clear
that [1Z[l, suphEH ! for Z e D(A + AA),

IIhII !

7. The family {&_1(t)}»0 < L(H_,) is a semigroup continuous in {H_;, t;} and
infinitesimal generator coincides with ((& +a4&)_;, D(a +aA&)_,), where
D((A + aA)_;) = H,.

8. H_; is the set of all equivalence classes of norm bounded Cauchy sequences

in {Ho, =} and an element of H_, is denoted by Z = [{Z.}], where [{Z.}]
denotes the equivalence class containing {Z,},.n. We define a family of

seminorms p_y = {p_1h}nen, Where p_ih(Z) = p1([{Z.})] = lim p<h(Zy), for
n—oo

Z =[{Z.}] € H_; and a norm ||'||H-1 as follows:

NR(2:a+A8)2 hllg

12|, = . pa@p =7 lM ph@y) =lim syp——77

T n n H
T %0 IIh % 20
heH heH heH
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=T lIM IR(GA+ AR)Z |y, = IROGA+ AAL)Z ly, for A e
n—oo -

p(A +a4) and {Z,}eHo, where Ze H_;.

9. The family {s_1(t)}»0 < L(H.1) is composite perturbation semigroup and
continuous extension in the time in {H_;, t_1} and its infinitesimal generator
(& +a4a)_, D((& +a&)_,)), where D((& + A&)_;) = Ho.

10. The family {%;(t)}0 < L(H;) is a composite perturbation semigroup and
continuous restriction in time in {H;, .} and its infinitesimal generator
((A +24),, D((A +a4),)), where D((& +44),) = D((&a +a4)%) is dense in
D(& + AA) [see theorem 2.1].

By condition (5), s_,(t) is the Cy-semigrops generated by the linear
operators (A+AA), , and let Z(.) € L(H) be the solution of (8) .Then by
lemma(2.4)(ii),we have $_4(t-s)Z(s) is differentiable, that implies the H_;-valued
function

H(s)=%_4(t-s)Z(s) forO<s<t, €))
has a derivative as follows:

dH(s)=s4(t-s) 9 Z(s) +Ls_,(t—s)Z(s)
ds ds ds

=& (t-S)((A+ AR), Z(S)—(A + AA),8_, (t-5)+ &_, (t=S)(B+AB)u(s).
(10)

From (10),we have that

d H(s)= &_1(t-s)(B+AB)u(s).
ds

(11)

Integrating (11) from O to t, yields:

j 9 9 ds = [ Sa(ts) (B+AB)U(S) ds

0 0
From (9), we have:

t
Z(t)=5-1(Y)Zo | st (B+AB)u(s) ds
0

(12)

Depending on the above problem formulation with suggested assumption
the following definitions, remarks, theoretical results as well as some useful
properties are developed.
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Definition(3.1)

A continuous function Z(.)eL(H), given by:
t

Z(t)=5_4(t) Zo+[ s_.(t-s) (B+AB)u(s) ds.
0
for any Z, € L(H) and t >0,which is strong operator differentiable in L(H) is
called a strong solution to the linear perturbation initial value problem (8).

Definition(3,2)

Let U be a Hilbert space and AB € L(U, Hy), then B € L(U, H_,) is said
to be admissible perturbed control operator for { &(t) }wo for the problem(8) with
conditions (1)-(11) if for some t> 0 and any u e L*([0, ], U), we have that ¢.u
e Hy, and

t

du=[ sy(t—r)(B+AB)u(r)dr. (13)
0
Remarks(3,3)

1. If B is admissible perturbed control operator, then for any t > 0,

d. defined above is a bounded linear operator from L2([0, o], U) to Hy (this
follows from the closed graph theorem). In the other hand:

[ U [, <K [lu ||L2([O,oo),U) ,V U e L*0, »), U). (14)

2. The space B(U, Hq, &) of all admissible perturbed control operator for
{ 5(t)}0 with domain U is a subspace of L(U, H_;) and is a Banach space
with the norm:

1B + ABl: = sup [l o [l »
flull

where the topology of (U, Ho, ) is independent of t > 0.

Remarks(3.4)
1. ||, and]/|,, .are equivalence norms do not depend on A € p(4 +A4),[27].
1 -1

2. 1, Is equivalent to the graph norm on Hy, so H_; is complete.
1
3. Let p € p(a+a4) (if H is a real Hilbert space, then peR).The operator R, =

(ul — (A +24))™ has a unique continuous extension to an operator in H_;,
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which is denoted by the same symbol.R,, is an isomorphic from H_; to H, and
from Hp to H;.

Proposition(3.5)

If s(t) e L(Ho) commutes with A+AA, e, (S(H(A+AR))Z =
(A +24)s(1)Z, for all Z € H,), then the restriction s(t) to H; belong to L(H,)
and is the image of £(t) via any of the isomorphisim R,. Further s(t) has a
unique continuous extension in L(H_;), which is the image of s(t)via any of the
isomorphism in R;*.

Proof

From remark (3.4), it follows that R, is isomorphism from H_; to H and
from H to H;.

S(Z =R, S(t) R'Z forall Z € H;

S(OZ=R.'S(OR,Z, forall Z € H_,.

Definition(3.6)
An operator Y € L(H{(A, + AA,), H_1(A; + AA,)) is said to be admissible
for s(t) € L(Hy) if for every t > 0 the following inequality holds:

=

T
fu (8_4(t—r)Y)hdrg ::H_,_|:ﬂ._+f_'.A._}.|:H._|:A._+ﬂA._}"

< m(t)k|[hl[ul9lln (15)
forh e Hi(A; + AA,), g € Hy (A, + AAy) and k> 0.

It is clear that in this case (15) extends to all h, g € H, which can
equivalently written as:

t
[ (coat=1)Y) dr e L(Hy(A + AA), Hoy(As + AA;) N Ho.
0

Definition(3.7)

Let {S(t)}s0 be a composite perturbation semigroup in Hy of problem
formulation with generator & + A4 € Hy and let C € L(Hy, U). The operator C is
called an admissible observation operator for the composite perturbation
semigroup {=(t)}wo if for any t > 0, there exists:
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T

2
| lcs®zlig < € 1z)3, . for Z e Hu.
0

Theorem(3.8)

If C € L(Hi (A, + AA)), U) is an admissible observation operator for Sy(t)
and B is an admissible perturbed control operator for S,(t),such that (B+ AB) e
L(U, H_1(A1 + AA]_)) then (B+ AB)C S L(Hl(Az + AAz), H_l(Al + AA;L)) IS an
admissible perturbed for £(t) = L(Ho), where AB € L(U, Hy).

Proof

Let (B+ AB)C S L(Hl(Ag + AAz), H_l(A]_ + AAl)),h S Hl(Az + AAZ), and
g € Hy (A; + AA,). Using definition(3.6),we have that

< [8_,(t—r)(B+ AB)C.h.dr,g >
Jy 8-1(r = 1)(B+AB) "8 H_ (A, +4A,) (H,(A,+24,0)°

< [fl= §,(t—r)(B+ AB)C.5,(t— r)dr,e =
Jy1= 5i(t—r)(B+ AB)C.5,(t— r)dr,g ML (AL tAAL) (H, (AL$ 84"

< [FllC.5,(x = 0)IEdr [|(B + AB)”. 5,(t - 1glu -
from definition (3.6), we get
<[711C.8,(x — »)3dr |IB”. 5,(x — Ngllull A"B. 5i(t — ngllu< CE)lIhlHb(®)l|glIHK -
Set m(t) = C(t)b(t), thus:

< [y 8.4(x—1)(B+AB)Chdr,g > < mOK[hilnllgll- -

Then from definition (3.6), we obtain (B + AB)C is admissible for { £(t) }wo.

o CAFAAL) DA, +04.07)

Corollary(3.9)

Let £(t) = S(t)ZS*(t) be a composite perturbation semigroup generated by
(A + AA). +.(A + AA)), for all Z e L(Ho). B is an admissible perturbed control
operator such that (B + AB) € L(U, H_;(A + AA)) of a perturbation composite
semigroup {=(t) }wo if and only if:

(8" + A'B) s-s(x=nhll 2y ) =B NI (16)
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Proof
Let (B + AB) € L(U, H_;(A + AA)). Using definition(3.6),we have that

‘c.: J; 8_4(t—r)(B+AB)(B+ AB)*drh,g >

H_,(A+AA)(H, (A+.m}}"
f;lc‘: S (t—r)(B+AB)(B+AB)*'S* (t—r)drh,g = |=
f;lc‘: (B+ AB)*S* (t— r)drh, (B + AB)*S* (1 — r)g =y

By setting h = g, we obtain:

2

T
= | B + ABY'S (v — ) hify dr= (B + AB)'S' (x - 1) hi% <

0
b(@)| h [ -
On the other hand, by using Cauchy Shwarz's inequality we gets

‘< (B+AB)'S (t=1)h,(B+AB)' S (t—1)g >

L2(0,%:U)

< |B+48)S"(z—nh| (B+4B)'S (x-n)g|

L2(0,:U) ‘ 120.zU)

By setting g = h, we obtain:
[<(B+AB)'S (c-nh, (B+AB)'S (x-n)h >| < H(B+AB)*§*(r—r)hH2 <b(7)|Ihl

= ‘a: fﬂ S_y(t—r)(B+AB)(B+ AB)*drh,g }H_._':A+EA},(H._EA+EA}}"

< b(7)||h||4 [see definition (3.6)].

Lemma(3.10) , [18]

Y e L(D(A"), H.1(A)) is an element of H_; if and only if the following
equation has a unique solution Z € Hy, such that:

Y =AZ-(AZ-ZA)

Theorem(3.11)
Let BB™ e L(H1(A), H_1(A)) n H_; and suppose that
o(AA) No((AA)) = &, and (M — (& + 44))Z = (B + AB)(B+AB)”

for any Ze D(A +AA), then (B + AB)(B + AB) eL((H:i(A + AA))", H_.(A +
AA)) M H_]_.
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Proof
Let (Al —(A+AA))Z=(B+AB)(B+AB),
LZ — ((A+AA)Z + Z(A+AA) =BB™ + B(AB) + AB(AB)" + ABB”,
Since BB™ eL(H"4(A), H.1(A)) N H.; .Then from lemma (3.10), we get:
M —AZ—-ZA =BB’, forunique Z € Hy

and since o(AA) N o((AA)) = &, then from lemma (2.7), the following
equation:

AAZ -Z(AA)" = B(AB)" + AB(AB)" + (AB)B” |
Has a unique solution Z € H,.
So again from lemma (3.10), we get:
(B+ AB)(B + AB) € L(H 1(A + AA), H_1(A + AA)) N H_,.

Concluding Remarks(3.12)
The following remakes are generalized results of [11],[12].

1. Ho is a subspace of L(H"\(A + AA), H_,(A + AA)), which is dense in the
strong operator topology of L(H (A + AA), H.i(A + AA)). This follows
from:

P =AM = (A + AA) P = (A + AA)) ! € Hy,

which is an approximation for any p € L((H*(A + AA), H_;(A + AA))
satisfies:

Ji_rﬂoﬂpxh —phll_ (a+an) =0, h € (Hi (A + AA).

2. {S(t)}o IS a composite perturbation semigroup, such thats(t)e
L(Hy) can be extended to a composite perturbation smeigroup S(t) €
L((H"1(A + AA), H_1(A + AA)).

3. The resolvent operator R(A;& +A&) € L(Hg) can be extended by continuity
to R(A; A+AA): H; —— Ho, such that imR(A; & +AA) = Hy and every
element Y € H_; can be uniquely expressed in the form:

Y = (Al — (& +AA))Z, where Z € Hq [since the resolvent
operator R(\; & + AA) is invertible].

114



Journal of Al-Qadisiyah for Computer Science and Mathematics
Vol.3 No.1 Year 2011

Theorem(3.13)

(B + AB) € L(U, H_1(A + AA)) is an admissible perturbed control
operator for {S(t)}w, if and only if (B + AB)(B + AB) ~ e L(D((A + AA)),,
H_l(A + AA)) M H—l-

Proof
From corollary (3.9), one gets

} s_,(t—r)(B + AB)(B + AB) dr € L(H, (A + AA), H_1(A + AA)) N Hy(17)
0

IS equivalent to (16).

Now, we have to prove that (17) holds if and only if (B + AB)(B + AB) €
L(H: (A + AA), H. (A + AA) N H_; .

Let (B + AB)(B + AB) e L(H; (A + AA), H..(A + AA)) " H_; .
Hence from theorem (3.11), one can get
(A —A+aA)Z = (B + AB)(B + AB)”,
Foraunique Z € Hpand A € p(& +A4).
Thus:

j s_4(t—1)(B + AB)(B + AB)" dr = j s(t— (L 1— (B + AB))Z dr
0 0

:?j 5_1(r—r)Zdr—j S(t—r)(B+AB) Zdr, (18)
0 0

forany Ze Hy.
The integrals in the right sides of (18)are in Ho, which implies that:

j s_,(1—1)(B+AB)(B+AB)" dr € HynL(H; (A+AA), H_1(A+AA))
0

Set P, = A(AM—(A+AA)) H(B+AB)(B+AB) A(Al— (A+AA)) ™" € Hy.
One can prove the following identity in Hy

1 1
Po=[ (.11 -1)Py) dr - (& +28)[ (S(L-r)P,r)dr.
0 0
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Since

1 1
[ s@-np)ydr=[ s@-np,S(L-rdr
0 0

1
= [ S(L—nA(l - (A +AA) (B + AB)(B + AB) A(Ml — (A + AA))'S'(1 - 1)
0

dr

1
= MM — (A + AA)T[ S -1) (B + AB)(B + AB)'S’(1 — 1) A(Ml — (A +
0

AA)Y dr \
(19)
and from (19), we have
} (5_,(1 — )Pyr) dr = A(Al — (A + AA))‘l_l[ (s_,(1 -1) (B + AB)(B +
O AB) dr MM = (A + AA))?, 0 (20)

then (15) is surely satisfied. Since the integrals on the right sides of (19) and
(20) are in Ho. then we have:

1 1
w-lim [ s, (1 - 1P, dr = 7!im MM = (A + AA)T S (B +
0 - 0

A—>0
ABYB + AB)S(1 - 1 dr limal - (A + AA))T,
A—0
(21)
and also:

1 1
tolim | S=a(l - DPdr = im MG - (A + AAY) ] S (B +
0

A—0 0 A—>00

AB)(B + AB) rS"(1 —r) dr lim A(M — (A + AA)) ™ .

A—>0

Hence by[lemma(2.4)], we obtain

1 1
w-lim [ s (1-nPydr=] s,(1-r)(B+AB)B +AB) dr,
0

A—0 0

and
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1 1
v lim [ s (L-nPdr=] s.,(1-1)(B+AB)(B+AB)rdr.
0

A—00 0

Thus: (B + AB)(B + AB) = } s,(1 - (B + AB)(B + AB) dr —
0

(a+ m)} s ,(1-1),
0
(B + AB)(B + AB) dr
1
(B+AB)(B + AB)” = (I-4 + AA) j s_,(1-r)(B + AB)(B+AB) dr. (22)
0

From concluding remark(3.17), the integral is in Ho, which implies that the right
hand side of (2.52) is in H_; as well as the left side.

Definition(3.14) , [28]
Let u, v € Q and let t > 0. Then t-concatenation of u and v,
u<>v € Qs given by:

(u<>V)(t) = {U(t), te[0,7)

uit-r), t>r,
where Q = L*([0, ), U) and U is a Hilbert space.

Recall that use work with QQ because we want to define our system as
receiving U-valued locally integrable input function, and any segment of such
an input function can be thought of as the restriction to a bounded interval of an
element of Q.

Definition(3.15)

Let U and H be Hilbert spaces, Q = L%[0, «), U). An abstract linear
control system on Hy and Q is a pair £ = (5, ¢), where { 5(t) }wo is a strongly
continuous perturbation semigroup on H, and ¢ = {¢:}o IS a family of bounded
operators from Q to Hy, such that:

Oert(U<>V) =S(D) U + PV, (23)

foranyu,ve Qandanyt,t>0.

The functional equation (23) is called composition property. The
operators ¢ are called input maps.
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Remark(3.16)

Taking t =t =0 in (23), we get ¢ = S(0)pou + dov, Whence, taking now
only t=0 in (23) we get that:

Foranyt>0

¢r+0(U<>O) = E'(O)d)ru + ¢OV
(24)

=Q.U.
Then, one can define, generally:
d.u=o¢.P.u, (25)
Where P is the projection of Q onto L°([0, t],U) defined by P.u=u<>0, [52].
T

Proposition(3.17)

Let H and Q be as in definition (3.15) and let £ = (&, ¢) be an abstract
linear control system on Hy and Q, then the function ¢(t, u) = ¢u is continuous
on the product [0, «0)xQ, in particular ¢ = {d:}o IS strongly continuous family
of operators.

Proof

Taking in (23) u = 0 and taking the supremum for ||v|| = 1 and denoting T
=1+ 1 we get:

O+(0<>V) =01(0<>V) = v,

1] = 6Ol < IO < ol 1V 2oy

By using || v|| =1, we obtain

L2 ([0,00),U)
¢ g < 11 b7 Il - FOrt<T. (26)

Let us first prove the continuity of ¢(t, u) with respect to the time t, so for the
time being, let u € Q be fixed and let:

f(t) = g,

IFCOI = [ldeull = [[depeul] < [[all [Ipew], for t e [0, 1],
lim (I < 1im {|oa]] lIpul] -

t—0 t—0
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t
since ||ptu||:j lu(®)|* dt, then lim||pu|| =0
0 t—0

Hence I|m||f(t)||_0 which implies that |;,f(t) =0 .

t—0

To prove the right continuity of f(t).We proceed as follows.
From (23), we have:

f(t + h) = ¢rentl = $(N)-U= S()p-U - U .

Hence:
rl]in“éHf(T +h) = ()l y, =r!ing)|| s(h):u — dully, = ||r!irrz) S(h)du — oull

= [ 5(0)ou — el -

Then from definition of C, composite perturbation semigroup, thus: |im f(t +
h—0

h) = f(1) .

To prove the left continuity of f in t > 0, we take a sequence {e,} with
€ [0, 1] and e,—— 0 and u,(t) = u(e, + t) so u, € Q and:

t+ep

lim Un = Jim J lu®IP dt = j lu(|P dt = u

n—o0 en—0

Hence u,—— 0 as e,—— 0, we have u=u<>u,,
€n

so according to (23)

¢sn+(r—sn)(u <>Up) = S (7 -&n) ¢8n u+ d)‘c—Sn Un
€n

ot — g Ul <[ SCT-enll |9, Ull + [|dr_g, Unll = [[p_g ull -
From lemma (2.12)(b), we get:
lou — ¢, u| < M1M2e(t—8n)((VV1+W2)+M1IIAA1II+M2IIAA2||)”f(gn)
—°n

1+ 0e_c, Unll = 1. ull -
Since ||(|)T_Sn [ lun — ull &n——> 0 @as n——oo, then: lo.u —¢._ ull<0

so ¢.u is left continuous.The joint continuity of f follows easily now from the
decomposition:

(I)tv - d)ru = (I)t(v - U) + ((I)t - (I)’C)u
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where (t, v) — (1, U).

Now one can give an estimate for the growth rate of ¢.

Proposition(3.18)

Let H and Q be as in definition (3.15) ad let (%, ¢) be an abstract linear
control system on Hy and Q of problem formulation. If M;M, > 1 and W,, W, >
0 are such that:

| ()| < M, M, e (M W2)HIAAIHIAAZID o ¢ > o

then there is some L > 0, such that:
o] < Le(VV1+W2)+||AA1||+||AA2||’ Vi>0.

Proof
From (23), and the definition(3.14),one gets

On(...(ng <1> n,) <2> <>1un) = 8(n-1)1U; + S(N-2)dsUs + ... + Pl ,
n—

fort € (n—1, n]. By using (26), we have that ||¢| < ||dn|| -
Now, let K, =8(n-1)¢1 + $(n-2)p1 + ... + ¢y, thus

||Kn||(e(W1+W2)+'V|1IIAA1II+'V|2||AA2II _1)£M1M2

(en((W1+W2)+M1IIAA1II+M2IIAAzll) _1) 4 e(VV1+W2)+M1||AA1||+|v|2||AA2||”4)1” B
I\/|1I\/I2(e(n—l)((W1+W2)+M1IIAA1II+'V'2||AA2||) +__.+1)”¢1” _

Hence

”Kn”(eW1+W2+M1||AA1||+M2|IAA2II _1)”4)1”3 (en((W1+W2)+|V|1||AA1||+M2||AA2||) —l)

(M M., e (WL+W2)+My[|AAq||+M3]|AA ) _1)

nil < e WL+ W + Mi[IAA M [IAARTT 1 9y |, (V4 Wa+MillAAdI MzliaA2 Il gy .
which implies:
(M (W +Wo)+My[[AA[[+M3|AA ) _1)
[lpell < [l -

WL+ W2 +My[lAA [+ M2llAA]l 4

Sincet € (h—1,n),i.et>n-1landt+ 1> n, so the following is well defined:
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(t+1) (Wi +Wo + My ||[AA [+ M3 ||AA )
o] < MM,

e WM+ Wo+My[AA[+M2flAARll 4

and
“(I)t“ < Let(W1+W2+M1||AA1||+M2||AA2||)’ vVi>0,

where

e W+ W +My[|AA [+ M2 [IAA]|

Wi+Wo +MylAA[+M2lAA2ll 4

e

Definition(3.19)
Let Hy be a Banach space, let s be a semigroup on Hy with generator
A+nadandletf e Ll,OC ([0, ), {H_1, t_1}). Then we say that the operator Z(.) €

Ll,OC ([0, =), {Ho, T}) is a strong solution of the differential equation:
Z(t) = (& +28)Z(t) + (1), (27)

if foranyt>0,
t

Z(t)-2(0)= | [(a+88)Z(s)+f(s)] ds .
0
Remarks(3.20)
1. Any strong solution of (27) as an {H_;, t_;}-valued function, is absolutely
continuous and almost everywhere differentiable, and as an H-valued
function it is only defined almost everywhere.

2. Let
a =18 ([0, «), U) is a Frechet space with the family of seminorms p,(u) =

IPaull, n e N

3. If
f=(B+AB)u then definition(3.19) is very good for control perturbed

Z(t) = (& +24)Z(t) +(B+AB)u
4.Any family of independent maps ¢ defined on Q can be extended to &
by continuity.

Theorem(3.21)
Consider problem formulation,let U and H be a Hilbert spaces and let
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a =12 ([0, ), U). Let (51, ¢) be an abstract linear control system on {

H_;, T} and &. Then there is a unique operator B + AB € L(U, {H_4, T1}) such
that foranyu € Q andt>0

t
du= | s.(t-oc)(B+AB)u(s)do. (28)
0
Moreover for any Z, eHgy and u € Q the function Z of t >0
Z(t) =s54()Zo + dwu, (29)
Is the (unique) continuous state strong solution of the differential equation:
2y = (A +8A)Z(t) + (B + AB)u(t), Z(0) = Zo . (30)
Proof

Letu € o (see Remark (3.20)) and so that
bu(t) =¢ep, U is a well defined function from [0, «) to {Ho, t}.

By using proposition (3.17) and equation (25) we have ¢:u is continuous.
Using again equation (25) and

t Y (1 VW 2\1/2
”pt“||L2([o,t],u):((I)Ilu(r)llzer S({‘“} (lu( )" “de

12
=tV

19ll2 g0 (31)

we get from proposition (3.18) that
Wi+ W, + My || AA [l +Ma [[AA; (I, = 0

+W5)+Mq||AA +Ms||AA t
||¢tU||HOSLe((W1 2)+M1llAA]IHy +M2lIAAZ(IHg ) {2

It follows that for se ] with Re s sufficiently big, the Laplace transform
¢, (1) of dy(t) is well defined.

Now, one can define the composition property (23) with input u for any t, t >0
as follows:

Pu(t + 1) = Sidu(7) + Gu(t) - (32)
Applying the Laplace transform with respect to t on both sides of(31), we obtain
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ey (s) — es"'j ey (t) dt =(sl— (& + 24)) "y(1)+ P, (S). assuming t > 0,
we have: :

S

71 ¢y (9)= % f &y (1) dt + (s — (& +24)) (@)
t 0 T

Taking the limit for t—— 0 (with respect to the norm on {H,, t}) and using the
continuity of ¢, and the fact that ¢,(0) = 0 (see Remark (3.16)) and using
Lohopital rule, we get:

sy (5) = lim (sl — (& +24)_,)™ ¢y (1) _

=0 T

(33)
From concluding remark (3.16), we have (sl — (& + a&))™" is isomorphism from
{H_1, t_1} into {Ho, t}, it follows that:

It~ (& +8) ) i 90 |y = [l1im W,

-0 T 0 T

Hence, the limit
(B + AB)U = |jm $u(®) | (34)

=0 T
exists and defined a linear operator from U to H_;.
We can rewrite (33) as the follows:

dsu = %(sl — (a+24),)(B+AB)u, (35)

which shows that ! (sl — (& +a4)_,) being isomporphism so that,
S

B+ AB e L(U, H.,).
The Laplace inverse transform of (35) is

t
0u()= | S.1(c)(B +AB)U(o) do . (36)
0

Hence the uniqueness of the operator B + AB for which (28) holds is
Obvious from (34).

Let u=u<>0.We have for t > t and by using (23), we get:

T
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t
du=S(t-1)o.u + ¢, _,.0=[ S4(t-0)(B + AB)u(c) do . (37)
0

Let us prove that Z(.) given by (29) is the continuous state strong solution of
(30) with Z(0) = Z,. Now let g(s) be H_; valued function defines as:

g(s) = 8.4(t —5)Z(s) ,
is differentiable for 0 < s <t, then:
0'(s) = —(& + 88)8_4(t — $)Z(s) + S4(t — 5) Z(5)
= —(& +848) 8 4(t — 5)Z(s) + s.4(t — s)[(& +24)Z(t) + (B + AB)u(t)]
(38)
From (38), we have

t t t
[ g(s)ds=—] (a+aa)sy(t-s)Z(s) ds+ | syt — s)[(a+aa)Z(s) +
0 0 0

(B + AB)u(s)] ds

and
Z(t):S_l(t)Zo+Jt' s_y(t— 5)(B + AB)u(s) ds . (39)
Using: 0
0% -z = [ (s o ,
(40) ’

to reduce the following integral equation, ZeL(H),
t t

Z(t)-2(0) = | (a+s4)Z(s)ds+ | (B+AB)u(s)ds, (41)
0 0

to another integral equation to satisfy the condition in definition (3.19).

t t
Z()-2(0)- [ (a+aa)s,; ()Zods= [ (a+aa)Z(s)ds
0 0

t t t
+[ (B+ABu@s)ds— [ (a+a8)[ s,(5)Zods .
0 0 0

From (40), we have:
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t t
Z(t) ~sa(h)Zo= | (B+ABJu(E)ds+ [ (a+28)[Z(S) - S.4(5)Zo]
0 0

t t t t

[ sat-s)B+AB)u(s)ds=| (B+AB)u(s)ds+ | (a+an)[ st
0 0 0 0
—s)(B + AB)u(s) ds .

We obtain that:
t t
du=| (a+sm)puds+ [ (B+AB)u(s)ds .
0 0

Then from proposition (3.17) it follows that Z(.) € C([0, «),{ H.1,t}) .

To prove the uniqueness of the strong continuous solution Z(.) in (29), it is clear
that any strong continuous solution in Hq is in H_;.

Let {Z, o} be a sequence in {Ho,t} converges to Z,, thus:

t

{Zo | Zo = su®Z + [ St - o)B + ABu(c) do}
0

(42)

be a sequence in {H.;,t} .

Since H_, is a completion space of Banach space H.; Therefore the sequence in
(42) converges to:

t
Z(t) =$1()Zo+ [ Sa(t-0)(B +AB)U(c) do in {H o7},
0

Hence, from property uniqueness of the limit, we obtain the strong continuous
solution is unique.

Corollary(3.24)
Consider problem formulation , let U and H are Hilbert spaces and

Q= L2,OC ([0, o0), U).Let B be an admissible perturbed control operator

such that B + AB € L(U, {H_4, t_1}). Then for any ZoeHy and u € Q, the
function

Z(t) =84(1)Zo + pu (43)
Is the (unique) continuous state strong solution of the differential equation:
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Z(t) = (& +a8)Z(t) + (B + AB)u(t), Z(0) = Z, . (44)

The proof is the same as above and is omitted for simplicity.

Proposition(3.25)
Let U, H are Hilbert spaces, {%(t)}=o IS a composite perturbation
semigroup on Hy and Q = L2|0C ([0, ), U). Let B + AB € L(U, H_;) and let ¢, be

given by (28). If for some fixed t>0and any u € Q, ¢.u € H, then (B + AB) is
admissible.

Proof
Let (B + AB)y =R(A: & +4A4)(B + AB), for A € p(a +AA) .
Then (B + AB), € L(U, Hp), and we have:

.
dru=(M — (& +a8)) [ s(t-r)(B+AB)ou(r) dr.
0

By closed graph theorem , ¢ is bounded. Then from (26), yield:

1ol < lg-ll, v E<T,

and from remark (3.3), we get if ¢ is bounded for some t, it is bounded for all
multiples of t. Thus ¢ is bounded for all t > 0.
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