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1. Introduction

Let A be the class of all functions of the form:

[ =2+ ) a2, W
n=2

which are analytic and univalent in the open unit disk U.

Let IV be symbolized the subclass of A containing of functions of the form:

[oe]

f@=2-) anz (@, =0, @

n=2
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For functions f(z) € IV, given by (2), and g(z) € IV given by
g@2)=z- anz” (z€U;b, =0), 3)
n=2

the convolution (or Hadamard product) of f(z) and g(z) is defined by

[oe]

(Fr D@ =2-) aba" = (g NE. )

n=2

A function f(z) € A is called univalent starlike of order ¢ (0 < a < 1), if f(z) satisfies the condition:

zf ’(Z))
Re >a (zel). 5
( @ 2
Further, a function f(z) € A is called univalent convex of order (0 < a < 1), if f(z) satisfies the condition:
zf ”(Z))
Re(1+ > q, zeU). 6
( ) (zeU) ©

We denoted by S* () and C*(«) the classes of univalent starlike functions of order a and univalent convex functions
of order a, respectively.

Patel [5] defined an Integral operator 7;’_ s on A as follows:
Letn € Ny = NU{0},6 = 0 withv + & > 0 and v a real number,

then for f € A, we define the operator 7, ; by

Ts f(2) = f(2)

Do f(2) = (V :; 6) (%)

ft(%s)_z F()dt,z € U.
0

f

55 f(2) = (V i 6) (%)

v+§
> ((5)-2 7L sf(Ddt,z € U.

@) = (=) 2 ()

v+§
= ft(T)_z 75 f(Dde,z € U.
0

—q1 z 1 z 1 z
=7y (l_z)*ﬂv’lg (1_2)* w* Ty s (1_2)*f(z).
We observe that 73’5: A — Ais an Integral operator and for f given by (1.1), we have
d n
. _ v+§6
‘71/,6 f(Z) =z+ Zz (m anZ". (7)
n=

It follows from (7) that 7;"0 f(2) = f(2).

We note that
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1) 71, f(2) = T'f(2) (See [5, 7]).
2) 7i_5, f(2) = T5f(2),6 > 0 (See [5]).
3) 7, f(2) = Tif(2),v > 0 (See [5]).

Now, by using an Integral operator 7, s f(z), we have the following:

Definition 1 A function f(z) € IV is said to be in the class AN (4, 1,1, v, §) if it satisfies the following condition:

2 (7, £@) +72 (7, 1)
1-D0+0 (7, )

<1,

Where0 <1<1,0<7t<1v,n>0 6eENandze U.
Some of the following properties have been studied for other classes in [1, 2, 3, 4, 6, 8, and 9].

2. Coefficient Inequality

The following theorem gives a necessary and sufficient condition for a function f(z) to be in class AN (4, 1,1, v, §).

Theorem 1 A function f(z) € IV is in the class AN (4, 7,7,v, §) if and only if

v+6

i 1
Zn[l(n—l+r)][1+‘t—/1—r/1]( )z"31+/1(1—r), )

n=2

v+ nd

Where0<1<1,0<7t<1,n>0 6§eNandz e U.
The result is sharp for the function f(z) given by

1+20 -1 +6)"
9@) =z -
nAn—1+7)][1+7—-21— 1A +nd)"
Proof. Assume that inequality (8) holds and |z| = 1. Then we get

z", (n=2) 9

f@%f&»-+U@%f&D||Gf%X1+ﬂ@%f&D|
S n
-I-l_nS)

SZn[l(n—l+T)][1+T—/1—TA]<
n=2

(1—/1)(1+r)+2(1 /1)(1+r)< - 66>nanzn

1z + i n(A(n—1) +1) (Vv
n=2

v+6
v+nd

)n 4,7 — (1 +A(1 - 1)) < 0,

By hypothesis. Hence by maximum modulus principle, we get g(z) € AN (4,1,1,V,8)

Conversely, let f(z) € AN (4,1, n, p). Then

z? (73’5 f(z)) + 1z (ﬂnsf(z)), z+ %o ,n(An—1) + 1) (V+6) a,z" -
-0+ (1,/@) | |a-DA+D+ 52,0 -D0+0) (22) a2

Since R(z) < |z| for all z(z € U), then we obtain
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Zz+ X, n(A(n—1) + 1) (w‘S )n a,z"

A-DA+D+ 55,0 - DA+ (22) g,zm

Re <1 (10)

Now, choosing the values of z on the real axis and let z = 1 from the left through real values, the inequality (10)
immediately yields the required condition in (8). Finally, it is observed that the result is sharp for the function is
given by (9).

Corollary 1 If g(z) € AN (4,1,1,V,§), then

1+ -1 +8)
nAn—-1+0][1+7t—2—1A](v +né)" ’

n=2) (11)

3. Growth and Distortion Bounds

Next, we prove the growth and distortion bounds for an integral operator 7:}1 s f(@).
Theorem 2 If f(2) € AN (4,1,7,v,8), then

1-
r— 2(2— | 6f(Z)|<T‘+

1-17)

2(2 I) ( < | | < ) ( )
The result is sharp for the function f (S) is given by

1+ 20 -1 +6)"
20+l + - 21 —1)](v + 28)"

fz)=z 72 (13)

Proof. Let f(z) € AN (4, 1,1,v,6), then by Theorem 1

n> i n
2+ DI+ 7= 20 -] (o) Y ey < D mlatn— 14 DI 47 -2 - 1) (o)
n=2 n=2

<1+A1-17) ) a,
1+ A1 —-1)(v+ &)

A+ O +7 =21 =D + 28)7 14
Hence,
+6 +5\" <
|7"5f(z)| < |Z|+Z (V ) a,|z|® Sr+2<vv+25) rznzzan
(1—T)
2o (15)
Similarly
o ) oo
805 7@] 2 12— D (Lo g1z z - 2( L) Z
n=2 (1_.[) g n=
>r— 2(2—1) (16)

By (15) and (16), we get (12). Thus, the proof is done

Theorem 3. If f(z) € AN (4,1,1,v, ), then
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1-17)
2-17)

The result is sharp for the function f(z) is given by (13)

1-17)
2-17)

r5|(73_8f(z))’|31+ r,(0<|zl=r<1) (17)

Proof. Let f(z) € AN (4,1,1,v,6), then by Theorem 1

MO+THH+T—AG—¢H<V+6Y§imMSjinmh—1+THH+T—A—TH(V+6Yan

v+ 26 v+ néd

n=2 n=2
N (1 =D+ p?)?
<1+ A(1- Znans 18
( ﬂ_z 22— D) (p? + 1)? (18)
Thus
v S VSN O
n ! n—1
|(7V_5f(z)) |S1+ZZ<V+715) na,|z| S1+(V+25) rz_;nan
1-17)
<1 r 19
-0 (19)
Similarly
S VS v\ O
n ! _ n—1 _
|(j"5f(z)) | =1 Zz(v n5) na 2" 2 1 ( +25) rz;nan
1—-1
>1 ( )r (20)
2-1)
From (19) and (20), we get (17). Thus, the proof is complete.
4. Convolution Properties
Theorem 4 Let f, (i = 1,2), be a function in the class AN (A,7,7,v,§) and defined by
fi=z— Z 42" (an; 20,  i=12) 1)

n=2
Then f; * f, € AN(B,1,1,v,8), where

nAn—1+D1+7-2—-tA|v+nd)"—[1+t—-21—7A][1+ (A —D)](v+ &)
T -1+ +BA -]+ )T —nAn—-1+D][1+7—A—TA](v + né)"

Proof. We have to find the largest p such that

n10y, <1

- nAn—1+0)][1+7-21—12](v +nd)"
Z 1+ —-1)(v+8)

n=2

Since k; € AN, t,n,p), (i = 1,2), then

oo

nfAn—1+17)][1+17—-21—11](v+ né)"
Z 1+ -1 +6)

Gi<1, (=12 (22)

n=2

By Cauchy - Schwarz inequality, we get
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(oo}

nfAn—1+0)][1+7—2—1A(v + né)"
nZz 1+ -0 + o) Vnatnz < 1 (23)
We want to show that
nfAtn—1+1)][1+7—-21—12](v + ns)" nf[An—1+1)][1+7-21-12](v+ns)"

<
1+p(1 -0 +6) 1t = 1+ (1 -0 +0) V i

This equivalent to

A+wAn—-1+0][1+71—21—11]

/ <
itz =TI At— 1+ OI[L+ 7 — A— 4] (24
From (24), we get
\/7< 1+p(1-1)(v+8)
1tz = nAn—1+0)][1+7-2—12]( +nd)"
Therefore, it is sufficient to show that
1+p(1-1)(v+8) A+wAn-1+0[1+1-21-11]

nAn-1+0][1+1-2-A](v+n8)"~ A +pHAn-1+»)][1+7—-21—-14]’
Which implies to

- nAn—-1+|1+7—-2—-tA]v+nd)"—[1+t—-2A—-tA[1+ (A -]+ &)
T =147+ -]+ —nAn—1+D][1+Tt—-A—-TA](v+né&)" ’
Theorem 5 Let the function f, (i = 1,2) defined by (22) be in the class AN (4, 7,7, v, §)

Then the function f defined by

f@) =7 ) (@, +ak,)en, (25)
n=2
belong to the class AN (g, T, n, p), where

< nAn—1+D]1+7-2A—-tA](v+nd)"—[1+7—-2—-7A[1+ (A -] + &)
€= m—1+D[1+pA -]+ 8)"—n[An—-1+D][1+7—A—74](Vv + né)"
Proof. We must find the largest € such that

in[l(n —1+0][1+7—€—1€](v +né)"
—~ 1+ -0+
Since f; € AN (4,1,1,v,6), (i = 1,2), we get

(a2, +a2,) <1

1+ 80 -0+ o) i
- Z <n[/1(n— 1+0)][1+7—€—1e](v + ns)" am) <1

i <n[/1(n —1+0][1+71—€e—7e](v + n8)”>2 ,

n=2

! 1+ (1 -+ ) (26)
And
i A —1+D][1+7—-e—1e](v + &)\’ 2
=2 1+p(1-1)(v+6) an2
o n[An—1+1)][1 + 17— €—1e](v + nd)" 2
= Z < 1+p(1-1)(v+ o) an,2> <1 27
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Combining the inequalities (26) and (27), gives

- 1 nfAn—1+0)][1+7—€—1€](v + nd)" 2 5 5
;5( 1+ A - D+ ) ) aata) <t @8)
But, k € AN (¢, 1, n, p) if and only if
- n[An—-1+1][1+7—€—1e](v+nd)" | 5
). T+ - D+ 0y G+ @) <1 29

n=2

The inequality (29) will be satisfied if

nfAn—1+1)][1+7—€—1€](v + ns)" - n?[A(n? =1+ 19)][1 + 1t —€—1e](v + nd)"
1+p(1-1)(v+6) - 1+ -0 +6)
So that
< nfAn—1+0][1+7—-21—12](v + né)"
= T+ 80 -D@ + o)

€
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