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1. Introduction

The fixed-point theory is a central area of nonlinear analysis with far-reaching applications across mathematics,
engineering, and the physical sciences. Since the pioneering work of Banach in 1922 on the contraction principle [7],
the field has expanded in two major directions: relaxing contractive conditions on mappings and generalizing the
geo Metric structure of the underlying spaces .One significant development in this second direction is the
introduction of extended b- metric space, a refinement of the classical b- metric space structure originally
proposed by Bakhtin [25] and further developed by Czerwik [12]. In an extended b- metric space, the classical
constant factor s > 1 appearing in the b-metric triangle inequality is replaced by a variable coefficient function
s:K X K — [1,) This generalization allows for spatially dependent scaling and non-uniform geometric
behavior, enabling fixed point techniques to be applied to broader classes of nonlinear and heterogeneous systems
[1],[4] In this work, we investigate fixed point results in such generalized spaces for mappings satisfying Kannan
type conditions, a class of contractions first introduced by Kannan [23]. A distinctive feature of our approach is the
use of the global bound S = sup s(x,y) . Which encapsulates the overall effect of variable scaling thereby
circumventing the need for additional control mechanisms often used in generalized Metric architectures [6],[1]. In
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addition to co-meatiness, we investigate the presence of fixed points under less stringent topological conditions,
such as limited co-pastness [17],[16] and T-orbital co-patness [2],[22]. We examine asymptotic regularity as a
means to guarantee the convergence of iterative processes in the absence of rigorous contraction constraints
[9],[14]. Moreover, we establish Hyers-Ulam stability results in the sense of Hyers [21] and Ulam [25[, providing
explicit bounds that relate approximate fixed point to genuine ones an essential aspect in numerical and applied
settings. To illustrate the practical applicability of our theoretical framework, we utilize our fixed point results to
establish new and stable solutions for nonlinear functional equations, specifically by proving the Hyers-Ulam
stability of certain important classes of mappings in the setting of extended b-metric spaces , we use our findings to
which naturally arise in mathematical physics, population dyna mics, engineering models, and control theory
[5],[22]. These applications illustrate how extended b- metric space structures accommodate variable geo metric
behavior inherent in many real-world problems.

2. Preliminaries

Definition (2.1): [12] Let K be a non-empty setand s = 1 be a given real number. A function M: K X K - Ris
called b-metric BM If it has the subsequent properties:

(km1) M(x,¥) 2 0

(km1) M(x,y) =0 ifandonlyif x=y
(km2) M(x,y) = M(y,%)

(km3) M(x,m) < s[M(x,y) + M(y, m)]
Forallx,y,m € K

The pair (K, M) is called BMS

If s = 1 then BMS is a MS

Definition (2.2) : Let K be a non-empty setand 9 : K X K — [0,1) be a function. The map My: K X K — R is called
extended b-metric space EBMS if it satisfies the following properties

(km1) My(x,y) = 0

(km2) My(x,y) =0 ifandonlyif x =y

(km3) My(x,¥) = My (y,x)

(km4) My(x,m) < 9(x,m)[My(X,¥) + My (¥, m)

Definition (2.3) : A function 9 : [0, ) — [0, ©) is called to be a sub-additive altering distance function if
(km1) ¥ is continuous, strictly increasing and 9(t) = 0 ifft = 0

(km2) 9 (x,9) < 9(%) +9(¥) V %,y € [0, )

Example (2.1): The following easily seen that the function

91(X) = kx for some k =1
9,(x) = \/x,n€ N
93(x) =log(1+%) ,x =0

9,(x) = tan"'x
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Are sub-additive altering distance function

3. Boundedly compact and T —orbital compact of K

In functional and metric space analysis, boundedly compact spaces represent a key structural property where
every closed and bounded subset is compact. This concept is central to extending fixed-point results beyond
classical compact spaces. The more specialized notion of T-orbital compactness focuses specifically on the closure of
the orbit of points under a given operator, ensuring that iterative sequences remain in relatively compact subsets.
Together, these properties allow mathematicians to establish the existence of fixed points under weaker and more
applicable conditions, particularly in generalized settings such as extended b-metric spaces.

Definition 3.1 : ([29], [30]) An EBMS (K, M) is called Boundedly compact if each bounded sequence from K has a
convergent subsequence.

Remark 3.1 : ([29], [30]) Every sequentially compact extended b- metric space is boundedly compact Bc

Remark 3. 2: ([29],[30]) The class BcEBMS is larger than that of sequentially ¢S

Theorem 3.1 : Let (K, M) be a BcEBMS and let T: K X K be a continuous map with § = sup{s(x,y):x,y € K} < o,
fulfilling

I(M(Tyy)) <p{o (M(xT)) +9 (MG Ty))} vryek (3.1)

ForsoMe 0 <p < % Then T has a UFP z € K and for any x, € K , the sequence {T"x,} converges to z
Proof:
Let x, be any point in K .Getting the sequence {x,} defined by
=T"%, ,Vn€EN
Define y,, = M(X,,Xn4+1) and assuMe y,, > 0,Vn € N
(1) = 9(M(T"%0, T %))
=9 (M(T(T" %), T(T™%0)) )

< p{O(M(T" %0, T™%0)) + (M (T™%0, T***%0))}
= pY(Vn-1) + PI(rn)

A =pp9n) < PI(¥n-1) = p9(yn) < )pﬁ(yn 1)

Sz
Since 9 is strictly increasing and p < %, we have E < 1 .Therefor

n <yn—1 ,Vn € N
This shows that {y,,} is a strictly decreasing sequence real of type positive numbers.

Since {y,,} is decreasing and bound below by 0 , it converges
limy,=y =0

n—oo

We claim that y = 0, suppose for contradiction that y > 0. Then from the inequality
V() < Z—<9(n-1)
Yn (1 ) Yn-1

Taking limits as n — oo

00) < G0 = (177 )9 < 0

Since p < % we have 1 — 1%7 > 0, and 9(y) > 0 .This contradiction
y=20

Now to showing bounded

m,n € N,withn < m , by using EBMS and the contraction condition

19(M()Sm' )Sn)) < ﬁ(S()Sm, )Sn) [M()Smﬂ )Sm—l) + M()Sm—li )Sn)])
< S[M (X, Xm—-1) + M (Xm—1,%,)]
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< S9 (ym—l) + Sz [19M()Sm—1’ )Sm—z) + ﬁM()Sm—ZJ )Sn)]
< Sﬂ(ym—l) + Szﬁ(ym—z) + ot Sm_nﬁ(yn)
+S™ Y (M (%, %))
Since 9(M(%,,%,)) = 0 andy, — 0 we have
(M (% %)) < S[9Wm-1) + S9IWm—z) + S™ 19 (1,,)]
Asm,n — oo, the right-hand side approaches 0. Therefore, for sufficiently large N , there exists M > 0 s.t
M%) <M Vmmnz=N
Hence {x,,} is a bounded sequence
Since {x, } is a bounded sequence in a BCEBMS, it has a convergent subsequence {)gnk} such that
]li_r)glo)gnkzz, for zeK
By the continuity of T
Tz = T(Jim ) = Jim T Cony) = Jim 30 + 1

To showing Ilim Xn, T 1 =2z , consider

M()Snk"'l’ Z) = S()Snk+1’ Z) [M()S”k+1' )Snk) + M()Snk’ Z)]
SS[ynk+M(>gnk,z)]—>0 , as k- o
Therefore
TZ=,£il?o)5nk+1 =z
SozisaFPof T
Now to showing z is UFP
Suppose w € K is another FP of T
I(M(z,w)) <I9(M(Tz, Tw))

<p{¥(M(z,T2)) + 9(M(w,Tw))}

=p{¥(0) +9(0)} =0
Thusz=w
To show the entire sequence {T"x,} converges to z

M(%p, 2) = M(T"%0 , T2)
< s(T"%0, TDIM(T"%0, T 50) (T" %0 , T2)

< S[y, + M(T"* %0, T2)]
Since ¥, — 0 , therefore M(T"*"!x,,Tz) >0 ,asn - ©

Hence M(x,,z) = 0
Example (3.1) : Consider the BcCEBMS (K, M) where K = [0, ©) and the EBMS M: K X K — [0, ©) is define by

N (3TY if x#y

With the coefficient function s: K X K — [0, o) is get by:

min{x, y}

V) =1+ ——

s&¥) 1 + min{x, y}
The identity and symmetry are clearly by the definition of M

Foranyx,y,z € K
M(x,z) < s(x,9IME,¥) + M, 2)]

Min{x, y}

tz< (14— 2
x+zs @+ Min{x, V}

[(x+9)+F +2)]
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Because of the right-hand side is atleastx, +y + y + z = x + z + 2y and
y = 0, the inequality holds
The supremum of the coefficient function is

S = sup{s(x,¥):x,y € K} =2

Define T: K X K by

1
- ifo<x<2
2
Tx=141
- ifx > 2
¥
The mapping is continuous
Ford(t) =t
M(Tx,TY) s pME,TX) + My, Ty} ,  forallx,ye K

1
= M, Tx) + MY, TV}

Case 1:>g,}’/>2,then'[>g=§ ,'[‘3’1:%

Thus

MCIST) <1<5x 4 < 2 (MG T) + MG, T9)
The inequality is holds
Case2:0<x<2 ,}'I>2.Then'[_’)g=%,'[‘y=§

Thus

1 5 5 1
M(Tx,Ty) <1 <§X§=ZSE{M(>S,T>S) + My, Ty)}

The inequality is holds
Case 3:%,y € [0,2] , then Tx = Ty =5 , M(Tx,Ty) = 0

The inequality is holds

By above theorem for EBMS, T has a UFP, x = %, this is FP

For0<x<2: '[_‘G):l

2
1 1. . . 1
Forx>2: T (5) = - is not applicable, but direct check shows ;€ [0,2]

Moreover, we observe the iterates
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If)SO S [0!2] ) then T)SO = % and TZ)SO :%

Thus, for every x, € K , iterates of the sequence {T"x,} converges to the UFP x = %

%=yl
1+|x-yl

The coefficient function s(x,y) = 1 +
Then, s(x,y) <2 and S =sups(x,y) =2 ,vx,y €K
The triangle inequality still holds since

M(x,z) <2[M(x,y) + M(¥,2)] ,V%,¥,z € K

Definition 3.2: [30] Let (K, M) be a EBMS and T: K — K be a self- mapping on K . The orbit of T at a point x € K is
defined as the set

0,(D = & T% T°% T°%, ...} (3.2)
The EBMS (K, M) is called to be T — orbitally co Mpact if ¥x € K
Every sequence in the orbit 0, (T) has a convergent subsequence in K
Equivalently, (K, M) is T — orbitally compact if for each x € K, the orbit O,(T) is relatively compact in (K, M)

Theorem 3.2: Let (K, M) be a T — orbitally cEBMS and let T: K — K be a map, with § = sup{s(x,y):x,y € K} < o0,
satisfying

S(M(T% T9) < p{¥(M(x,T) +9(ME, T9)} % ¥ €K (33)
Where p <% and Sp < 1.Then ThasaUFPw € K ,andVx € K
lim T"x =w
n—oo

Proof:

Let x, € K be an arbitrary point, and define the iterative sequence {x,} by, x,, = T"x, .Denote M(X,,, Xp+1) = Bn,n =
0,1,2, ... .Applying the contraction condition with x = x,,_; ,x, = ¥

9(By) = 19(M("[‘")g0, TnH)So))
=9 (M(T(T" %0, T(T"%0)) )

< p{9(MCT™ %0, T"%0)) + 9(M(T"%0, T™*'%0))}

= p{0(Bn-1) +9(By)}

Therefore
(=)0 < PO(Bues) = () < 77 0(Boo)

. . . . . 1
Since ¥ is strictly increasing and p < 5 rwe have 1%} < 1, and therefore

ﬁn<ﬁn—1 VneN
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Thus, {8, } is a strictly decreasing of non-negative real number. Since {8, } is decreasing and bounded below by 0, it
converges to some limit

limg,=£ =0

n—-oo

Since (K, M) is T — orbitally compact, the sequence {x,} < O (T) has a convergent subsequence {)gnk}
llglgo Xn, =W EK
Now consider the corresponding distance subsequence
111_13;10 .Bnk = lll—r;{slo M()Snk' )S‘I‘Lk+1) =M (}ll—r;go )Snk ) 111_1}20 )Snk+1) = M(W' W) =0
Since {B,} is convergent and contains a subsequence converging to 0
lim 8, =0
n—-oo

Now to showing Cauchy sequence
Vn.m €N, withm > n, by using EBMS and contraction condition we get

O (M, %m)) < 9(M(T"%0, T"%0))
< p{ﬁ (M (T %0, Tn)So)) + 19(M (T %o, Tm)So))}
= p{I(Bn-1) + I(Bpn-1)}
Asm,n - o, so
lim O(MCn %)) = 0= lim _MQ %) =0
Thus {x,,} is Cauchy sequence in the T — orbitally ¢S, and therefore
lim s, = w
Now to showing FP, by using EBMS and contraction condition
I(Mw, Tw)) < 9(s(w, Tw)[M (W, T**x0) + M(T"**%0, TW)])
< S[9(MW, %541)) + I (M (T %0, Tw))]
< SY(MW, Xn+1)) + SP{I(M %, X41)) + 9 (MW, Tw))}
Therefore
(1= Sp)I(Mw, Tw)) < SI(MW, Xy 11)) + SpO(M (X, X41))
Asn - oand 1 - Sp > 0, we obtain
ﬁ(M(W,TW)) =0=Mw,Tw) =0=>Tw=w
Thus w is FP of T

Now to showing uniqueness of the FP. Suppose z € K is another FP of T, withw # z
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I(M(z,w)) = 9(M(Tz, Tw))
< p{9(M(z,T2)) + 9(M(w, Tw))}
=p{¥(0) +9(0)} =0
Therefore 9(M(z,w)) =0 = M(z,w) =0 = z=w
Which is a contradiction. Therefore w is UFP

Hence lim T'x =w

n—oo

Example (3.3) : Consider the incomplete EBMS (K, M) where K = (0, ) and the EBM M: K X K — [0, ) is define
by

) +y if x#7Y
M()s,y)={0)S Y i]}:‘}fs=§,"

min{x,y}
1+|x-y|+ min{x,y}

With the coefficient function s(x,y) = 1 +
The identity and symmetry clearly satisfied by the definition of M .Forx,y,z € K
M(x,2) < s(x,2)[M(x,¥) + M(¥,2)]
sEDMEY) +MY, 2] <2[x+9) + T +2)] =2+2y+2)
Since x + z < 2(x + 2y + z) , the inequality holds. Thus, the coefficient function
S = sup{s(x,¥):x,y € K} = 2

Define the mapping T: K — K by

1

3 if0<x<2
Tx =<1 ifx=2

1

- ifx>2

X

The space (K, M) is T — orbitally compact because for any x € K
fo<x<2: 0)5('[) = {x,%,%, } converges to %
Ifx=2: O("[‘)={21l : }conver esto -

)S X ) 12’2’ e g 2

Ifx>2: O)S("[‘) = {)gééé, ...}converges to %

In all cases, every sequence in O,(T) has a convergent subsequence. The mapping 9(¢t) = log(1 + t)
Forso p < % and Sp < 1, the following holds
{1+ M(Tx NP <e{l+METHOHL+MGF, T}, V%Y €K

Case1:x,y €(0,2) ,then Tx =Ty = %'SO
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M(TxTY) =0 = {1+ M(Tx, TN =1

Forany x € (0,2)
1 3 3
MET =x+5 =1+ME T =x+5>7

Thus

3 3
o1+ MOs TOHL+ MG T} 2 e (5 x5) = e2>1
The inequality holds

Case2:x,y > 2 then’[}g_i ’[‘3’;:%

11
M(Tx,Ty) =§+§S 1={1+M(Tx TN <4

Forx > 2
M, Tx) = +1>2+1—5=>1+M( )>7
% Tx) =X x> 4T277 %Tx) =3
Thus
7 7 49
el + MOs TONL + MG T} 2 e (5% 3) = e > 4
The inequality holds

Case3:x € (0,2),y > 2, then’[g—i '[_‘3’7:%

1 1
M(Tx T9) =5+ 71 = {1+ M(Tx, TN}* <4
Forx € (0,2)
1 3 3
M()g,'[f)g)=x+§=>1+M(>g,T>g)=x+52§
Fory > 2
1. 5 o 7
M) =y+-=25=1+MyTY) ==
y o 2 2
Thus,
3 7 21
1+ MO TOHL+ MG T} 2 e (5 x5) = e > 4
The inequality holds

Case4:x =2,y € (0,2),then Tx = 1,'[‘y=%
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MCTST9) = 1+ = > = {1+ M( ')}2—(5)2——5
By =1+5=7 Wi =(35) =

Forx = 2
MExTx)=2+1=3=1+METx) =4

Fory € (0,2)

1 3 3
Thus
e 3 25
e(1+ MG TH1 + M, T} 2 e (4% 5) = 6e >
The inequality holds
Case5:)g=2,}’/>2,thenT)gzl,'[‘}'/z%
M T = 14=<2 = (1+M( ')}2<(5>2 G
= - - = —_ = —
Tx, Ty 7 =72 Tx TN} < 5 2
Forx = 2
METx) =2+1=3 = 1+M(xTx) =4
Fory > 2
R 7
M(y,Ty)=y+;2§=>1+M(y,Ty)2§
Thus
P 7 25
e{l+ M@ THHL+ M@y, TV} = e (4 X 5) = l4e > -
The inequality holds

Case6:x=2,y=2,thenTx=Ty =1
MTxT) =0={1+M(Tx,TN¥ =1
e{ll1+METHHI+MF, TY)}=e(4x4) =16e > 1
The inequality holds
By above theorem for EBMS, T has a UFP, x = %, this is FP

1

For0<x<2: TG):E
The FPis U

Moreover, for any x, € K , we obtain
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1 1
If0<x,<2: TXOZE'TZXOZE

1
2

1
Ifxg=2:Txy = 1'T2>So = 'T3)So =

T2
IfXo > 2+ Txo Z%'TZXO = ; ,T*%o Z%
Thus, the sequence of iterates {T"x,} converges to the UFP x = é
Since, we have S = 2, and the required bounds p < % and Sp <1

The contraction condition is satisfied with p < %

4. Asymptotic Regularity of T

Asymptotic regularity means the distance between consecutive iterations of an operator T vanishes as the
process continues. This property ensures the iterations stabilize, a key step toward convergence to a FP. While not
sufficient alone, it is a foundational condition in iterative methods and FP theory, especially in generalized settings
like EBMS.

Definition 4.1 : [27] Let (K, M) be EBMS with. A mapping T:K — K is called asymptotically regular if for every
x €K

lim M(T™, T"*'x) = 0 (4.1)
n—oo
For further details in asymptotic regular mappings, we refer to [26, 28] and the references therein.

Theorem 4.1 : Let (K, M) be a cEBMS with S = sup{s(x,y):x,y € K} < o and letT:K - K be an asymptotically
regular Mapping satisfying

I(M(Tx ) < p{O(MGTX) +9(MT, T9)} V5 y €K (4:2)
For so Me p and Sp < 1.Then T has a UFP.
Proof:
Let x € K be an arbitrary point. Consider the iterative sequence {x,} defined by
x,=1T" ,n=01.2,.. (4.3)
Since T is asymptotically regular, we have
lim M (5, %000) = lim M(T™, TH15) = 0 (4.4
Now to showing Cauchy sequence, forany € > 0,3 k € N such thatforallm >n >k
M (%, Xm) < €
Using the EBMS property and the contraction condition, for m > n

19(M()Sn+1r >Sm+1)) < ﬁ(M(TnH)S, Tm+1>g))

=9 (M(T(T"%), T(T™X)))
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< pO(M(T"% T'%) +9(M(T™%, T™ %))}
= p{O(M G Xn+1)) + 9 (M G X 1))}
Since ¥ is continuous and strictly increasing with 9(0) = 0 and by
asymptotic regularity
lim 9(M (% %41)) = 0 and lim (M K, Xm41)) = 0
Therefore

lim ﬁ(M()Sn+1' )Sm+1)) =0 = nlrilIEmM()Sn+1' )Sm+1) =0

nm-oo
Now by using EBMS inequality
M (5 %m) < 5 Gt %) [M K X 1) + M K1, X )]

S S[MXn, Xn+1) + M Xps1, X))

< S[M G Xn41) + SIM G, Xnr2) + MKz %m)]]

< SM()Sn' )Sn+1) + §21VI(’Sn+1' )Sn+2) + SZM(’S?HZ' )Sm)
m—1

< Z Sz_n+1M()Sz' )Sz+1)

zZ=n
By asymptotic regularity, foranye > 0,3k €N ,Vz >k

e(1-81)

M (X7 Xz41) < S

Thenform >n <k

m-1
M (Xn, X¥m) < Z Sz‘”“e(l_Tg_l)
zZ=n
m-—1
—e(l-s7) ) 5
Z=n
1—§mn
=-S5~
<e(l- S‘l)m= 1

Thus, {x,} is a Cauchy sequence in CEBMS (K, M), so there exists
0 € K such that
lim x, = lim T"x =0

n—oo n-—-

Now to showing x is FP
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Using the EBMS property and the contraction condition
(MG Tx%)) < 9(sCx T)) MG T*%) + M(T™ %, Tx)]

< S[MG, T %) + M(T™ %, TX)]

< S9(M (X, %n41)) + SO(M(T(T"Y), T%))

< SY(M (%, %n+1)) + SP{I(M(T"%, T'%)) +9(M (%, Tx))}

= SO(M (%, X+1)) + SP{I(M (%, X41)) + 9 (M (%, TX))}
Therefore
(1= Sp)I(M(,TX)) < SI(M (%, %n41)) + SPI (M Gty Xnt1))
Asn - o
Therefore, the right-hand side approaches 0. Since 1 — Sp > 0
we obtain

I(M%,T%) =0= M Tx) =0=Tx =X
Thus xis FP of T
Now to showing FP is (U)
Suppose w € K is another FP of T, with x # w, then
9(M G w)) = (M (Tx, Tw))
<pld(M& %) +9(Mw, Tw))}
=p{¥(0) +9(0)} =0
This implies
19(M(>g,w)) =0 =2MEw)=0=>x=w

which contradicts our assumption that x # w
Therefore, the FP is U

Example 4.1 : Consider the (CEB MS) (K, M) where K = [0,1] and the EBM, M: K X K — [0,1] is defined by M(x,y) =
|x — y| with the coefficient function s: K X K — [0, o) is given by

Ix -yl
1+ |x—yl+ Min{x,y}

sxy)=1+

The identity and symmetry are clearly satisfied by definition of M

Foranyx,y,z € K

M(x,2) < s(x2)[M(x,¥) + M(¥,2)]
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Therefore |x — z| < |x —y| + |y — 2|
Since s(x,z) = 1, the EBM inequality holds
The supremum of the coefficient function is
S =sup{s(x,y):x,y €K} =2

Define the mapping T: K = K by Tx = 2 ,XEK

Asymptotic regularity forany x € K ,and n € N

X |_ x| L 0.asn - o

M(T™%, T ') = % = Swri| = gnei
Thus, T is asymptotically regular
The contraction condition with 9(t) = log(1 + t)
For some p with Sp < 1, the following holds
{1+ M(Tx TN <e{l+METOHL+ME, TN} ,Vxy €K
Forany x,y € K

[x =yl
2

s = [ -2] =

M, Tx) = |>s—§| =|21|

i oy Iyl
M(y,Ty) = |Y—§ =5

Left-hand said of the inequality

{1+ M THY = (1 +B2 y')

Right-hand said of inequality

e(l+METOHLI+ M@, TY)} =€ <1 + lzil) <1 + %)

Since x,y € [0,1] ,we have

lx—yl=1
(1+3) =) -2-22s
2) ~\2) a4 7™
Whenx =y =20

e(1+0)(1+0)=2~2718>2.25
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For all other values of X,y € [0,1], therefore the inequality holds for all X,y € K
By above theorem, ThasaUFP Tx =x=x=10

Thus x = 0 is the UFP of T

For any x, € K , the sequence of iterates is

{T"%0} = {%o:)sz_o‘)i_o’%’ }
which convergent to 0, the UFP
Consider the EBMS (K, M) , were

My = Ix—yI°

with the coefficient function

X =yl
sxy)=14+—"
>y 1+Ix—yl
Therefore, S = sups(x,y) = 3
T is asymptotically regular since
X % 2_ %
M(T™%, T %) = |2_n - 2n+1| = Sanri = 0

The contraction condition becomes
{14+ M(Tx, TV} < e{l + M(x, T)H1 + M(¥, TY)}

which is satisfied for appropriate p < % = %
And is satisfied by T and we get the same result as before

Theorem 4.2: Let (K, M) be a CEBMS with S = sup{s(x,¥):x,¥ € K } < oo and let T: K - K be an asymptotically
regular map satisfying

I(M(Tx ) < p{O(MG ) +I(M& T9) +9I(M G, TN)} (4:5)
For some p with Sp < 1. Then T has a UFP
Proof:
Letx € K be an arbitrary point. Consider the iterative sequence {x,} is define by
x, = T"x for n=10,1,2, ...
Since T is asymptotically regular, we have
lim M (g, xp0) = lim M(T™, T"'%) = 0

We need to showing that {x,} is Cauchy sequence. For m > n, using the contraction condition
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(M 1, Xme1)) = 9(M (T 1%, T %))
=9 (M(T(T™), T(T")))
< pI(M(T"% T™)) + 9(M (T, T %) +9(M(T™%, T™ %))}
= p{O(M (%0, %m)) + 9I(M K Xns1)) + I(M Ky X¥ms1))

Let €, = 9(M (%, %n41)) + 9(MXm Xm+1)) -By asymptotic regularity

lime, =0

n—-oo

Thus, for sufficiently large m, n

7-9(M()Sn+1' )Sm+1)) < pﬁ(M()Sn' )Sm)) + pen

A standard argument shows that there exists k > 0 such that

19(M(>Sn+1:>Sm+1)) < €.~ 0, asn — oo

1=
Now using EBM inequality
M (X, Xm) < S, Xm) [M Xy Xp41) + M K1, X))
< S[MXn Xn41) + MKnt1, X))
< S[M (% %n+1) + SIM K1, Xnaz) + MGz X))

< SM()Sn' )Sn+1) + S21"/1()§n+1: }Sn+2) + SZM(}Sn+1: }Sm)
We obtain

m-—1

M (%, Xm) < Z SETHM (X5, Xie41)

k=n
By asymptotic regularity and the convergence of 19(M(>gn+1, >gm+1)) to 0
It follows that {x,,} is Cauchy sequence. Since (K, M) is complete there exists z € K such that
lim x, = lim T"x = z
n—00 n—00
Now to showing z is FP
By using EBM property and the contraction condition
9(M(z,T2)) < 9(s(z, TD[M(Z T"'%) + M(T" %, T2
< S[M(z, T""'%) + M(T"'x, T2)]
< S9(M(2,%p41)) + SO (M(T(T"X), T2))

< S9(M(z,%n41)) + SP{O(M(T"%,2)) + 9(M(T"%, T"'x)) + 9(M (2, T2))}

= S9(M(2,%n+1)) + SP{O(M (%, 2)) + 9 (M K, Xn11)) + 9 (M (2,T2))}



Kadhim M.S, Qusuay H.Algifiary , Journal of Al-Qadisiyah for Computer Science and Mathematics Vol.18.(1) 2026,pp.Math 154-173 17

Thus,
(1= Sp)9(M(z,T2)) < SI(M(2,%n41)) + Sp{I(M (%0, 2)) + 9 (M G %041))}
Asn — oo all the right-hand said approaches. Since 1 — Sp > 0
19(M(Z,"[‘Z)) =0=>M(z,T2)=0=>Tz=1z

Thus, z is FP of T
Now to showing the FP is U
Suppose w € K is another FP of T with z # w
I(M(z,w)) =9(M(Tz,Tw))

< p{9(M(z,w)) +9(M(z,T2)) + 9(M(w, Tw))}

= p{9(M(z,w)) + 9(0) + 9(0)}

= pd (M(Z, W))
This implies
(1 —p)ﬁ(M(z,w)) <0= 19(M(Z,w)) =0=>Mzw)=0=>z=w
Which are contradiction
Therefore, the FP is U
5. Applications

This section builds on the limited compactness of K, T-orbital compactness, and asymptotic regularity of T to

discuss the stability of fixed points with minor deviations. In this part, we use the HUS framework to show that
approximation FP behave similarly to accurate ones in the EBMS scenario.

Definition 5. 1: Let (K, M) be a CEBMS and T: K — K be a map. The FP problem

x=Tx" (6.1
is say HUS iff vV x € K fulfill the disparity.
KxTx) <€ (52)
And this disparity
K(T%X) <€ (>3)

Where € > 0 , there is a solution x* € K and a constant W > 0

autonomous from x & X* s.t

K(x',x) < We (54)
And
(5.5)
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K(xx) <We
Theorem (5.1) : Let (K, M) be a T-orbitally cEBMS, and let T: K = K be a map with
S = sup{s(x,¥):x ¥ € K} < oo satisfying:
M(Tx Ty) < pMxT%) + M@, T} Vxy €K

where p < % and Sp < 1. Then T has a unique fixed point z € K.

For every x € X, the sequence {T"x} converges to z.
If y € K satisfies M(y, Ty) < We for so Me € > 0, then

M(§,z) < ﬁ
Proof.
Lety, € K and define x,, = T"x, . Lety, = d (X, Xn+1)
Yn = M(Txn-1, T%2) < PIM (X1, T8n—1) + M (X, TXn)} = PV + V)

Thus (1 = p)¥n < PYn-1, implying:
p
Yn S T Vn-1 = q¥na

. 1
where q = % < 1sincep < >

Since K is T -orbitally compact, {x,,} has a convergent subsequence {x,,, } = z. Forany m > n:

M Xm) < 5, Xm) [M K, Xn41) + M Enaa, Xm)] < [V + M K X))

Using induction and q < 1, {x,,} is Cauchy and converges to z.

M(z,Tz) < s(z, T2)[M(z, T" %) + M(T"**%0, T2)]

< S[M (2, Xp41) + M(Txp, T2)]
< S[M(2,%n+1) + P(M (Xn, ¥n+1) + M (2, T2))]
(1—-Sp)M(z,Tz) < SM(z,%n+41) + Spyn = 0
Thus M(z, Tz) = 0. If w is another FP
M(z,w) = M(Tz,Tw) < p(M(z,Tz) + M(w,Tw)) =0
Lety € X with M(y, Ty) < €.
M(y,z) = M(y,Tz) < s, 2)[MY, Ty) + M(TY, T2)] < S[e + M(Ty, T2)]
M(Ty, Tz) < p(M(y,TY) + M(2,T2)) < pe
M(y,z) < S[e + pe] = S(1 + p)e

1
w
1-2Sp

SinceSp < 1,S(1+p) < we obtain by definition (5.1)

1
henp < Pyt

M(y,z) < ——-
¥.2) 1= 2sp €
Therefore

W= 1
T 1-2Sp
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Theorem (5.2): Let (K, M) be a CEBMS with § = sup{s(x,y):X,y¥ € K} < o0 and let T: K = K be an asymptotically
regular map holds:

M(TxTy) < pIME,TX) + M, T} VXY EK
for so Me p with Sp < 1. Then T has a unique fixed point z € K.

Forevery x € K, li M,,_,,,T"x = z.If y € K satisfies M(y,Ty) < € for so Me € > 0, then

1
M@,2) < ———-
(¥, 2) 1=2sp €

Proof.
Let x € K and define x,, = T™x. Since T is asymptotically regular:
%E?OM()SW Xn+1) =0

Form > n,

M X1, X¥m+1) = M(T%n T%m)
< p{M()Sn' )Sn+1) + M()Smt )Sm+1)}

Asn,m — oo, the right-hand side — 0, so {x,} is Cauchy. By complete, 3z € X such thatx, — z.

M(z,T2) < s(z, T2)[M(z, T""'%) + M(T"*"'%,T2)]
=< S[M(Z: )Sn+1) + M(T)Snt TZ)]
< S[M(2,%n+1) + P(M Xp Xp41) + M(2,T2))]

Thus
(1 = Sp)M(z,T2) < SM(2,%n+1) + SPM (X, Xn41) = 0
SoM(z,Tz) =0= Tz =z
Ifw # z with Tw = w, then
M(z,w) = M(Tz,Tw) < p(M(z Tz) + M(w,Tw)) = 0
Hence z is unique.
Lety € K satisfy M(y, Ty) < ¢.
M(y,z) = M(y,T2) < s(¥9,2)[M (Y, TY) + M(Ty, T2)]
< S[e + M(Ty, T2)]
M(Ty,Tz) < pIM(Y, TY) + M(z,T2)} = pe
M(y,z) < S[e +pe]l =S +p)e

. 1 1
Since Sp < 1,S(1 + p) Smwhenp <%

1
<
S(1+p) < 1= 2sp
Therefore, by definition (5.1)
j,7) <
M@©.2) < T 25p
1

V=1
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6. Conclusion

In conclusion, this study has advanced fixed-point theory by establishing novel results in the context of extended
b-metric spaces. We introduced and utilized key concepts such as T-orbital compactness and asymptotic regularity
to prove the existence and uniqueness of fixed points under generalized contractive conditions. The practical
significance of our theoretical framework was demonstrated by applying the main theorems to prove the Hyers-
Ulam stability of certain functional equations. These findings not only extend the classical theory but also provide
robust tools applicable to nonlinear problems in analysis and applied mathematics. Future research may explore
further generalizations of the metric structure or applications to more complex integral and differential equations.
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