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A B S T R A C T 

In this paper, we focus on the study of some classes of bi-derivation. In addition, there are 
new concepts that have been introduced, including functions bi- (homomorphism, α-
centralizer) and Jordan bi- (homomorphism, α-centralizer) on the prime ring R × R, 
particularly with reference to the elementary rings' permutation structure L = R × R. The 
concepts of bi- (homomorphism, left (right) α-centralizer), Jordan bi- (homomorphism, left 
(right) α-centralizer), and triple bi- (homomorphism, left(right) α-centralizer) within the 
prime ring L are also introduced. Furthermore, we investigate an important condition that 
states if the ring is 2-torsion free ring, then any Jordan bi- (homomorphism, left α-centralizer) 
on L is necessarily a Jordan  triple bi- (homomorphism, left α-centralizer). 
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1. Introduction 

 Throughout this paper, Ɍ is a ring and is called prime if 𝑛Ɍ𝑚 = (0) implies 𝑛 = 0 or 𝑚 = 0, and Ɍ is called semi prime 

if  ℎ Ɍ ℎ = (0)  implies ℎ = 0 , for all ℎ ∈  Ɍ  . An additive mapping  𝑃 ∶ Ɍ ⟶ Ɍ  is called left (right) centralizer of Ɍif 

 𝑃(𝑠𝑏) = 𝑃(𝑠)𝑏 is resp.) 𝑃(𝑠𝑏) = 𝑠𝑃(𝑏). 

 

Maksa G. [1] introduced the concept of a symmetric bi-derivation. It was shown in [2,3,4] that symmetric bi-derivation are 

related to general solution of some functional equations. Some results on symmetric bi-derivation in prime and semi prime 

rings can be found in [5, 6].  

 

Also, Mahmood in [7], Mahmood and Hussein in [8] introduced a generalization of the traces of symmetric bi-derivation 

mappings, the effects must satisfy certain conditions at the ideal level of prime and semi-prime rings. A bi-additive 

mapping 𝑃 is called symmetric, if 𝑃(𝜔, 𝑠) = 𝑃(𝑠, 𝜔) where 𝜔, 𝑠 ∈ Ɍ. In [9] a bi additive mapping P is called a symmetric 

left (right) bi-centralizer, if satisfy:  Ѱ(𝑔𝑘 , ɦ) = Ѱ(𝑔 , ɦ)𝑘  and  Ѱ(𝑔, 𝑘ɦ) = Ѱ(𝑔, 𝑘)ɦ  respectively Ѱ(𝑔𝑘, ɦ) =
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𝑔Ѱ(𝑘, ɦ)and Ѱ(𝑔, 𝑘ɦ) = 𝑘Ѱ(𝑔, ɦ)wher 𝑔, 𝑘, ɦ ∈ Ɍ.Yilmaz and Zekiye in [10], proved that every Jordan bi-derivation of 

prime ring Ɍ is an ordinary bi-derivation. Further in [10], a bi –additive mapping 𝑃 is med to be a symmetric Jordan bi-

derivation if satisfy: Ѱ(𝑔2, 𝑘) = Ѱ(𝑔, 𝑘)𝑔 + 𝑔Ѱ(𝑔, 𝑘) for all 𝑔, 𝑘 ∈ Ɍ. 

 

Then a bi-additive mapping ℱ: Ɍ × Ɍ ⟶ Ɍ is named to be a bi-centralizer, if ℱ is a left and right bi-centralizer in both 

arguments. We follow in [11] a mapping O: Ɍ → Ɍ which is defined by O(𝓂) = P (𝓂, 𝓂) is said to be trace of 𝑃 for all 

 𝓂 ∈ Ɍ 𝓂, where P: Ɍ ⟶ Ɍ  is bi- additive mapping, the relation between symmetric and trace is O(υ + 𝑏) = P (υ +
b, υ + b) = O(υ) + O(b) + P (υ , b) + P (b , υ)forallυ, b ∈ Ɍ. Several studies have introduced new concepts about 

bi-effect linear functions. see [12,13] 

 

In this paper we prove that every Jordan bi-(homomorphism, left α-centralizer) of 2-torsion free prime ring 𝐿 is Jordan 

triple bi- (homomorphism, left α-centralizer) of 𝐿. 

2. Bi- (Homomorphism, Left (Right) α-centralizer) on Prime 𝑹𝒊𝒏𝒈𝒔 

Definition 2.1: Let Ѱ be bi-additive mapping of the ring L=R×R then Ѱ is named: 

 

i)  bi- (homomorphism, left(right) α-centralizer) of Rif for each 𝜐, 𝑘, 𝑒, 𝑔 ∈ 𝑅 then      

                            Ѱ(𝜐𝑘, 𝑒𝑔)  = ( Ѱ(𝜐), Ѱ( 𝑒))( Ѱ(𝑘), 𝛼(𝑔)). 

 

                       (resp. right Ѱ (𝜐𝑘, 𝑒𝑔) = (Ѱ(𝜐), 𝛼(𝑒))(Ѱ(𝑘), Ѱ(𝑔)). 

 

ii) Ѱ is named Jordan bi- (homomorphism, left(right) α-centralizer) of R for each 𝜐, 𝑒 ∈ 𝑅 then 

 

                             Ѱ(𝜐², 𝑒²) = (Ѱ(𝜐), Ѱ(𝑒))(Ѱ(𝜐), 𝛼(𝑒)). 

 

iii) Ѱ is named Jordan triple bi- (homomorphism, left(right) α-centralizer) of R if  

     for each υ, b, w, e ∈R. 

 

                           Ѱ(𝜐𝑘𝜐, 𝑒𝑔𝑒)  =  (Ѱ(𝜐), Ѱ(𝑒)) (Ѱ(𝑘), 𝛼(𝑔)) (Ѱ(𝜐), 𝛼(𝑒)) 

(resp. right Ѱ (𝜐𝑘𝜐, 𝑒𝑔𝑒) = (Ѱ(𝜐), 𝛼(𝑒))(Ѱ(𝑘), 𝛼(𝑔)(Ѱ(𝜐), Ѱ(𝑒)).  
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3. Main Results 

Lemma 2.2: Let Ѱ be a Jordan bi- (homomorphism, left (right) α-centralizer) of the ring R×R, for every 𝝊, 𝒌, 𝒆, 𝒈 ∈
𝑹 , and α-automorphism of R, then: 

Ѱ (𝝊𝒌 +  𝒌𝝊  , 𝒆𝒈 + 𝒈𝒆 ) = ( Ѱ(𝝊) , Ѱ(𝒆) ) ( Ѱ(𝒌) , 𝜶(𝒈))  +  ( Ѱ(𝒌) , Ѱ(𝒈) ) ( Ѱ(𝝊) , 𝜶(𝒆) ) 

Proof: 

Ѱ((𝝊 + 𝒌)(𝝊 + 𝒌), (𝒆 + 𝒈)(𝒆 + 𝒈)) 

     =  Ѱ((𝝊 + 𝒌)𝟐, (𝒆 + 𝒈)𝟐) 

= (Ѱ(𝝊 + 𝒌), Ѱ(𝒆 + 𝒈))(Ѱ(𝝊 + 𝒌), 𝜶(𝒆 + 𝒈))  

Since Ѱ be a Jordan bi- (homomorphism, left (right) α-centralizer) 

= (Ѱ(𝝊) + Ѱ(𝒌), Ѱ(𝒆) + Ѱ(𝒈))(Ѱ(𝝊) + Ѱ(𝒌), 𝜶(𝒆 + 𝒈))                                                    

    = (Ѱ(𝝊), Ѱ(𝒆))(Ѱ(𝝊), 𝜶(𝒆)) + (Ѱ(𝒌), Ѱ(𝒈))(Ѱ(𝝊), 𝜶(𝒆)) 

            +(Ѱ(𝝊), Ѱ(𝒆)(Ѱ(𝒌), 𝜶(𝒈) + (Ѱ(𝒌), Ѱ(𝒈))(Ѱ(𝒌), 𝜶(𝒈))                                (𝟏)     

On the other hand  

Ѱ((𝝊 + 𝒌)(𝝊 + 𝒌), (𝒆 + 𝒈)(𝒆 + 𝒈)) 

           = Ѱ(𝝊 𝟐 + 𝝊𝒌 + 𝒌𝝊 + 𝒌𝟐, 𝒆𝟐 + 𝒆𝒈 + 𝒈𝒆 + +𝒈𝟐)  

       = Ѱ( 𝝊 𝟐, 𝒆𝟐) + Ѱ(𝒌𝟐, 𝒈𝟐) +  Ѱ(𝝊𝒌 + 𝒌𝝊, 𝒆𝒈 + 𝒈𝒆 )                                                         

       = (Ѱ(𝝊), Ѱ(𝒆))(Ѱ(𝝊), 𝜶(𝒆)) + (Ѱ(𝒌), Ѱ(𝒈))(Ѱ(𝒌), 𝜶(𝒈)) 

            +Ѱ(𝝊𝒌 + 𝒌𝝊, 𝒆𝒈 + 𝒈𝒆),                                                                                                (2)                                                            

Comparing (1) and (2) we get: 

Ѱ(𝝊𝒌 + 𝒌𝝊, 𝒆𝒈 + 𝒈𝒆) = ( Ѱ(𝝊), Ѱ(𝒆)) (Ѱ(𝒌), 𝜶(𝒈)) + (Ѱ(𝒌), Ѱ(𝒈)(Ѱ(𝝊), 𝜶(𝒆)). 

 

Remark 2.3: Let Ѱ be Jordan bi- (homomorphism, Left(right)α-Centralizer) of the ring R and   

α-automorphism of R then we define φ on R×R by:  

𝝋(𝝊 , 𝒌, 𝒆, 𝒈) =  Ѱ(𝝊𝒌, 𝒆𝒈) − (Ѱ(𝝊), Ѱ(𝒆)(Ѱ(𝒌), 𝜶(𝒈)). 

Lemma 2.4: Let Ѱ be Jordan bi- (homomorphism, left(right) α-centralizer) of the ring R and φ automorphism of R 
then:    

 (𝟏) −  𝝋(𝝊 + 𝒙, 𝒌, 𝒆, 𝒈) = 𝝋(𝝊, 𝒌, 𝒆, 𝒈) + 𝝋(𝒙, 𝒌, 𝒆, 𝒈) 

(𝟐) −  𝝋(𝝊, 𝒌 + 𝒙, 𝒆, 𝒈) = 𝝋(𝝊, 𝒌, 𝒆, 𝒈) + 𝝋(𝝊, 𝒙, 𝒆, 𝒈) 

(𝟑) −  𝝋(𝝊, 𝒌, 𝒆 + 𝒙, 𝒈) = 𝝋(𝝊, 𝒌, 𝒆, 𝒈) + 𝝋(𝝊, 𝒌, 𝒙, 𝒈) 

(𝟒) −  𝝋(𝝊, 𝒌, 𝒆, 𝒈 + 𝒙) = 𝝋(𝝊, 𝒌, 𝒆, 𝒈) + 𝝋(𝝊, 𝒌, 𝒆, 𝒙) 
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(𝟓) −  𝝋(𝝊𝒌, 𝒆𝒈) =  − 𝝋(𝒌𝝊, 𝒈𝒆) 𝒘𝒉𝒆𝒓𝒆  𝝊 , 𝒌 , 𝒆 , 𝒈 ∈  𝑹. 

 

 Proof (1) 

𝝋(𝝊, 𝒌 + 𝒙, 𝒆, 𝒈) = Ѱ(𝝊(𝒌 + 𝒙), 𝒆𝒈) − (Ѱ(𝝊), Ѱ(𝒆))(Ѱ(𝒌 + 𝒙), 𝜶(𝒈)).  { 𝐛𝐲 𝐫𝐞𝐦𝐚𝐫𝐤 𝟐. 𝟑}                              
= Ѱ(𝝊𝒌 + 𝝊𝒙, 𝒆𝒈) − (Ѱ(𝝊) + Ѱ(𝒆), Ѱ(𝒆))(Ѱ(𝒌 + 𝒙), 𝜶(𝒈)) 

                                = Ѱ(𝝊𝒌, 𝒆𝒈) − (Ѱ(𝝊), Ѱ(𝒆))(Ѱ(𝒌), 𝜶(𝒈)) + Ѱ(𝝊𝒙, 𝒆𝒈) −
                                        (Ѱ(𝝊), Ѱ(𝒆))(Ѱ(𝒙), 𝜶(𝒈)) 

                                = 𝝋(𝝊, 𝒌, 𝒆, 𝒈) + 𝝋(𝝊, 𝒙, 𝒆, 𝒈). 

         

Proof (2) 

𝝋(𝝊, 𝒌 + 𝒙, 𝒆, 𝒈) = Ѱ(𝝊(𝒌 + 𝒙), 𝒆𝒈) − (Ѱ(𝝊), Ѱ(𝒆))(Ѱ(𝒌 + 𝒙), 𝜶(𝒈))  {𝐛𝐲 𝐫𝐞𝐦𝐚𝐫𝐤 𝟐. 𝟑}                             
= Ѱ(𝝊𝒌 + 𝝊𝒙, 𝒆𝒈) − (Ѱ(𝝊) + Ѱ(𝒆), Ѱ(𝒆))(Ѱ(𝒌 + 𝒙), 𝜶(𝒈)) 

                              = Ѱ(𝝊𝒌, 𝒆𝒈) − (Ѱ(𝝊), Ѱ(𝒆))(Ѱ(𝒌), 𝜶(𝒈))+Ѱ(𝝊𝒙, 𝒆𝒈) − (Ѱ(𝝊), Ѱ(𝒆))(Ѱ(𝒙), 𝜶(𝒈)) 

                               = 𝝋(𝝊, 𝒌, 𝒆, 𝒈) + 𝝋(𝝊, 𝒙, 𝒆, 𝒈). 

Proof (3) 

𝝋(𝝊, 𝒌, 𝒆 + 𝒙, 𝒈) = Ѱ(𝝊𝒌, (𝒆 + 𝒙)𝒈) − (Ѱ(𝝊), Ѱ(𝒆 + 𝒙))(Ѱ(𝒌), 𝜶(𝒈))  {𝐛𝐲 𝐫𝐞𝐦𝐚𝐫𝐤 𝟐. 𝟑}                              
= Ѱ(𝝊𝒌, 𝒆𝒈 + 𝒙𝒈) − (Ѱ(𝝊), Ѱ(𝒆) + (Ѱ(𝒙))(Ѱ(𝒌), 𝜶(𝒈)) 

                               = Ѱ(𝝊𝒌, 𝒆𝒈) − (Ѱ(𝝊), Ѱ(𝒆))(Ѱ(𝒌), 𝜶(𝒈)) + Ѱ(𝝊𝒌, 𝒙𝒈) 

                                 −(Ѱ(𝝊), Ѱ(𝒙))(Ѱ(𝒌), 𝜶(𝒈)) 

                               = 𝝋(𝝊, 𝒌, 𝒆, 𝒈) + 𝝋(𝝊, 𝒌, 𝒙, 𝒈). 

Proof (4) 

𝛗(𝝊, 𝒌, 𝒆, 𝒈 + 𝒙) = Ѱ(𝝊𝒌+, 𝒆(𝒈 + 𝒙)) − (Ѱ(𝝊), Ѱ(𝒆))(Ѱ(𝒌), 𝒈 + 𝒙)   {𝐛𝐲 𝐫𝐞𝐦𝐚𝐫𝐤 𝟐. 𝟑}                             
= Ѱ(𝝊𝒌, 𝒆𝒈 + 𝒆𝒙) − (Ѱ(𝝊) + Ѱ(𝒆), Ѱ(𝒆))(Ѱ(𝒌), 𝒈 + 𝒙) 

                               = Ѱ(𝝊𝒌, 𝒆𝒈) − (Ѱ(𝝊), Ѱ(𝒆))(Ѱ(𝒌), 𝒈) + Ѱ(𝝊𝒌, 𝒆𝒈) − (Ѱ(𝝊), Ѱ(𝒆))(Ѱ(𝒈), 𝒙) 

                              = 𝝋(𝝊, 𝒌, 𝒆, 𝒈) + 𝝋(𝝊, 𝒌, 𝒆, 𝒙). 

Proof (5) 

𝐛𝐲 𝐮𝐬𝐢𝐧𝐠 𝐥𝐞𝐦𝐦𝐚 𝟐. 𝟐 𝐰𝐞 𝐡𝐚𝐯𝐞 ∶  

Ѱ(𝝊𝒌 + 𝒌𝝊, 𝒆𝒈 + 𝒈𝒆) = (Ѱ(𝝊), Ѱ(𝒆))(Ѱ(𝒌), 𝜶(𝒈)) + (Ѱ(𝒌), Ѱ(𝒈))(Ѱ(𝝊), 𝜶(𝒆)) 

Ѱ(𝝊𝒌, 𝒆𝒈) + Ѱ(𝒌𝝊, 𝒈𝒆) = (Ѱ(𝝊), Ѱ(𝒆))(Ѱ(𝒌), 𝜶(𝒈)) + (Ѱ(𝒌), Ѱ(𝒈))(Ѱ(𝝊), 𝜶(𝒆)) 

𝐂𝐨𝐧𝐬𝐞𝐪𝐮𝐞𝐧𝐭𝐥𝐲, 

 Ѱ(𝝊𝒌, 𝒆𝒈) − (Ѱ(𝝊), Ѱ(𝒆))(Ѱ(𝒌), 𝜶(𝒈)) = −Ѱ(𝒌𝝊, 𝒈𝒆) + (Ѱ(𝒌), Ѱ(𝒈))(Ѱ(𝝊), 𝜶(𝒆)) 

𝐓𝐡𝐚𝐭 𝐢𝐦𝐩𝐥𝐢𝐞𝐬 𝐭𝐡𝐚𝐭  
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𝝋(𝝊𝒌, 𝒆𝒈) = −𝝋(𝒌𝝊, 𝒈𝒆). 

 

Remark 2.5: Let R be a ring then Ѱ is bi-(homomorphism, α-centralizer) on L iff 𝛗(𝛖𝐤, 𝐞𝐠) = 𝟎, for each 
𝝊 , 𝒌 , 𝒆 , 𝒈  ∈  𝑹. where α-automorphism of R. 

 

Lemma 2.6 

Let Ѱ be a Jordan bi- (homomorphism, left(right) α- centralizer) 

on L and let α: R→R be an automorphism of R then:  

𝝋( 𝝊, 𝒌 , 𝒆, 𝒈)( Ѱ (𝒋), 𝜶(𝒖))[( Ѱ(𝝊), Ѱ(𝒆))(Ѱ(𝒌), 𝜶(𝒈))] =  𝟎 ,   𝒇𝒐𝒓 𝒆𝒗𝒆𝒓𝒚 𝝊, 𝒌, 𝒆, 𝒈 ∈  𝑹 . 

Proof 

𝑻𝒂𝒌𝒆  𝒂 = (𝝊𝒌𝒋𝒌𝝊 + 𝒌𝝊𝒋𝝊𝒌, 𝒆𝒈𝒖𝒈𝒆 + 𝒈𝒆𝒖𝒆𝒈) 

Ѱ(𝒂) = Ѱ(𝝊(𝒌𝒋𝒌)𝝊 + 𝒌(𝝊𝒋𝝊)𝒌 , 𝒆(𝒈𝒖𝒈)𝒆 +  𝒈(𝒆𝒖𝒆)𝒈) 

        = Ѱ(𝝊(𝒌𝒋𝒌)𝝊, 𝒆(𝒈𝒖𝒈)𝒆)  + Ѱ(𝒌(𝝊𝒋𝝊)𝒌 , 𝜶(𝒈(𝒆𝒖𝒆)𝒈))         

        = (Ѱ(𝝊), Ѱ(𝒆))(Ѱ(𝒌𝒋𝒌), 𝜶(𝒈𝒖𝒈))(Ѱ(𝝊), 𝜶(𝒆)) 

                +  (Ѱ(𝒌), Ѱ(𝒈))(Ѱ(𝝊𝒋𝝊), 𝜶(𝒆𝒖𝒆))(Ѱ(𝒌), 𝜶(𝒈))  

         =  (Ѱ(𝝊), Ѱ(𝒆))( Ѱ(𝒌)Ѱ(𝒋)Ѱ(𝒌), 𝜶(𝒈𝒖𝒈)))(Ѱ(𝝊), 𝜶(𝒆)) 

                +(Ѱ(𝒌), Ѱ(𝒈))(Ѱ(𝝊)Ѱ(𝒋)Ѱ(𝝊), 𝜶(𝒆𝒖𝒆)))(Ѱ(𝒌), 𝜶(𝒈)) 

       =  (Ѱ(𝝊), Ѱ(𝒆))(Ѱ(𝒌), 𝜶(𝒈))(Ѱ(𝒋), 𝜶(𝒖))(Ѱ(𝒌), 𝜶(𝒈))(Ѱ(𝝊), 𝜶(𝒆)) 

            +(Ѱ(𝒌), Ѱ(𝒈))((Ѱ(𝝊), 𝜶(𝒆))(Ѱ(𝒋), 𝜶(𝒖))(Ѱ(𝝊), 𝜶(𝒆))(Ѱ(𝒌), 𝜶(𝒈)), 

                                                                                            for each υ, k, e, g, j, u ∈ R       ( 1 )  

On the other hand  

𝒂 =  ((𝝊𝒌)𝒋(𝒌𝝊) , ((𝒆𝒈)𝒖(𝒈𝒆))  +  ((𝒌𝝊)𝒋(𝝊𝒌)), ((𝒈𝒆)𝒖(𝒆𝒈)) 

Ѱ(𝒂)  =  Ѱ(((𝝊𝒌)𝒋(𝒌𝝊), ((𝒆𝒈)𝒖(𝒈𝒆)) + ((𝒌𝝊)𝒋(𝝊𝒌)), ((𝒈𝒆)𝒖(𝒆𝒈)) 

           = Ѱ(((𝝊𝒌)𝒋(𝒌𝝊)), ((𝒆𝒈)𝒖(𝒈𝒆))) + Ѱ(((𝒌𝝊)𝒋(𝝊𝒌)), ((𝒈𝒆)𝒖(𝒆𝒈)) 

          = (Ѱ(𝝊𝒌), Ѱ(𝒆𝒈))(Ѱ(𝒋), 𝜶(𝒖))(Ѱ(𝒌𝝊), 𝜶(𝒈𝒆)) 

            +(Ѱ(𝒌𝝊), Ѱ(𝒈𝒆))(Ѱ(𝒋), 𝜶(𝒖))(Ѱ(𝝊𝒌), 𝜶(𝒆𝒈)) 

       = (Ѱ(𝝊𝒌), Ѱ(𝒆𝒈))(Ѱ(𝒋), 𝜶(𝒖))(Ѱ(𝒌)Ѱ(𝝊), 𝜶(𝒈𝒆)) 

           +(Ѱ(𝒌𝝊), Ѱ(𝒈𝒆))(Ѱ(𝒋), 𝜶(𝒖))(Ѱ(𝝊𝒌), 𝜶(𝒆𝒈)) 

        = (Ѱ(𝝊𝒌), Ѱ(𝒆𝒈))(Ѱ(𝒋), 𝜶(𝒖))(Ѱ(𝒌𝝊), 𝜶(𝒈𝒆)) 

            +(Ѱ(𝒌𝝊), Ѱ(𝒈𝒆))(Ѱ(𝒋), 𝜶(𝒖))(Ѱ(𝝊𝒌), 𝜶(𝒆𝒈))     
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        = (Ѱ(𝝊), Ѱ(𝒆))(Ѱ(𝝊), Ѱ(𝒈))(Ѱ(𝒌), Ѱ(𝒆))(Ѱ(𝒌), Ѱ(𝒈))  

           = (Ѱ(𝝊𝒌), Ѱ(𝒆𝒈))(Ѱ(𝒋), 𝜶(𝒖)) (Ѱ(𝒌), 𝜶(𝒈))( Ѱ(𝒗), 𝜶(𝒆)) 

               +(Ѱ(𝒌𝝊), Ѱ(𝒈𝒆))(Ѱ(𝒋), 𝜶(𝒖)) (Ѱ(𝒗), 𝜶(𝒆))( Ѱ(𝒌), 𝜶(𝒈))), 

                                                           𝒇𝒐𝒓 𝒆𝒗𝒆𝒓𝒚 𝝊 , 𝒌 , 𝒆 , 𝒈, 𝒋, 𝒖 ∈  𝑹              (2) 

Compare (1) and (2) we get: 

𝟎 = (Ѱ(𝝊𝒌), Ѱ(𝒆𝒈)) − (Ѱ(𝝊), Ѱ(𝒆))(Ѱ(𝒌), 𝜶(𝒈)))(Ѱ(𝒋), 𝜶(𝒖))(Ѱ(𝒌), 𝜶(𝒈))(Ѱ(𝝊), 𝜶(𝒆)) 

 +(Ѱ(𝒌𝝊), Ѱ(𝒈𝒆)) − (Ѱ(𝒌), Ѱ(𝒈)) (Ѱ(𝝊), 𝜶(𝒆))(Ѱ(𝒋), 𝜶(𝒖))(Ѱ(𝝊), 𝜶(𝒆)) (Ѱ(𝒌), 𝜶(𝒈)) 

𝟎 = 𝝋(𝝊, 𝒌, 𝒆, 𝒈)(Ѱ(𝒋), 𝜶(𝒖))(Ѱ(𝒌), 𝒈)(Ѱ(𝝊), 𝜶(𝒆)) + 𝝋(𝒌, ʋ, 𝒈, 𝒆)(Ѱ(𝒋), 𝒖)(Ѱ(𝝊), 𝒆)Ѱ(𝒌), 𝜶(𝒈)) 

𝟎 = 𝝋(𝝊𝒌, 𝒆𝒈)(Ѱ(𝒋), 𝜶(𝒖))[(Ѱ(ʋ), 𝒆)(Ѱ(𝒌), 𝜶(𝒈))]. 

 

Lemma 2.7: Let Ѱ be a Jordan bi left- (homomorphism, α-centralizer) on the ring R and let α: R→R be an 
automorphism of R then:  

𝝋(𝝊, 𝒌, 𝒆, 𝒈)(Ѱ(𝒋), 𝜶(𝒖))[(Ѱ(𝒏), Ѱ(𝒚))(Ѱ(𝒊), 𝜶(𝒕))] = 𝟎. for all υ, k, e, g, n, y, i, t ∈R.  

Proof:   

Replace υ by 𝛖 + 𝐧 in Lemma 2.6 we get:  

𝝋((𝝊 + 𝒏), 𝒌, 𝒆, 𝒈))Ѱ(𝒋), 𝜶(𝒖))(Ѱ(𝝊 + 𝒏), Ѱ(𝒆)), (Ѱ(𝒌), 𝜶(𝒈)), (Ѱ(𝒌), Ѱ(𝒈)) 

     (Ѱ(𝝊 + 𝒏), 𝜶(𝒆))) = 𝟎  

That is 
𝝋((𝝊 + 𝒏), 𝒌, 𝒆, 𝒈)(Ѱ(𝒋), 𝜶(𝒖))[(Ѱ(𝝊 + 𝒏), 𝜶(𝒆)), (Ѱ(𝒌), 𝜶(𝒈))] 

= 𝝋(𝝊, 𝒌, 𝒆, 𝒈)(Ѱ(𝒋), 𝜶(𝒖))[(Ѱ(𝝊), 𝜶(𝒆)), (Ѱ(𝒌), 𝜶(𝒈))] + 

𝝋(𝝊, 𝒌, 𝒆, 𝒈)(Ѱ(𝒋), 𝜶(𝒖))[(Ѱ(𝒏), 𝜶(𝒆)), (Ѱ(𝒌), 𝜶(𝒈))] + 

𝝋(𝒏, 𝒌, 𝒆, 𝒈)(Ѱ(𝒋), 𝜶(𝒖))[(Ѱ(𝝊), 𝜶(𝒆)), (Ѱ(𝒌), 𝜶(𝒈))] + 

𝝋(𝒏, 𝒌, 𝒆, 𝒈)(Ѱ(𝒋), 𝜶(𝒖))[(Ѱ(𝒏), 𝜶(𝒆)), (Ѱ(𝒌), 𝜶(𝒈))] 

𝑩𝒚 𝒍𝒆𝒎𝒎𝒂 𝟐. 𝟔 𝒘𝒆 𝒈𝒆𝒕  

𝝋(𝝊, 𝒌, 𝒆, 𝒈)(Ѱ(𝒋), 𝜶(𝒖))[(Ѱ(𝒏), Ѱ(𝒆)), (Ѱ(𝒌), 𝜶(𝒈))] + 

𝝋(𝝊, 𝒌, 𝒆, 𝒈)(Ѱ(𝒋), 𝜶(𝒖))[(Ѱ(𝒏), Ѱ(𝒆)), (Ѱ(𝒌), 𝜶(𝒈))] = 𝟎. 

Thus, 

𝝋((𝝊, 𝒌, 𝒆, 𝒈)(Ѱ(𝒋), 𝜶(𝒖))((Ѱ(𝝊), Ѱ(𝒆))((Ѱ(𝒌), 𝜶(𝒈)), (Ѱ(𝒌), Ѱ(𝒈))
+ 𝝋((𝝊, 𝒌, 𝒆, 𝒈)(Ѱ(𝒋), 𝜶(𝒖))((Ѱ(𝒏), Ѱ(𝒆))(Ѱ(𝒌), 𝜶(𝒈)), (Ѱ(𝒌), Ѱ(𝒈))(Ѱ(𝒏), 𝜶(𝒆)))                                                       

𝝋 (𝒏, 𝒌 , 𝒆 , 𝒈)(Ѱ(𝒋), 𝜶(𝒖))((Ѱ(𝝊), Ѱ(𝒆))(Ѱ(𝒌), 𝒈), (Ѱ(𝒌), Ѱ(𝒈))(Ѱ(𝝊), 𝜶(𝒆))) + 

𝝋(𝒏, 𝒌, 𝒆, 𝒈)(Ѱ(𝒋), 𝜶(𝒖)) ((Ѱ(𝒏), Ѱ(𝒆))(Ѱ(𝒌), 𝜶(𝒈)), (Ѱ(𝒌), 𝜶(𝒈))(Ѱ(𝒏), 𝜶(𝒆))) = 𝟎                                              
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by using Lemma 2.6 implies that: 

𝝋(𝝊, 𝒌, 𝒆, 𝒈)(Ѱ(𝒋), 𝜶(𝒖))((Ѱ(𝒏), Ѱ(𝒆))(Ѱ(𝒌), 𝜶(𝒈)), (Ѱ(𝒌), Ѱ(𝒈))(Ѱ(𝒏), 𝜶(𝒆)))) + 

𝝋(𝝊, 𝒌, 𝒆, 𝒈)(Ѱ(𝒋), 𝜶(𝒖))[Ѱ(𝝊 + 𝒏), 𝜶(𝒆)), (Ѱ(𝒌), 𝜶(𝒈))] = 𝟎                                    (1)              

Therefore,  

𝝋(𝝊, 𝒌, 𝒆, 𝒈)(Ѱ(𝒋), 𝜶(𝒖))((Ѱ(𝒏), Ѱ(𝒆))(Ѱ(𝒌), 𝜶(𝒈)), (Ѱ(𝒌), Ѱ(𝒈))(Ѱ(𝒏), 𝜶(𝒆))) 

(Ѱ(𝒋), 𝜶(𝒖))𝝋(𝒏, 𝒌, 𝒆, 𝒈) (Ѱ(𝒋), 𝜶(𝒖))((Ѱ(𝒏), Ѱ(𝒆))(Ѱ(𝒌), 𝜶(𝒈)), (Ѱ(𝒌), Ѱ(𝒈))(Ѱ(𝒏), 𝜶(𝒆))) = 𝟎 

By using (1), we get: 

𝝋 ( 𝝊, 𝒌 , 𝒆, 𝒈 )( Ѱ(𝒋), 𝜶(𝒖)) [(Ѱ(𝒌), Ѱ(𝒈))(Ѱ(𝝊), 𝜶(𝒆))] = 𝟎, 

−𝝋(𝝊, 𝒌, 𝒆, 𝒈)(Ѱ(𝒋), 𝜶(𝒖))((Ѱ(𝒏), Ѱ(𝒆))(Ѱ(𝒌), 𝜶(𝒈)), (Ѱ(𝒌), Ѱ(𝒈))(Ѱ(𝒏), 𝜶(𝒆))) 

(Ѱ(𝒋), 𝜶(𝒖))𝝋(𝒏, 𝒌, 𝒆, 𝒈)(Ѱ(𝒋), 𝜶(𝒖))((Ѱ(𝒏), Ѱ(𝒆))(Ѱ(𝒌), 𝜶(𝒈)), (Ѱ(𝒌), Ѱ(𝒈)), (Ѱ(𝒏), 𝜶(𝒆))) = 𝟎 

For prime ness of R, implies that: 

𝝋(𝒌, 𝒆, 𝒈)(Ѱ(𝒋), 𝜶(𝒖))(Ѱ(𝒏), Ѱ(𝒆))(Ѱ(𝒌), 𝜶(𝒈)), (Ѱ(𝒌), Ѱ(𝒈))(Ѱ(𝒏), 𝜶(𝒆)) = 𝟎.           (2) 

Replace e  by  𝐞 +  𝐢  in lemma 2.6 

𝝋(𝝊, 𝒌, (𝒆 + 𝒊), 𝒈)(Ѱ(𝒋), 𝜶(𝒖))[(Ѱ(𝝊), 𝜶(𝒆 + 𝒊)), (Ѱ(𝒌), 𝜶(𝒈))] = 𝟎 

𝝋(𝝊, 𝒌, 𝒆, 𝒈)(Ѱ(𝒋), 𝜶(𝒖))[(Ѱ(𝝊), 𝜶(𝒆)), Ѱ(𝒌), 𝜶(𝒈))] + 

𝝋(𝝊, 𝒌, 𝒆, 𝒈)(Ѱ(𝒋), 𝜶(𝒖))[(Ѱ(𝝊), 𝜶(𝒊)), Ѱ(𝒌), 𝜶(𝒈))] + 

𝝋(𝝊, 𝒌, 𝒊, 𝒈)(Ѱ(𝒋), 𝜶(𝒖))[(Ѱ(𝝊), 𝜶(𝒆)), Ѱ(𝒌), 𝜶(𝒈))] + 

𝝋(𝝊, 𝒌, 𝒊, 𝒈)(Ѱ(𝒋), 𝜶(𝒖))[(Ѱ(𝝊), 𝜶(𝒊)), Ѱ(𝒌), 𝜶(𝒈))] = 𝟎 

𝐁𝐲 𝐥𝐞𝐦𝐦𝐚 𝟐. 𝟔 𝐰𝐞 𝐡𝐚𝐯𝐞 

𝝋(𝝊, 𝒌, 𝒆, 𝒈)(Ѱ(𝒋), 𝜶(𝒖))[(Ѱ(𝝊), 𝜶(𝒊)), Ѱ(𝒌), 𝜶(𝒈))] + 

𝝋(𝝊, 𝒌, 𝒊, 𝒈)(Ѱ(𝒋), 𝜶(𝒖))[(Ѱ(𝝊), 𝜶(𝒆)), Ѱ(𝒌), 𝜶(𝒈))] = 𝟎 

𝝋(𝝊, 𝒌, 𝒆, 𝒈)(Ѱ(𝒋), 𝜶(𝒖))[(Ѱ(𝝊), 𝜶(𝒊)), Ѱ(𝒉), 𝜶(𝒄))] 

𝝋(𝝊, 𝒌, 𝒊, 𝒈)(Ѱ(𝒋), 𝜶(𝒖))[(Ѱ(𝝊), 𝜶(𝒆)), Ѱ(𝒌), 𝜶(𝒈))] = 𝟎 

𝝋(𝝊, 𝒌, 𝒆, 𝒈)(Ѱ(𝒋), 𝜶(𝒖))[(Ѱ(𝝊), 𝜶(𝒊)), Ѱ(𝒉), 𝜶(𝒄))] 

𝝋(𝝊, 𝒌, 𝒊, 𝒈)(Ѱ(𝒋), 𝜶(𝒖))[(Ѱ(𝝊), 𝜶(𝒆)), (Ѱ(𝒌), 𝜶(𝒈))] = 𝟎 

𝐁𝐲 𝐩𝐫𝐢𝐦𝐞 𝐫𝐢𝐧𝐠 𝐰𝐞 𝐠𝐞𝐭 

𝝋(𝝊, 𝒌, 𝒆, 𝒈)(Ѱ(𝒋), 𝜶(𝒖))[(Ѱ(𝝊), 𝜶(𝒊)), (Ѱ(𝒌), 𝜶(𝒈))] = 𝟎            (𝟑) 

Once more , we putting  k by 𝒌 + 𝒚 in Lemma 2.6 we get : 

𝝋(𝝊, 𝒌 + 𝒚, 𝒆, 𝒈)(Ѱ(𝒋), 𝜶(𝒖))[(Ѱ(𝒏), 𝜶(𝒆)), (Ѱ(𝒌 + 𝒚), 𝜶(𝒈))] = 𝟎 



8 M. B. Khadhim, A. H. Mahmood, Journal of Al-Qadisiyah  for Computer Science and Mathematics Vol.18.(1) 2026,pp.Math 19–29

 

𝝋(𝝊, 𝒌, 𝒆, 𝒈)(Ѱ(𝒋), 𝜶(𝒖))[(Ѱ(𝒏), 𝜶(𝒆)), Ѱ(𝒌), 𝜶(𝒈))] + 

𝝋(𝝊, 𝒌, 𝒆, 𝒈)(Ѱ(𝒋), 𝜶(𝒖))[(Ѱ(𝒏), 𝜶(𝒆)), Ѱ(𝒚), 𝜶(𝒈))] + 

𝝋(𝝊, 𝒚, 𝒆, 𝒈)(Ѱ(𝒋), 𝜶(𝒖))[(Ѱ(𝒏), 𝜶(𝒆)), Ѱ(𝒌), 𝜶(𝒈))] + 

𝝋(𝝊, 𝒌, 𝒆, 𝒈)(Ѱ(𝒋), 𝜶(𝒖))[(Ѱ(𝒏), 𝜶(𝒆)), Ѱ(𝒚), 𝜶(𝒈))] = 𝟎 

𝐁𝐲 𝐥𝐞𝐦𝐦𝐚 𝟐. 𝟔 

𝝋(𝝊, 𝒌, 𝒆, 𝒈)(Ѱ(𝒋), 𝜶(𝒖))[(Ѱ(𝒏), 𝜶(𝒆)), Ѱ(𝒚), 𝜶(𝒈))] + 

𝝋(𝝊, 𝒚, 𝒆, 𝒈)(Ѱ(𝒋), 𝜶(𝒖))[(Ѱ(𝒏), 𝜶(𝒆)), Ѱ(𝒌), 𝜶(𝒈))] = 𝟎 

𝝋(𝝊, 𝒌, 𝒆, 𝒈)(Ѱ(𝒋), 𝜶(𝒖))[(Ѱ(𝒏), 𝜶(𝒆)), Ѱ(𝒚), 𝜶(𝒈))] 

(Ѱ(𝒉), 𝜶(𝒕))𝝋(𝝊, 𝒚, 𝒆, 𝒈)(Ѱ(𝒋), 𝜶(𝒖))[(Ѱ(𝒏), 𝜶(𝒆)), Ѱ(𝒌), 𝜶(𝒈))] = 𝟎 

𝐁𝐲 𝐩𝐫𝐢𝐦𝐞 𝐫𝐢𝐧𝐠 

𝝋(𝝊, 𝒌, 𝒆, 𝒈)(Ѱ(𝒋), 𝜶(𝒖))[(Ѱ(𝒏), 𝜶(𝒆)), (Ѱ(𝒚), 𝜶(𝒈)] = 𝟎                              (𝟒) 

By the same we can prove that: 

𝝋(𝝊, 𝒌, 𝒆, 𝒈)(Ѱ(𝒋), 𝜶(𝒖))((Ѱ(𝒏), Ѱ(𝒆)) 

                                     (Ѱ(𝒚), 𝜶(𝒈)), (Ѱ(𝒚), Ѱ(𝒈))(Ѱ(𝒏), 𝜶(𝒆))) = 𝟎.              (𝟓) 

𝝋(𝝊, 𝒌, 𝒆, 𝒈)(Ѱ(𝒋), 𝜶(𝒖))((Ѱ(𝝊), Ѱ(𝒚)) 

                                      (Ѱ(𝒆), 𝜶(𝒕)), (Ѱ(𝒆), Ѱ(𝒕))(Ѱ(𝝊), 𝜶(𝒚)) = 𝟎.                  (𝟔) 

𝝋(𝝊, 𝒌, 𝒆, 𝒈)(Ѱ(𝒋), 𝜶(𝒖))((Ѱ(𝒏), Ѱ(𝒚)) 

                               (Ѱ(𝒊), 𝜶(𝒈)), (Ѱ(𝒊), Ѱ(𝒈))(Ѱ(𝒏), 𝜶(𝒚))) = 𝟎.                (𝟕)         

𝝋(𝝊, 𝒌, 𝒆, 𝒈)(Ѱ(𝒋), 𝜶(𝒖))((Ѱ(𝒏), Ѱ(𝒆)) 

      (Ѱ(𝒊), 𝜶(𝒕)), (Ѱ(𝒊), Ѱ(𝒕))(Ѱ(𝒏), 𝜶(𝒆))) = 𝟎.                         (𝟖) 

𝝋(𝝊, 𝒌, 𝒆, 𝒈)(Ѱ(𝒋), 𝜶(𝒖))((Ѱ(𝝊), Ѱ(𝒆)) 

                             (Ѱ(𝒊), 𝜶(𝒕)), (Ѱ(𝒊), Ѱ(𝒕))(Ѱ(𝝊), 𝜶(𝒆))) = 𝟎.                         (𝟗) 

𝝋(𝝊, 𝒌, 𝒆, 𝒈)(Ѱ(𝒋), 𝜶(𝒖))((Ѱ(𝝊), Ѱ(𝒚)) 

                          (Ѱ(𝒊), 𝜶(𝒕)), (Ѱ(𝒊), Ѱ(𝒕))(Ѱ(𝝊), 𝜶(𝒚))) = 𝟎.                        (𝟏𝟎) 

Replace 𝐠 + 𝐭 by g in lemma 2.6 

𝝋(𝝊, 𝒌, 𝒆, 𝒈 + 𝒕)(Ѱ(𝒋), 𝜶(𝒖))[(Ѱ(𝝊), 𝜶(𝒆)), (Ѱ(𝒌), 𝜶(𝒈 + 𝒕))] = 𝟎 

𝝋(𝝊, 𝒌, 𝒆, 𝒈)(Ѱ(𝒋), 𝜶(𝒖))[(Ѱ(𝝊), 𝜶(𝒆)), Ѱ(𝒌), 𝜶(𝒈))] + 

𝝋(𝝊, 𝒌, 𝒆, 𝒈)(Ѱ(𝒋), 𝜶(𝒖))[(Ѱ(𝝊), 𝜶(𝒊)), Ѱ(𝒌), 𝜶(𝒕))] + 

𝝋(𝝊, 𝒌, 𝒆, 𝒕)(Ѱ(𝒋), 𝜶(𝒖))[(Ѱ(𝝊), 𝜶(𝒆)), Ѱ(𝒌), 𝜶(𝒈))] + 

𝝋(𝝊, 𝒌, 𝒆, 𝒈)(Ѱ(𝒋), 𝜶(𝒖))[(Ѱ(𝝊), 𝜶(𝒆)), Ѱ(𝒌), 𝜶(𝒈))] = 𝟎 
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𝐁𝐲 𝐥𝐞𝐦𝐦𝐚 𝟐. 𝟔 𝐰𝐞 𝐡𝐚𝐯𝐞 

𝝋(𝝊, 𝒌, 𝒆, 𝒈)(Ѱ(𝒋), 𝜶(𝒖))[(Ѱ(𝝊), 𝜶(𝒆)), Ѱ(𝒌), 𝜶(𝒕))] + 

𝝋(𝝊, 𝒌, 𝒆, 𝒈)(Ѱ(𝒋), 𝜶(𝒖))[(Ѱ(𝝊), 𝜶(𝒆)), Ѱ(𝒌), 𝜶(𝒈))] = 𝟎 

𝝋(𝝊, 𝒌, 𝒆, 𝒈)(Ѱ(𝒋), 𝜶(𝒖))[(Ѱ(𝝊), 𝜶(𝒆)), Ѱ(𝒌), 𝜶(𝒕))] 

(Ѱ(𝒋), 𝜶(𝒖))𝝋(𝝊, 𝒌, 𝒆, 𝒕)(Ѱ(𝒋), 𝜶(𝒖))[(Ѱ(𝝊), 𝜶(𝒆)), (Ѱ(𝒌), 𝜶(𝒈))] = 𝟎 

−𝝋(𝝊, 𝒌, 𝒆, 𝒈)(Ѱ(𝒋), 𝜶(𝒖))[(Ѱ(𝝊), 𝜶(𝒆)), Ѱ(𝒌), 𝜶(𝒈))](Ѱ(𝒋), 𝜶(𝒖)) 

𝝋(𝝊, 𝒌, 𝒆, 𝒕)(Ѱ(𝒋), 𝜶(𝒖))[(Ѱ(𝝊), 𝜶(𝒆)), (Ѱ(𝒌), 𝜶(𝒈))] = 𝟎 

𝐁𝐲 𝐩𝐫𝐢𝐦𝐞 𝐫𝐢𝐧𝐠 

𝝋(𝝊, 𝒌, 𝒆, 𝒈)(Ѱ(𝒋), 𝜶(𝒖))[(Ѱ(𝝊), 𝜶(𝒆)), (Ѱ(𝒌), 𝜶(𝒈))] = 𝟎 

𝝋(𝝊, 𝒌, 𝒆, 𝒈)(Ѱ(𝒋), 𝜶(𝒖))[(Ѱ(𝝊 + 𝒏), 𝜶(𝒆 + 𝒊)), (Ѱ(𝒌 + 𝒚), 𝜶(𝒈 + 𝒕)] = 𝟎 

−𝝋(𝝊, 𝒌, 𝒆, 𝒈)(Ѱ(𝒋), 𝜶(𝒖))((Ѱ(𝒏), Ѱ(𝒚)(Ѱ(𝒊), 𝜶(𝒕)), (Ѱ(𝒊), Ѱ(𝒕))(Ѱ(𝒏), 𝜶(𝒚))) 

(Ѱ(𝒋), 𝜶(𝒖)) 𝝋(𝒏, 𝒌, 𝒆, 𝒈)(Ѱ(𝒋), 𝜶(𝒖)) 

                              ((Ѱ(𝝊), Ѱ(𝒚))(Ѱ(𝒊), 𝜶(𝒕)), (Ѱ(𝒊), Ѱ(𝒕))(Ѱ(𝝊), 𝜶(𝒚))) = 𝟎. 

𝝋(𝝊, 𝒌, 𝒆, 𝒈)(Ѱ(𝒋), 𝜶(𝒖))((Ѱ(𝒏), 𝜶(𝒊))(Ѱ(𝒚), 𝜶(𝒕)) = 𝟎. 

Since R is prime ring then 

𝝋(𝝊, 𝒌, 𝒆, 𝒈)(Ѱ(𝒋), 𝜶(𝒖))[(Ѱ(𝒏), Ѱ(𝒚))(Ѱ(𝒊), 𝜶(𝒕))] = 𝟎. 

Theorem 2.8: Every Jordan Bi-(homomorphism, α-centralizer) of 2-torsion free prime ring R is bi- 
(homomorphism, α-Centralizer) of R and let α: R → R automorphism of R. 

Proof 

Because Ѱ is Jordan bi-( homomorphism, left (right) α-centralizer) of L and L is prime ring then by lemma 2.7 we 
have: 

either 𝝋(𝝊, 𝒌, 𝒆 , 𝒈) =  𝟎 𝒇𝒐𝒓 𝒆𝒗𝒆𝒓𝒚 𝝊 , 𝒌 , 𝒆 , 𝒈 ∈  𝑹 

𝒐𝒓 [(Ѱ(𝒏), Ѱ(𝒚))(Ѱ(𝒊), 𝜶(𝒕)] =  𝟎, 𝐟𝐨𝐫 𝐞𝐯𝐞𝐫𝐲 𝒏 . 𝒚 , 𝒊 , 𝒕 ∈ 𝑹. 

𝑰𝒇 [( Ѱ(𝒏), Ѱ(𝒚))(Ѱ(𝒊), 𝜶(𝒕 )]  ≠  𝟎, 𝒏, 𝒊, 𝒕, 𝒚 ∈ 𝑹. 

We obtain   𝝋 (𝒗 , 𝒌 , 𝒆 , 𝒈 ) =  𝟎   for every υ ,k ,e, g ∈ R  

by Remark 2.5 

we have Ѱ is bi- (homomorphism, left(right) α-centralizer) of L.  

On the other hand  

If [( Ѱ(𝒏) , Ѱ(𝒚) ) ( Ѱ(𝒊) , 𝜶(𝒕)] = 𝟎  for every 𝒏 , 𝒚, 𝒊, 𝒕 ∈ 𝑹  then L is commutative. 

Now by using Lemma 2.2 we get:  
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Ѱ(𝝊𝒌 + 𝒌𝝊 , 𝒆𝒈 + 𝒈𝒆) = (Ѱ(𝝊), Ѱ(𝒆))(Ѱ(𝒌), 𝜶(𝒈)) + (Ѱ(𝒌), Ѱ(𝒈))(Ѱ(𝝊), 𝜶(𝒆)). 

So, 

𝟐Ѱ(𝝊𝒌, 𝒆𝒈) = 𝟐 ( Ѱ(𝝊) , Ѱ(𝒆) ) ( Ѱ(𝒌) , 𝜶(𝒈) ) , 

Since L is 2-torsion free we have, 

Ѱ(𝝊, 𝒌, 𝒆, 𝒈) = ( Ѱ(𝝊) , Ѱ(𝒆) ) ( Ѱ(𝒌) , 𝜶(𝒈) ) 

Therefore Ѱ is bi- (homomorphism, centralizer) of L. 

 

Proposition 2.9: Each Jordan bi- (homomorphism, α-centralizer) of prime ring L is Jordan triple bi- 
(homomorphism, α-centralizer) of L and let α: R → R automorphism of R. 

Proof 

Let Ѱ be Jordan left bi- (homomorphism, α-centralizer), then for every υ, k, e, g ∈ R, we get: 

By replacing k by 𝝊𝒌 + 𝒌𝝊 and g with 𝒆𝒈 + 𝒈𝒆 in definition 2.1.i , we obtain:                     

Ѱ(𝝊(𝝊𝒌 + 𝒌𝝊), 𝒆(𝒆𝒈 + 𝒈𝒆))  = (Ѱ(𝝊), Ѱ(𝒆))(Ѱ(𝝊𝒌 + 𝒌𝝊), 𝜶(𝒆𝒈 + 𝒈𝒆)) 

                                                       = (Ѱ(𝝊), Ѱ(𝒆))(Ѱ(𝝊𝒌) + Ѱ(𝒌𝝊), 𝜶(𝒆𝒈 + 𝒈𝒆 )) 

                                                       = (Ѱ(𝝊), Ѱ(𝒆))(Ѱ(𝝊)Ѱ(𝒌)  + Ѱ(𝒌)Ѱ(𝝊)), 𝜶(𝒆𝒈 + 𝒈𝒆))                                       

                                                     = (Ѱ(𝝊), Ѱ(𝒆))(Ѱ(𝝊), 𝜶(𝒆))(Ѱ(𝒌), 𝜶(𝒈)) 

                                                                  +(Ѱ(𝝊), Ѱ(𝒆))(Ѱ(𝒌), 𝜶(𝒈))(Ѱ(𝝊), 𝜶(𝒆)),     (𝟏) 

On the other hand   

Ѱ(𝝊(𝝊𝒌 + 𝒌𝝊), 𝒆(𝒆𝒈 + 𝒈𝒆))  =  Ѱ(𝝊𝝊𝒌 + 𝒗𝒌𝝊, 𝒆𝒆𝒈 + 𝒆𝒈𝒆)  

                                                =  Ѱ(𝝊𝝊𝒌 , 𝒆𝒆𝒈)  +  Ѱ(ʋ𝒌𝝊 , 𝒆𝒈𝒆) 

                                          = (Ѱ(𝝊), Ѱ(𝒆))(Ѱ(𝝊), 𝜶(𝒆))(Ѱ(𝒌), 𝜶(𝒈)) + Ѱ(𝝊𝒌𝝊, 𝒆𝒈𝒆), (𝟐)                  

Comparing (1) and (2) we have,   

Ѱ(𝛖𝐤𝛖 , 𝐞𝐠𝐞)  = (Ѱ(𝛖), Ѱ(𝐞))(Ѱ(𝐤), 𝛂(𝐠))(Ѱ(𝛖), 𝛂(𝐞)). 

Thus, Ѱ is Jordan triple Bi- (homomorphism, left(right) α-Centralizer) on L. 

3. Conclusions 

In this paper we have proven that every Jordan bi-( homomorphism, left( resp. right) α-centralizer) of 2- torsion 
free prime ring L is bi-(homomorphism , left (resp. right) α-centralizer) of L and prove every Jordan bi- 
(homomorphism, left (resp. right) α-centralizer) of prime ring 𝐋 is Jordan triple bi- (homomorphism, left (resp. 
right) α-centralizer) of 𝐋.Some results have been demonstrated along the lines of the well-known which have been 
demonstrated in the case of bi-centralizer mappings on a prime  rings by several authors. 

 



M. B. Khadhim, A. H. Mahmood, Journal of Al-Qadisiyah  for Computer Science and Mathematics Vol.18.(1) 2026,pp.Math 19–29          11 

 

References 
 

[1] G. Maksa, “A remark on symmetric bi-additive functions having nonnegative diagonalization,” Glasnik Matematicki, vol. 15 (35), pp. 279–

282, 1980. 

[2] M. Brešar, “On generalized bi-derivations and related maps,” Journal of Algebra, vol. 172, no. 3, pp. 764–786, 1995 

[3] M. Sapanci, M. Öztürk, and Y. B. Jun, “Symmetric bi-derivations on prime rings,” East Asian Mathematical Journal, vol. 15, pp. 105–109, 

1999. 

[4] M. A. Öztürk and M. Sapanci, “On generalized symmetric bi-derivations in prime rings,” East Asian Mathematical Journal, vol. 15, no. 2, pp. 

165–176, 1999. 

[5] M. Öztürk and Y. B. Jun, “On trace of symmetric bi-derivations in near-rings,” International Journal of Pure and Applied Mathematics, vol. 17, 

no. 1, pp. 93–100, 2004. 

[6] Y. Çeven and M. A. Öztürk, “Some properties of symmetric bi-(σ, τ)-additive mappings in near-rings,” Communications of the Korean 

Mathematical Society, vol. 22, no. 4, pp. 487–491, 2007. 

[7] H. Auday, On Generalized Bi-derivations and Related Additive Mappings, Ph.D. dissertation, Mustansiriyah University, Baghdad, Iraq, 2015. 

[8] A. H. Mahmood and —— Hussein, “On prime and semiprime rings with symmetric generalized bi-derivations,” Al-Mustansiriyah Journal of 

Science, vol. 28, no. 1, pp. 112–117, 2017. 

[9] N. S. Adl and A. H. Mahmmod, “Jordan bi- (left centralizer, reverse left centralizer) on prime rings”. In: AIP Conference Proceedings. AIP 

Publishing LLC., 3169(1), p. 070031. (2025) 

[10] Y. Çeven and Z. Çiloğlu, “On symmetric Jordan and Jordan left bi-derivations of prime rings,” Afrika Matematika, vol. 29, pp. 689–698, 2018 

[11] A. H. Mahmood and M. Z. Salman, “A note on relatively commuting mappings of prime and semiprime rings,” International Journal  of 

Mathematics and Computer Science, vol. 18, no. 2, pp. 153–162, 2023 

[12] A. H. Mahmood and A. I. Mansour, “Jordan endo bi-anti derivation of 2-torsion free rings and neutrosophic rings,” International Journal of 

Neutrosophic Science, vol. 26, no. 4, pp. 21–27, 2025. 

[13] A. H. Mahmood and M. Z. Salman; “Jordan Endo Bi- Derivation on prime Rings  ” Bol. Soc. Paranaense de Matematica, vol.43 no.4 pp.21-27, 

2025. 

 


