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A B S T R A C T 

 This work includes studying the existence of the first three coefficients of the Taylor 

coefficients series      and       of functions biunivalent related with polynomials are called 

Lucas Balancing.  The existence of these bounds was proven and later used to find bounds on 

the Fecket-Szegö inequality. We obtained new and previous results by substituting 

appropriate values for the parameter values.  The research topic is one of the new topics in 

dealing with the mentioned polynomials when associated with bi-univalent functions 

included in our work classes, namely    (       (   )) ,      (     (   ))  and 

    (   (   )). which are new and defined by the concept of subordination.  

 

MSC. 30C45, 30C50. 

https://doi.org/10.29304/jqcsm.2025.17.32588 

 
1. Introduction  

Assume that the symbol     denote the  set  of  all analytic functions   in the open unit disk    and defined by the 

formula 

 ( )    ∑    
   

    ,                                                                                           (1.1) 

and satisfy the normalization conditions  ( )      ( )   , where    *           +. Let  
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the set of all univalent functions      within    denote by   . According to the Koebe one-quarter theorem [6], 

such that there exists an inverse function    for every function      satisfy 

   ( ( ))           (   )      

and  

   ( ( ))   (      ( )   ( )  
 

 
)  

where  

               ( )   ( )       
  (   

    ) 
  (   

          ) 
    .            (1.2) 

  For A function      ,in case of each one of the functions   and     (        is a function inverse of  ) are analytic 

and injective  functions in  ,   is said to be bi-univalent in   . The set of all bi-univalent functions in    denoted by  

  and defined as the form in (3.1).  

The subject of subordination[13] is a mathematical dominance relationship between two functions, such as     and 

 , we say that a function    subordinate to   in this case ,this relationship is written in the form     .This is 

achieved if there is a function such as  ( ), that is analytic in the unit disk ,such that  ( )   ( ( )) and this 

function has the following properties  ( )    and   ( )     for every    that lies in the unit disk    . Special case 

that if the function    in   has univalent property, then 

     ( )   , 

and  

 (  )   (  )  

In this scientific article, we used an important polynomials in mathematics in general and important in geometric 

function theory in particular , called Lucas-Balancing ,where (   ) called its Balancing numbers for n greater and 

equal zero, the first to introduce the topic of polynomials mentioned above were the researchers by Behera and 

Panda [3]. The recursive formula                for   greater and equal 1 ,refers to the balancing numbers, 

with the primitive  value set at     . The  following  expression   √   
     is a sequence of the Lucas-Balancing 

numbers, has garnered significant attention. It has a recursive  relationship that takes the following form  

              for   greater and equal 1, and  have a first term as      and     . Formore details, we refer 

readers to [7–10] ,[2,4,5,14,15,16] 

Definition (1.1): ( Lucas-Balancing polynomials, [11]) A polynomial have the form   ( ) called a Lucas-Balancing 

polynomials ,where   any complex number and   greater and equal to 2 , these polynomials are known by the 

following relationship: 

               ( )        ( )      ( ) ,                                                                                            (1.3) 
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using recurrence relation given by (1.3) we easily obtain 

   ( )             ( )             ( )                ( )           .           (1.4) 

Other polynomial families are similar to the Lucas-Balancing polynomials, in that they can be generated using 

qualitative generating functions. Next lemma is considered as a first example of  a generating function: 

Lemma (1.1): [11] Lucas-Balancing polynomials have the following generator function  

                                 (   )  ∑   ( ) 
  

     

        
 
    .                                                                 (1.5) 

2. Estimation bounds and Fekete-Szegӧ problem for functions of the class    (       (   )) 

Definition (2.1): A function  ( )  of the form(1.1) that belonging to   is said to be in the subclass 

   (       (   ))  and     are greater and equal zero,      * +  and 

    {   
 

 
√

 ((   )(   ))
 

  (   )∏ (   ) 
   (   )  (    (    ))

}. If  the following conditions hold true:   

              
 

 
[(   )

   ( )

 ( )
.
 ( )

 
/
 

  .  
    ( )

  ( )
/ (  ( ))

 
  ]   (   ) ,                       (2.1) 

and 

             
 

 
[(   )

   ( )

 ( )
.
 ( )

 
/
 

  .  
    ( )

  ( )
/ (  ( ))

 
  ]   (   ),                      (2.2) 

where   is the inverse of   and it is of the form (1.2).  

we have the following definition If we chose     and      in Definition (2.1):  

Definition (2.2): A function  ( )    of the form(1.1) is in the subclass    (   (   )),   greater and equal zero  

and     {   
 

 
√

 (   )

 (   ) (   )
}, if the following conditions hold true:   

                                                     
      ( )

 ( )   
  (   ) ,                                                                           (2.3) 

and 

                                                  
      ( )

 ( )   
  (   ) ,                                                                             (2.4) 

where   is the inverse of   and it is of the form (1.2). 

We have the following definition If we chose     in Definition (2.1):  
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Definition (2.3): A function  ( )    of the form(1.1) is in the subclass   ∑(     (   )) for     greater and equal 

zero     * } and     ,   
 

 
√

 (   ) 

 (   )   (   )(    )
-  if the following conditions hold true:   

                               *
 

 
0.  

    ( )

  ( )
/ (  ( ))

 
  1+   (   ),                                                 (2.5) 

and 

                             *
 

 
0.  

    ( )

  ( )
/ (  ( ))

 
  1+   (   ) ,                                                (2.6) 

where   is the inverse of   and it is of the form (1.2). 

Remark (2.1):  

1) If we take       and     the class    (       (   )) reduce to the class       ( (   )) which was 

introduced by öztÜrk and Aktas [12].  

2) If we take       and      the class    (       (   )) reduce to the class     
 ( (   )) which was 

introduced by öztÜrk and Aktas [12].  

3) If we take    , and       the class    (       (   )) reduce to the class   
  ( (   )) which was 

introduced by Arzu and Akgül [1].     

Theorem(2.1): If the function  ( )     (       (   ))      are greater and equal zero,     * + 

and     {   
 

 
√

 (   ) (   ) 

  (   )(   )  ∏ (   ) 
    ((    )    )

}. Then 

                                     
       √      

√|.√ (   )(   )/
 
  [ (   )(    (    ) ) .√ (   )(   )/

 
]  |

  ,      (2.7) 

 and 

                                                       
       

(   )(    )
 

         

((   )(   ))
 ,                                                  (2.8) 

and for some     , 
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{
 
 
 
 

 
 
 
 

       

(   )(    )
    

      
|.√ (   )(   )/

 
  [ (   )(    (     )) .√ (   )(   )/

 
]  |

     (   )(    )    

               

| [ (   )(    (     )) .√ (   )(   )/
 
]   .√ (   )(   )/

 
|
    

      
|.√ (   )(   )/

 
  [ (   )(    (    ) ) .√ (   )(   )/

 
]  |

     (   )(    )    

,                       (2.9) 

Proof: Assume that      (       (   ))  By virtue of Definition (2.1),  form the relation  (2.1) and (2.2) we can 

write that 

  
 

 
[(   )

   ( )

 ( )
.
 ( )

 
/
 

  .  
    ( )

  ( )
/ (  ( ))

 
  ]   (   ( )) ,                           (2.10) 

and 

  
 

 
[(   )

   ( )

 ( )
.
 ( )

 
/
 

  .  
    ( )

  ( )
/ (  ( ))

 
  ]   (   ( )),                          (2.11) 

where       are given to be of the form  

                                               ( )         
     

     ,                                                      (2.12) 

                                               ( )         
     

   ,                                                          (2.13) 

and 

  ( )   ( )   ,   ( )   ,   ( )     It is known that if for      ,  

                                                                       ( )  |∑    
  

   |   , 

and 

                                                                        ( )  |∑    
  

   |    . 

Thus 

                                                                             ,                                                                        (2.14) 

and 

                                                                             .                                                                          (2.15) 

For all      Now, some basic calculations yield that  

 

 
[(   )

   ( )

 ( )
(
 ( )

 
)

 

  (  ( ))
 
(  

    ( )

  ( )
)   ]    
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                                      ( )  ,  ( )  -  ,  ( )     ( )  
 -                             (2.16) 

 and 

 

 
[(   )

   ( )

 ( )
(
 ( )

 
)

 

  (  ( ))
 
(  

    ( )

  ( )
)   ]    

                                      ( )  ,  ( )  -  ,  ( )     ( )  
 -     .                          (2.17) 

Equating coefficients in (2.16) and (2.17), yields 

                                      
 

 
,(   )(   )-     ( )   ,                                                             (2.18)                                                           

      
 

 
0((   )(    ))   

 

 
((   )(   )(    ))  

 1    ( )     ( )  
  ,         (2.19) 

                                  
 

 
[((   )(   ))]     ( )   ,                                                          (2.20) 

and 

  
 

 
0((   )(    )(   

    ))  
 

 
((   )(   )(    ))  

 1    ( )     ( )  
  ,   (2.21) 

from (2.18) and (2.20), we have 

                                              ,                                                                                                      (2.22) 

and 

                         
 ((   )(   ))

 

    
  ,  ( )-

 (  
    

 ).                                                                   (2.23) 

By summing of the equations (2.19) to (2.21), we obtain 

                 
(   )(  (    )   )

 
  
    ( )(     )    ( )(  

    
 ).                                    (2.24) 

Substituting form (2.23) that value (  
    

 ) in the equation (2.24), we deduce that 

                [
(   )(  (    )   )

 
 

 ((   )(   ))
 
  ( )

  ,  ( )-
 

]   
    ( )(     ).                             (2.25) 

  Which yields 

     
       √      

√|.√ (   )(   )/
 

  [(  (     )   ) (   )  .√ (   )(   )/
 
]   |

  

subtract the equation in (2.21) from the equation in (2.19), we have 
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 (   )(    )(     

 )

 
   ( )(     )    ( )(  

    
 ).                                     (2.26) 

Then in view of (2.22) and (2.23), equation (2.26) becomes 

   
(     )  ( ) 

(    )(    )
 
(  

    
 ),  ( )-

   

.√ (   )(   )/
   

Thus applying (1.4), we get 

       
   

(   )(    )
     

    

((   )(   ))
    

  . 

It follows form (2.25) and (2.26), we get 

      
  

 (     )  ( )

 (   )(    )
 

(   )  (     ),  ( )-
 

 (  (   )(    )),  ( )-
 (   )  ((   )(   ))

 
  ( )

                          

    ( ) [( (   )  
 

 (   )(    )
)   ( (   )  

 

 (   )(    )
)  ]   

     where 

 (   )  
 (   ),  ( )-

 

 (   ),  ( )-
 (     (    ))  ((   )(   ))

 
  ( )

. 

In view of (1.4). Conclude that  

       
   {

      ( ) 

(   )(    )
          (   )  

 

 (   )(    )

       ( )   (   )        (   )  
 

 (   )(    )

   . 

This completes the proof of Theorem (2.1). 

Therefore the following fact is a consequence of the above theorem by setting     and     : 

Corollary (2.1): If  ( ) given by (1.1) is in the class    (   (   ))      and     {   
 

 
√

 (   )

 (   ) (   )
}   Then 

     
     √     

√ (         )             
, 

and 

      
    

(   )
 

     

       
        

and for some     , 
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{
 
 
 

 
 
 

    

(   )
    

      
|(         )            |

(   )      

           

 (         )             
   

      
|(         )            |

(   )      

. 

The following corollary consequence by setting     in the above theorem :  

Corollary (2.2): If  ( )  is in the class   ∑(     (   ))  given by (1.1) ,    ,     * +  and 

    ,   
 

 
√

 (   ) 

 (   )   (   )(    )
- . Then 

     
       √     

√ ,  (        )    (       )-     (       ) 
   

and 

      
      

(   )
 

          

 (       )
          

and for some     , 

       
   

{
 
 
 
 

 
 
 
 

      

(   )
    

      
 ,  (        )    (       )-     (       ) 

   (   )      

               

 ,  (        )    (       )-     (       ) 
    

      
 ,  (        )    (       )-     (       ) 

   (   )      

   

Remark (2.2): If we take the following options in Theorem (2.1).  

1)       and      then we get the results established by öztÜrk and Aktas [12]. 

2)       and    , then we get the results established by öztÜrk and Aktas [12]. 

3)     and        and then we get the results established by Arzu and Akgül [1]. 

3. Boundary inequalities for coefficients  of functions in the class      (     (   )) 

Definition (3.1): A function  ( )  of the form(1.1) that belonging to   is said to be in the subclass 

     (     (   )) and       ,      {   
 

 
√

((   )(   ))
 

 ((   )(   ))
 
 
 

 
(   (   ) (   )  )

} ,if the following conditions 

hold true: 
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                .
 ( )

 
/
    ( )

 ( )
  0   .

   ( )

 ( )
  /  

    ( )

  ( )
 

   ( )

 ( )
1   (   ) ,                            (3.1) 

and 

               .
 ( )

 
/
    ( )

 ( )
  0   .

   ( )

 ( )
  /  

    ( )

  ( )
 

   ( )

 ( )
1   (   ),                          (3.2) 

where   is the inverse of   and it is of the form (1.2) . 

Remark(3.1): 

1) If we take     and     the class    ∑(     (   )) reduce to the class      ∑ ( (   ))  which was 

introduced by öztÜrk and Aktas [12]. 

2) If we take     and      the class    ∑(     (   ))  reduce to the class      ∑
 ( (   ))  which was 

introduced by öztÜrk and Aktas [12]. 

3) If we take     and     the class    ∑(     (   ))  reduce to the class   ∑
  ( (   ))  which was 

introduced by Arzu and Akgül [1]. 

Theorem(3.1): If the function      ∑(     (   )) ,      , and 

    {   
 

 
 √

((   )(   ))
 

 ((   )(   ))
 
 (  

 

 
(   )  (   ))

}. Then 

                        
 √        

√| 0
 

 
(   (   )  (   ) )  ((   )(   ))

 
1   ((   )(   ))

 
|

  ,                              (3.3) 

and 

                         
    

(   )(    )
 

     

((   )(   ))
  ,                                                                                 (3.4)  

and for some     , 

       
   

               

{
 
 
 
 

 
 
 
 

    

(   )(    )
     

       
| [.  

 

 
(   )  (   ) / .√ (   )(   )/

 
]   ((   )(   ))

 
|

 (   )(    )    

           

| [  
 

 
 (   ) (   )  .√ (   )(   )/

 
]   ((   )(   ))

 
|
    

      
| 0  

 

 
 (   )  (   )  ((   )(   ))

 
1   ((   )(   ))

 
|

 (    )(   )    

 .                     (3.5)     

Proof: Assume that      ∑(     (   ))  By virtue of Definition (3.1),  form the relation  (3.1) and (3.2) we can 

write that 
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                   .
 ( )

 
/
    ( )

 ( )
  0  

    ( )

  ( )
  .

   ( )

 ( )
  /  

   ( )

 ( )
1   (   ( )) ,                 (3.6) 

and 

                 .
 ( )

 
/
    ( )

 ( )
  0  

    ( )

  ( )
  .

   ( )

 ( )
  /  

   ( )

 ( )
1   (   ( )),                 (3.7) 

where       are given to be of the form  

                 ( )         
     

    ,                                                                                   (3.8) 

                 ( )         
     

    ,                                                                                     (3.9) 

 and  ( )   ( )   ,   ( )   ,   ( )   . It is known that if for      ,   

  ( )  |∑   
 

 

   

|      

and 

  ( )  |∑    
  

   |    . 

Thus 

                                                                           ,                                                                            (3.10) 

and 

                                                                               .                                                                          (3.11) 

For all      Now, Some basic calculations yield that 

   ( )

 ( )
(
 ( )

 
)

 

  *  
    ( )

  ( )
 
   ( )

 ( )
  (

   ( )

 ( )
  )+ 

                                 ( )  ,  ( )  -   ,  ( )     ( )  
 -     ,                           (3.12) 

and 

   ( )

 ( )
(
 ( )

 
)

 

  *  
    ( )

  ( )
 
   ( )

 ( )
  (

   ( )

 ( )
  )+ 

                   ( )  ,  ( )  -   ,  ( )     ( )  
 -      .                                          (3.13) 

Equating coefficients in (3.12) and (3.13), yields 

                  (   )(   )     ( )  ,                                                                                        (3.14) 
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             (   )(    )   
[    (    )  (    )]

 
  
    ( )     ( )  

 ,                     (3.15) 

                           (   )(   )     ( )   ,                                                                             (3.16) 

and 

             (   )(    )   
[    (    )  (    )]

 
  
    ( )     ( )  

  .                   (3.17) 

From (3.14) and (3.16), we have 

                                                              ,                                                                                      (3.18) 

and 

                               ((   )(   ))
 
  
  ,  ( )-

 (  
    

 ) .                                               (3.19) 

By summing of the equations (3.15) to (3.17), we obtain 

            , (   )    (   )   -  
    ( )(     )    ( )(  

    
 ).                    (3.20) 

Substituting form (3.19) that value (  
    

 ) in the equation (3.20), we deduce that 

           *  (     )  (    )  
.√ (   )(   )/

 
  ( )

,  ( )-
 

+   
    ( )(     ).             (3.21) 

Which yields 

     
    √    

√| 0
 

 
(   (   )   (   ) )   ((   )(   ))

 
1    ((   )(   ))

 
|

    

we subtract the equation (3.17) from (3.18), we have 

            (   )(    )(     
 )    ( )(     )    ( )(  

    
 ).                          (3.22) 

Then In view of (3.18) and (3.19), equation (3.22) becomes 

   
(     )  ( )

 (   )(    )
 

(  
    

 ),  ( )-
 

 ((   )(   ))
   

Thus applying (1.4), we get 

       
   

(   )(    )
  

    

((   )(   ))
   

It follows form (3.21) and (3.22), we get 
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  ( )(     )

 (    )(   )
 

(   ),  ( )-
 (     )

,  ( )-
 (   (     )  (    )) .√ (   )(   )/

 
  ( )

  

   ( ) [( (   )  
 

 (   )(    )
)   ( (   )  

 

 (   )(    )
)  ]  

where 

 (   )  
(   ),  ( )-

 

,  ( )-
 (    (   )   (   ) )   ((   )(   ))

 
  ( )

    

In view of (1.4). Conclude that  

       
   

{
 
 

 
    ( ) 

(   )(    )
               (   )  

 

 (   )(    )

    ( )   (   )                     (   )  
 

 (   )(    )

       

 Thus the proof is complete     

Remark (3.2):  Suppose that we take the following options in Theorem (3.1).  

1)     and    , then we get the results established by öztÜrk and Aktas [12]. 

2)     and    , then we get the results established by öztÜrk and Aktas [12]. 

3)     and    , then we get the results established by Arzu and Akgül [1]. 

4. Fekete-Szegӧ inequality and coefficient bounds for the class     (   (   )) 

Definition(4.1): We say that a  function  ( ) of the form(1.1) that belonging to    be in the subclass  

    (   (   )) for       and     ,   
 

 
√

(         )

(                    )
-  if the following conditions hold true: 

                   
   ( ) (     )     ( )

 (    )  (     )   ( ) (        ) ( )
  (   ) ,                                                           (4.1) 

and 

                  
   ( ) (     )     ( )

 (    )  (     )   ( ) (        ) ( )
  (   ),                                                          (4.2) 

 

where   is the inverse of   and it is of the form (1.2). 

Remark (4.1): The class     (   (   )) reduce to the class     ∑
 ( (   )) which was introduced by öztÜrk and 

Aktas [12] If we take      in the previous theorem  . 

Theorem(4.1): If the function       (   (   ))  ,        and      ,   
 

 
√

(         )

(                    )
- . Then 
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    √    

√ ,                   -    (         ) 
 ,                                                         (4.3) 

and 

                       
    

 (     )
 

     

(        )
 ,                                                                                           (4.4) 

and for some     , 

                  
   

{
 
 
 

 
 
 

    

 (     )
   

      
|[                   ]    (         )|

(     )      

           

 ,                   -    (         ) 
   

      
|[                   ]    (         )|

(     )      

  ,                                (4.5) 

Proof: Assume that       (   (   )). By virtue of Definition (3.1), form the relations  (4.1) and (4.2) , we can be 

write that 

                        
   ( ) (     )     ( )

 (    )  (     )   ( ) (        ) ( )
  (   ( )) ,                                           (4.6) 

and 

                       
   ( ) (     )     ( )

 (    )  (     )   ( ) (        ) ( )
  (   ( )),                                            (4.7) 

where       are given to be of the form  

                                       ( )         
     

    ,                                                           (4.8) 

                                      ( )         
     

   ,                                                                (4.9) 

and  ( )   ( )    ,   ( )   ,   ( )   . It is known that if for      ,  

  ( )  |∑   
 

 

   

|      

with 

  ( )  |∑   
 

 

   

|     

Therefore 

                                                                               ,                                                                       (4.10) 
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and                                                              

                                                                             .                                                                        (4.11) 

For all      Now, Some basic calculations yield that 

   ( )  (     )     ( )

 (    )  (     )   ( )  (        ) ( )
 

                           ( )  ,  ( )  -  ,  ( )     ( )  
 -     ,                                  (4.12) 

and 

   ( )  (     )     ( )

 (    )  (     )   ( )  (        ) ( )
 

                                      ( )  ,  ( )  -  ,  ( )     ( )  
 -    .                            (4.13)                         

Equating coefficients in (3.12) and (3.13), yields 

                                                     (        )     ( )    ,                                                   (4.14) 

    (                   )  
  (     )     ( )     ( )  

 ,                   (4.15) 

                                                 (        )     ( )  ,                                                         (4.16) 

and                                                                                                                     

         (                   )  
  (     )     ( )     ( )  

 ,                  (4.17) 

 

   from (4.14) and (4.16), we have 

                                                 ,                                                                                                      (4.18) 

and 

                   (        )   
  ,  ( )-

 (  
    

 ).                                                                    (4.19) 

By summing of the equations (4.15) to (4.17), we obtain 

       (                   )  
    ( )(     )    ( )(  

    
 ).                     (4.20) 

Substituting form (4.19) that value (  
    

 ) in the equation (4.20), we deduce that 

       [(                   )  
 (        )

 
  ( )

,  ( )-
 

]   
    ( )(     ),                  (4.21) 

which yields 
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    √    

√ ,                   -    (         ) 
   

we subtract the equation (4.17) from (4.18), we have 

             (     )(     
 )    ( )(     )    ( )(  

    
 ).                                       (4.22) 

Then In view of (4.18) and (4.19), equation (4.22) becomes 

   
  ( )(     )

 (     )
 
,  ( )-

 (  
    

 )

 (        ) 
   

Thus applying (1.4), we get 

      
    

 (     )
 

     

(        )
  

It follows form (4.21) and (4.22), we get 

      
  

  ( )(     )

 (     )
 

,  ( )-
 (   )(     )

(                   ),  ( )-
   (        )   ( )

 

 
  ( )

 
0. (   )  

 

 (     )
/   . (   )  

 

 (     )
/  1    , 

where 

 (   )  
,  ( )-

 (   )

(                   ),  ( )-
  (        )   ( )

   

In view of (1.4). Conclude that  

       
   

{
 

 
   ( ) 

 (     )
          (   )  

 

 (     )

   ( )   (   )          (   )  
 

 (     )

     

Thus we have the required result  . 

Remark (4.2): We obtain the result that introduced  by öztÜrk and Aktas in [12] when we take the option      in 

Theorem (4.1).  
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