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1. Introduction

Let A denote the collection of normalized analytic functions defined on the open unit disk "' ={Z € C : |7| <
1}, where the normalization is given by f(0) = f'(0) — 1 = 0. Under these conditions, each function admits a Taylor

series representation around the origin of the following:

FO =7+ ) a2*. (LD
k=2

Let S represent the subclass of A comprising functions that satisfy condition (1.1) and are univalent in the open

unit disk.

A function f € A is called starlike of order ¢ (0 < ¢ < 1), if
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4 (Z)} -
Re >¢, (Ze).
{ (@ ¢
Babalola [6] introduced the class £4(y), consisting of £ -pseudo-starlike functions of order vy, defined for functions
f € A that satisfy the following condition.
17V A
e {Z(f @) } o

@
where0 <¢<1,A>1and7 € (7. It is observed that for £ = 1, we have the family of starlike functions.
By virtue of the Koebe one-quarter theorem (see [9]), each function belonging to the class S admits an inverse
function f~1.

FD)=72em

and

1
@) =, (ol <n@®n@® = ),
where
gw) = fH(w) = w— aw? + (2a3 — az)w’® — (5a3 — 5aza; + a)w* + - (1.2)

A function f, analytic in the unit disk [, is said to be bi-univalent if both fand its inverse f~* are injective in U.
This family of functions has been investigated by numerous authors and has attracted increasing interest in recent
years, leading to the development of various subclasses within the framework of bi-univalent functions. The
notation ¥ is used to denote the class of m-fold symmetric univalent functions defined in the open unit disk 7, where
each function has the form given in equation (1.1). This class of functions has been studied by several researchers,
and in recent years it has received renewed attention, leading to the introduction of various sub-classes within the
family of bi-univalent functions and studied analogously by the many authors (see, for example,
[1,3,5,10,11,13,17,23,28,29,30,31]).

Vv f€S, h(D) = Yf(Z™), (Z € O,m € N) is univalent and maps the unit disk ' into a region with m-fold symmetry. A
function is said to be m-fold symmetric (see [13]), if it has the following normalized form:

FQ) =2+ ) ayenaz™*, (L€ TmeN). (1.3)

We denote by S, the class of m-fold symmetric univalent functions defined in the open unit disk [, whose
normalized representations are given by the series expansion (1.3). It is worth noting that functions belonging to
the class S correspond to the special case of one-fold symmetry.

In [26], Srivastava et al. introduced the concept of m-fold symmetric bi-univalent functions as a natural
generalization of m-fold symmetric univalent functions. Several fundamental properties were established, including
the result that each function f € X generates an m-fold symmetric bi-univalent function for every m € N. Moreover,
by considering the normalized form of f defined in (1.3), the authors derived the corresponding series expansion for
the inverse function f! as follows:

gw) =w-— am+1wm+1 + [(m + 1)ar2r5+1 - azm+1]W2m+1

1
- [E (m+1)Bm + 2)a%+1 — (Bm + 2)an11a2m+1 + Azms1 A (1.4)
Let f' = g denote the inverse of the function f. We define Z,, as the class of m-fold symmetric bi-univalent functions
that are analytic in the open unit disk I7. It can be readily verified that, for m = 1, equation (1.4) simplifies to

equation (1.2), which characterizes the family 2. Several illustrative examples of m-fold symmetric bi-univalent
functions are presented as follows:

() oG] o oo

Are expressed, respectively, as
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1 1

wm % e2W™ _ 1\m q eV — 1\m
<1 + wm) \evmyg) ew™ ’

respectively.

In recent years, considerable attention has been devoted to deriving coefficient bounds for different subclasses
of m-fold symmetric bi-univalent functions (see, for instance, [2,4,8,15,19-22,24,27,32,33]).

To establish our principal findings, the subsequent lemma is required.

Lemma 1.1 [9].
Leth € P be given by the following series:

hD=1+al+c+, Q.

The sharp estimate is given by
|ck| < 2, where n € N
holds true.

2. Coefficient Bounds for the Function Family K I (¢4 )

Definition 2.1. A function f € X, defined by equation (1.3) is said to belong to the class me(g, Auwa) O<a<
1,0 <¢<1,£=1,0 < pu<1)ifitsatisfies for the following conditions:

u
A
o) ((ww)) an )
arg 1-9¢) ) +g Q%) < > (Zew) (2.1)
and
u
A
3 w(g’(w))A ((wg'(w))) an .
arg| | (1 g)ig(w) +¢ 7g’(w) < > (weld) (2.2)

With the inverse mapping g= f~! specified by (1.4).

Specifically, for one-fold symmetric bi-univalent functions, we introduce the family Ky (¢, 4, u; @) = K (¢, 4, i; ).

Remark 2.1. The family K5 (¢, 4 u; @)is a generalization annmber of well-established sub classes in vestigated in
earlier works,

(1) when ¢ = 0 and u = 1, the familyK; (¢, £, y; @) leads to the family LB (@) in troduced by Joshi et al. [12];

(2) For £ = 1 and u = 1, the family K; (¢, 4, ¢; a) leads to the family My («, §) studied in Liu and Wang [16];

(3) setting¢ = 0 and £ = u = 1, the family K5 (¢, 4 ¢; ) leads to the family S5 (a) discussed by Brannan and Taha
[7].

Theorem 2.1. Suppose thatf € kzm(c, Au,a) 0<a<10<¢<1 £=210<u<1, meN)be given by (1.3).
Then
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|am,+1|
2a

) J‘ auf2{1—¢=m+ 1A -2 - €= D(m+ D] +3 (stm + D2(&m + DIE - D(m+ 1) — 2] + 2)}
+u-DEMm+1 - 1D)*(m + 1)+ (ACm+ 1D - DEem+ D(m + D] + (1 — a)p?[(Am + 1) — 1)(m + 1)]?

(2.3)
and
4(m + Da?u? 2a
a2l < e+ D= DGm+ DF T akem F D -DEsmr D" XY
Proof. Relations (2.1) and (2.2) imply that
( u
A
o), [(w@)) \\ e
A\ H
w(g’ (w ¢ w, '(w) '
and (“ -0tk i <(( T ) )) = [g)", (26)
here g = f~1, while p,q € p admit the representations
P =1+ pnZ® + P T™ + Pan ™ + -+, 2.7)
and
q(Ww) = 1+ g™ + g2 W™ + q3Ww3" + - (2.8)
By equating the coefficients of (2.5) and (2.6) we obtain
pl(A(m + 1) - D(gm + 1] aysq = apy, (2.9)
p|[AC2m + 1) = 1)(2¢m + D]azm + {1 —g—=(Mm+ 11 -2 - (6= D)(m+ D] +3 (s(m + 1)?(4(m +
DIG= D0+ 1 = 21+2) + = DA+ D) = D2 m + DIY| @es = apam +
A=Bpz, (2.10)
—pulAm+ 1) — D(sm + D]ayss = aqy,, (2.11)
and
i |(4C2m + 1) = D2em+ D] (0 + Dadys — ) +{1 ¢ 3 M+ DA -2~ €~ Dlm + D] +
2 (6m + D (ACm + DI~ D+ 1) = 2] +2) + (@ = DA+ D) = DA + DD} e = aom +
LD gz, (2.12)
By (2.9) and (2.11), we derive
Pm = —qmp (2.13)

and
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2p2[A(m + 1) — D(em + D]2ad, = a®(p3 + q3). (2.14)

Also, from (2.10), (2.12) and (2.14), we find that

1 1
u(Z{l —c—z—(m+ DA-9R-E-1(m+ 1)] +§(c(rr; +D?Am + DA - D(m+ 1) - 2] +2)

+ - 1DEm+1) - 1)*(m + 1)2)} +4£(2m + 1) — 1)(26m + 1)(m + 1)) ahi
-1
= a(pZm + qu) + % (pé + qé)
(@ — Dp?[A(m + 1) — D(m+ D]* |
a m+1 *

= “(pzm + qu) +
Hence, we have

a12‘q+1
“2(p2m + dam)
au[2{1—¢ = m+ DA - 92 = A — Dm+ D] +3 (stm + D2(Am + DIE - D(m+ 1) — 2] +2)}
+(i = D& + 1) = D2(em +1)2 + (42m + 1) = Dm + D(m + D] + (1 - @)u2[(K(m + 1) = 1(gm + 1]

(2.15)

By Lemma 1.1, to the absolute value of (2.15), one can derive for the coefficients p,,, and q,,, , yields

|am+1|
2a

) J| au2{1 - ¢ =M+ 1A -2 - €= D(m+ D] +3 (sm + D2(&m + DIE - D(m+ 1) — 2] + 2)}
+(u - DAm+ 1) - D(em +1)?) + @Cm+ 1D - DCem + D(m + D] + (1 — a)p?[(A(m + 1) — 1)(gm + 1)]?

Hence estimate for |am+1| in (2.3) is obtained.
To derive an upper bound for |a2m+1 |, by subtracting (2.12) from (2.10), we have

ulA2m+ 1) — D(2em + D](2azm41 — (m + Dad,,)

a(a—1)

= a(pam = Gam) + = (P7 — af)- (2.16)

From (2.13), (2.14) and (2.16) that

L (m+ Dau?(p3 +q3) a(pam — d2m)
AT 2[A(m + 1) = D(sm + D] T 2u[4Cm + 1) = D(2em + D]

By considering the modulus of (2.17) to gether with arepeated application of Lemma 1.1 to coefficients p,,, P2m,» Gm
and q,,, , yields

(2.17)

a | < 4u?(m + 1Da? N 2a
AT Am+ D - D(em+ D]?  p(ACm+1) — D(2gm + 1)

Restricting Theorem 2.1 to one-fold symmetric bi-univalent functions, leads to subsequent

corollary:

Corollary 2.1. Assume f € K5 (¢, L, 1; ) (0 < a <1,0<¢ < 1,= 1,0 < u < 1)asgivenin (1.1). Then
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2a

J‘ au [2 {1 —¢— A= ¢)[2 = 24— D]+ (4(24[2(A — 1) — 2] + 2)}
+u-DCRL-1D%(c + D) +2G6L4—-1DR2¢+ D]+ (1 — )[(2A— Du?(s + D]?

laz| <

and

8a’?u? 2a

B 67 [ | AT S [T b

Remark 2.2. 1n Corollary 2.1, by taking

(1) ¢ = Oand u = 1, the resulting estimates coincide with those established by Joshi et al. [12, Theorem 1];
(2) £ = u = 1, the results coincide with those of Liu and Wang [16, Theorem2.2];
(3) ¢ = 0and £ = u = 1, the corresponding then results of Murugusundaramoorthy et al. [18, Corollary 6].

3. Coefficient Estimates for the Function Family K3 (¢, 5,1 B)
Definition 3.1. Let f € %, be defined asin (1.3). Then fis amember of the family K3 (¢, & w;8)
(0<B<10<¢<1,£>21,0<u <1)provided that:

(

Rel| (1—¢)

n
A
A
) | ((w@))
@ T\ Fo J¥>ﬁ : (3-1)
and
u
A
w(g’(w))l{ N ((WH’(W)) )

R l@=97 0w T\ ow

> B. (3.2)

With g denoting the invers of f, as specified in (1.4).

Specifically, in the class of one-fold symmetric bi-univalent functions, the corresponding family is denoted
Kz, (6. & 1w B) = Kz (6, & 115 B).

Remark 3.1. It is worth noting that the class K5 (¢, 4, 4; 8). In particular, the following sub class are obtained:

(1) Setting ¢ = Oand p = 1, the class K5 (¢, 4, ¢; B) coincides with the family LB5 (4, ) introduced by Joshi et al. [12];
(2) For the parameter value £ = 1and u = 1, the class K5 (¢, 4, u; ) becomes the class By (B, §) examined by Liu and
Wang [16];

(3) In the special case¢ =0and £ = u =1, the class K5 (¢, 4, u; B) coincides with the family S;(B) analyzed by
Brannan and Taha [7].

Theorem 3.1. Assume f € Kz*m(q,& wh)OV<B<10<¢<1,4A=210<u<1meEN),begiven by (1.3). Then

|am+1|

2(1- )
S ’
|u[2{1 —g—>m+ 1D - 92— (§ = D(m + D] +3 ((m + D?&lm + DIEK — 1)(m +1) — 2] + 2>}|
+(u - DAm + 1) = D?(em + 1)?) + (A2m + 1) — 1)(2¢m + 1) (m + 1)]
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(3.3)
and
4p%(1 - B)? 4(1-p4)

92| = e+ D -Dem T DF T aGEmF D-DEmr D" P

Proof. Based on assumption (3.1) and (3.2), one can assert the existence of p, q € p for which

u
A

)| [(w@)) || )

1-9) @ c( %) =g+ 1 -pr@, (3.5)

and

u

((1_)M+ M\ e a6
\ ¢ 2 ¢ 77w /—B Blq(w), (3.6)

where p(27) and q(w) have the forms (2.7) and (2.8), respectively. Equating coefficients (3.5) and (3.6) yields

plAm+ 1) — D(em + D] apss = (1 = B)py,» 3.7

pu|[AC2m + 1) = 1) (2em + D]azmss + {1 —¢—>Mm+ 1D -2 - (A= D(m+ D]+ (c(m + 1) (4(m +

DI = D+ 1) = 2] +2) + (4 = DA+ 1) = DA + DD} ada = (1 -
BIPan (38)

—ul(Am + 1) = D(em + D]ay: = (1 = B4y, (3.9)

and

" [[A(Zm +1) = DEgm + D] ((m+ D — o)
{1 -g— 7 (4 DA - QM2 — (K~ D + 1)
+ %(c(m +D?Um+ DA - Dm+ 1D - 2] +2) + (u— D(&(m + 1) — D?*(sm + 1)2)}] ati1
= (1 - )z (3.10)
From (3.7) and (3.9), we get
P = —qny (3.11)
and
2p*[(A(m + 1) — D(sm + 1) 12az,,q = (1 = B)*(pd + a)- (3.12)

By summing (3.8) and (3.10), we derive
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1 1
u(Z{l - —g(m + DA -92-&—-D(m+ 1)] +§(c(m +1D?Am+ D[E - D(m+ 1) - 2] +2)

+@-DUMm+ 1) - 1D*(m + 1)2)} +4Cm + 1) — 1)(2¢m + 1)(m + 1)> A1
=(1-pB) (p3+4q2) (3.13)

This implies that

(1 - ﬁ)(pZm + qu)

u[2{1-c—2m+ DA -2 - @ -Dm+ D]+ (6m+ D2Am + DIE - D(m+1) - 2] +2)}
+—-DUMm+ 1) - D?(m +1)* + (A2m + 1) — 1)(2¢m + 1) (m + 1)]

2 —
am+1 -

An application of Lemma 1.1 to the coefficients p,,, and g, , yields

|am+1|

2(1-$)
<
|u 2{1-c—2m+ DA -9I2 - &- D+ D] +3 (stm + D2(Am + DIE - D(m+1) — 2] + z>}|
+(u - DA + 1) - D(em + 1)% + (A2m + 1) — 1D(2em + D (m + D]

This gives the desired estimate for |am+1| as asserted in (3.3).
Subtracting (3.10) from (3.8), allows us to derive abound for |a2m+1 | as follows:

ul(A2m + 1) — D(2¢m + DI((m + Dad ;s — 2azm41) = (1 — B)(P2m — domy)-

Which is equivalent to

(1= B)(P2m — om)
2u[(A(2m + 1) — 1)(2gm + D]

Qm+1 = (m + 1)ar2q+1 +

Upon substituting the value of ar2n+1 from (3.12), hence

R B)?u*(ph + q3) (1= B)(Pam — 92m)
2T 2[(A(m + 1) - DRem + D] 2p(42m + 1) — 1)(2em + 1)

In voking Lemma 1.1 again for the coefficients py, pom, gm and q,n, , yields

|a | < 4#2(1_.8)2 4(1_:8)
AT [Em+ 1) — D(em + D2 p(A2m+1) — 1) (2em + 1)’

Hence,the proofis concluded of Theorem 3.1.

As an application of Theorem 3.1 to one-fold symmetric bi-univalent functions, leads to for corollary:

Corollary 3.1. Suppose that f € K3 (¢, 41, 8) (0<B<1,0<¢<1,£=>1,0<u <1) expressedin (1.1). Then

| < 20-5)
2l = [,t[2[1—(—&(1—;)[2—2(/{—1)]+%(4§(2/{[2(/{—1)—2]+2)} ’
+(u-1)(24-1)2(¢ +1)2)+2(34-1)(2¢+1)]

and

o Wa-pr (-
N @A DG+ DP T uGA-DEs+ D
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Remark 3.2. By specifying particular choices of the parameters in Corollary 3.1, several known results can be
recovered as special cases.

(1) Specifically, when ¢ = Oandu = 1, the obtained estimates coincide with those established by Joshi et al [12,
Theorem 2];

(2) Furthermore, for £ = u = 1, our results reduce to the corresponding bounds derived by Liu and Wang [16,
Theorem3.2];

(3) In addition, taking ¢ = 0 together with £ = u = 1 yields the obtained findings by Murugusundaramoorthy et al.
[18, Corollary 7].

4., Conclusion

This paper develops previously unexamined subclasses of normalized holomorphic and m-fold symmetric bi-
univalent functions linked to the families sz(g,A,u; a) and K)}‘m(c,A,u; B). These subclasses arise from the
analytical structure of £-pseudo-starlike and A-pseudo-convex functions. Precise upper bounds for the initial
Taylor-Maclaurin coefficients |am+1| and |a2m+1| are derived for functions within each subclass, contributing new
coefficient estimates beyond those previously reported.
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