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A B S T R A C T 

This paper introduces a new generalization of Rickart modules, namely the Supplement-

Rickart module. Let 𝑀 be a module over a ring 𝑅 with identity, and let 𝑆 =  𝐸𝑛𝑑𝑅(𝑀) denotes 

the endomorphism ring of 𝑀 . The module 𝑀  is called Supplement-Rickart if for all 

𝑓 ∈ 𝑆, 𝐾𝑒𝑟𝑓 is a supplement sub-module of 𝑀. Moreover, several remarks and examples are 

included, and various properties together with connections to other related notions are 

analyzed. 

MSC.. 
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1. Introduction 

Idempotent elements 𝑒 ∈  𝑅 satisfying 𝑒 2 =  𝑒, are central to the structure of a ring 𝑅. Indeed, the presence of such 

elements allows the ring to be described as a direct sum of simpler parts, that is  𝑅 = 𝑒𝑅 ⊕ (1 − 𝑒)𝑅 [1]. 

Throughout this article, we assume that 𝑅 is a ring with 1 and 𝑀 is regarded as a left S-right 𝑅-bimodule, where 

𝑆 = 𝐸𝑛𝑑𝑅(𝑀) .  Moreover, for each  𝑓 ∈ 𝑆,  the right annihilator of 𝑓  in 𝑀  is given by 

𝑟𝑀(𝑓) = 𝑟𝑀(𝑆𝑓) = { 𝑚 ∈ 𝑀 ∣∣ 𝑓(𝑚) = 0 } = 𝐾𝑒𝑟𝑓.  The theory of Rickart structures has received considerable 

attention in the literature. In 1960, S. Maeda [2] introduced the notion of Rickart rings in a general framework. A 

ring is side to be right Rickart if the right annihilator of any single element is generated by an idempotent. A module 

𝑀 is called Baer if the right annihilator in 𝑀 of any nonempty subset of 𝑆 =  𝐸𝑛𝑑𝑅(𝑀) is generated by an idempotent 

of 𝑆 (see [3]). G. Lee, S. T. Rizvi, and C. Roman in [1] studied the Rickart modules. 𝑀 is a Rickart module if the right 

annihilator in 𝑀 associated with each 𝑒 ∈  𝑆 is generated by an idempotent of S. In other words, an R-module 𝑀 is 

side to be Rickart if for any 𝑓 ∈ 𝑆, the kernel of 𝑓 is a direct summand of 𝑀. Ali and Ghawi [4] studied the closed 
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Rickart modules. Recall that a module 𝑀 is said to be closed Rickart if the kernel of 𝑓 is closed in 𝑀, for any𝑓 ∈ 𝑆 =

𝐸𝑛𝑑𝑅(𝑀). The concept of coclosed Rickart modules was studied by Ghaleb Ahmed [5]. A module 

𝑀 is called co-closed Rickart provided, the kernel of 𝑓 is a co-closed in 𝑀 for each 𝑓 ∈ 𝑆. 

   The following notions are also related to the sub-module structure: a sub-module 𝐾 ≤  𝑀 is small, denoted by (𝐾 ≪ 𝑀), 

if whenever 𝑀 =  𝐾 + 𝑁, we have 𝑀 = 𝑁. A sub-modules K, L of M. A sub-module 𝐾 is a supplement of L in 𝑀, denoted 

by (𝐾 ≤𝑠𝑢𝑝 𝑀),  if 𝑀 = 𝐾 + 𝐿 and 𝐾 ∩ 𝐿 is small in 𝐾 (see[6]). Also, 𝐾 ≤  𝑀 is called  closed, denoted by (𝐾 ≤𝑐 𝑀), if 

it admits no proper essential extensions in 𝑀 [7]. Moreover, 𝐾 is said to be co-closed in 𝑀 denoted by (𝐾 ≤𝑐𝑜 𝑀), if for 

every sub-module 𝐿 ⊆  𝐾 when 
𝐾

𝐿
 ≪ 

𝑀

𝐿
  This leads inevitably to 𝐾 = 𝐿 [8].  

    In this paper, introduces a new generalization of Rickart modules, namely the Supplement-Rickart module (or shortly, 

Sup-Rickart).  𝑀 is called the Sup-Rickart module over a ring 𝑅, if for each 𝑓 ∈ 𝑆, the kernel of 𝑓  is a supplement sub-

module of 𝑀. 

    This article is organized as follows. Section 2 introduces the concept of Supplement-Rickart module, together with 

several remarks, examples, and basic properties, and explores the relationships between Supplement-Rickart modules and 

other related concepts in module theory. In Section 3, we study direct sums of Supplement-Rickart modules and investigate 

related results.  

2. Supplement Rickart Modules 

In this section, we introduce a class of modules, called Supplement-Rickart modules, as a generalization of the Rickart 

module concept. We denoted by the Sup-Rickart. Several fundamental properties of this class of structures are examined. 

We start by recalling the next definition.  

 

2.1.Definition  

An 𝑅-module 𝑀 is said to be Supplement-Rickart if for any 𝑓 ∈ 𝑆 = 𝐸𝑛𝑑𝑅(𝑀), The kernel of 𝑓 is a supplement sub-

module of 𝑀. Equivalently, for all 𝑓 ∈ 𝑆 = 𝐸𝑛𝑑𝑅(𝑀);  𝐾𝑒𝑟𝑓 = {𝑚 ∈ 𝑀 ∖ 𝑓(𝑚) = 0} =  𝑟𝑀(𝑆𝑓) = 𝑟𝑀(𝑓) is a supplement 

sub-module in 𝑀 . If 𝑀 =  𝑅 , then 𝑅  is called a Sup-Rickart ring whenever 𝑅  is a Sup-Rickart as an 𝑅 -module. 

Equivalently, a ring 𝑅 is Sup-Rickart if, for each element 𝑎 ∈  𝑅, the annihilator. 𝑎𝑛𝑛𝑅(𝑎) for 𝑅 is the supplement ideal. 

2.2.Remarks  

(1) Since every direct summand is a supplement sub-module, every Rickart module is a Sup-Rickart. 

(2) It is well known that every Baer module is Rickart [1]; it follows that every Baer module is 

Sup-Rickart. 

(3) Both 𝑄 and 𝑍, viewed as Z-modules, are Baer modules [1], hence they are a Sup-Rickart. 

(4) Each semisimple 𝑀 is a Sup-Rickart module. As a special case, if 𝑀 = 𝑍6. But the converse fails; indeed, let 𝑀 = 𝑍, 

viewed as a Z-module, is Sup-Rickart but fails to be semisimple.  

(5) Let 𝑀 = 𝑍4 and 𝑓: 𝑍4 → 𝑍4 defined by 𝑓(ā) =  2ā, 𝑓 ∈  𝐸𝑛𝑑 (𝑀), for each 𝑎 ∈ 𝑍4, then 𝐾𝑒𝑟𝑓 = {0̅, 2̅}, but 𝐾𝑒𝑟𝑓 is 

not a supplement sub-module in 𝑍4, then 𝑍4  is not a Sup-Rickart. 

(6) If 𝑀 is a Sup-Rickart module, it is not necessarily the case that the factor module 𝑀/𝑁 is Sup-Rickart for a sub-module 

𝑁 ≤  𝑀. Indeed, 𝑍 as a 𝑍-module is Sup-Rickart; however,  𝑍/4𝑍 ≅ 𝑍4, is not a Sup-Rickart. 
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(7) It is well known that every supplement sub-module is co-closed [see 8], then every Sup-Rickart is a co-closed Rickart 

module.  

(8) Whenever 𝑀 is a simple R-module (i.e., only 𝑀 and 0 are its supplement sub-modules in 𝑀 [10] ). Therefore, 𝑀 does 

not have to be Sup-Rickart. As an example, 𝑍4, viewed as a Z-module, is a supplement simple R-module. But it is not a 

Sup-Rickart.  

(9) If 𝑅 integral domain, then it is a Sup-Rickart module.  

Proof: Assume that 𝑅  is an integral domain (ID). Then for all 𝑥 ∈  𝑅  and 𝑓 ∈ 𝐸𝑛𝑑(𝑅) is isomorphic to 𝑅 , and 𝑅  is 

commutative. The endomorphism 𝑓 ∈ 𝐸𝑛𝑑(𝑅) with 𝑓(𝑟) =  𝑟𝑥, for all 𝑟 ∈  𝑅. Consequently, 𝐾𝑒𝑟 𝑓 = {0}, because 𝑅 is 

(ID) and 𝑎𝑛𝑛𝑅(𝑥) = { 𝑟 ∈  𝑅| 𝑟𝑥 = 0} = {0}. Then, 𝐾𝑒𝑟𝑓 ≤𝑠𝑢𝑝 𝑅, Hence 𝑅 is a Sup-Rickart. But the converse fails, since 

𝑍6 is a Sup-Rickart but it is not an (ID). 

(10) The Sup-Rickart property is not, in general, inherited by sub-modules, as shown in the following example. Let 

 𝑀 = 𝑄⨁𝑍2 as a Z-module. Then 𝑀 is a Sup-Rickart, since it is a Rickart module (see Example 2.5 in [1]). Now consider 

the sub-module 𝑁 = 𝑍⨁ 𝑍2 a sub-module of M. Claim that is not a Sup-Rickart. To show that, let 𝑓 be a map 𝑓 ∶ 𝑁 →

𝑁 defined by 𝑓 (𝑤, 𝑢̅) =  (0, 𝑤̅) where ѡ, u  Z. Thus 𝐾𝑒𝑟𝑓 = { (𝑤, 𝑢̅) ∈ 𝑍⨁ 𝑍2 | 𝑓 (𝑤, 𝑢̅)= (0,0̅)}={ (𝑤, 𝑢̅) | 𝑤̅= 0 } = 

2𝑍 ⨁ 𝑍2 is not a supplement in 𝑁, because there exists 𝐿 = 𝑍⨁0̅ ≤ 𝑁, but 𝐾𝑒𝑟𝑓 ∩ 𝐿 is not a small sub-module in 𝐾𝑒𝑟𝑓. 

Consequently, 𝑁 fails to be Sup-Rickart. 

(11) The Sup-Rickart property is not necessarily preserved under homomorphic images. Let 𝑓 ∶ 𝑍 ⟶ 𝑍4  be a natural 

epimorphism. Although 𝑍 is Sup-Rickart as a Z-module, its image 𝐼𝑚 𝑓 ≅  𝑍4 is not. 

 

2.3.Proposition  

 The Sup-Rickart property is invariant under an isomorphism. 

Proof: Suppose that 𝑀1 𝑎𝑛𝑑 𝑀2 are 𝑅-modules,  𝑀1 is Sup-Rickart, and  𝑀1 ≅ 𝑀2. Let 𝛽: 𝑀1 → 𝑀2 and 𝛼 ∈ 𝐸𝑛𝑑(𝑀2), to 

demonstrate that 𝑘𝑒𝑟𝛼 ≤𝑠𝑢𝑝 𝑀2. Let 𝑀2 =  𝑘𝑒𝑟𝛼 + 𝐾, such that 𝐾 ≤ 𝑀2, to prove that 𝑘𝑒𝑟𝛼 ∩ 𝐾 ≪ 𝑘𝑒𝑟𝛼, then we get 

𝑀1 = 𝛽−1(𝑘𝑒𝑟𝛼) + 𝛽−1(𝐾) . We claim that 𝛽−1(𝑘𝑒𝑟𝛼) = 𝑘𝑒𝑟(𝛽−1𝛼 𝛽 ) . Let 𝑦 ∈ 𝛽−1(𝑘𝑒𝑟𝛼) , 𝑦 =  𝛽−1(𝑥)  and 𝑥 ∈

(𝑘𝑒𝑟𝛼) , hence 𝛽(𝑦)  =  𝑥  and 𝛼(𝑥) =  0 . then 𝛽−1𝛼 𝛽(𝑦) =  𝛽−1𝛼(𝑥) =  𝛽−1(0) = 0 , then 𝑦 ∈  𝑘𝑒𝑟 (𝛽−1𝛼 𝛽 ) . 

Conversely, let 𝑥 ∈  𝑘𝑒𝑟 (𝛽−1𝛼 𝛽 ), 𝛽−1𝛼 (𝛽(𝑥)) = 0 , thus 𝛽(𝑥)  ∈  𝑘𝑒𝑟 (𝛽−1𝛼) . But 𝑘𝑒𝑟 (𝛽−1𝛼)  = 𝑘𝑒𝑟(𝛼)  (clear), 

hence 𝛽(𝑥)  ∈  𝑘𝑒𝑟(𝛼), 𝑥 ∈  𝛽−1(𝑘𝑒𝑟𝛼). Thus 𝛽−1(𝑘𝑒𝑟𝛼) = 𝑘𝑒𝑟(𝛽−1𝛼 𝛽). Since 𝛽−1𝛼 𝛽 ∈ 𝐸𝑛𝑑(𝑀1), also 𝑀1 is a Sup-

Rickart, then 𝛽−1(𝑘𝑒𝑟𝛼)  =  𝑘𝑒𝑟 (𝛽−1𝛼 𝛽 ) ≤𝑠𝑢𝑝 𝑀1  and 𝛽−1(𝑘𝑒𝑟𝛼)  ∩  𝛽−1(𝐾) ≪ 𝛽−1(𝑘𝑒𝑟𝛼) . Therefore 𝑘𝑒𝑟𝛼 ∩ 𝐾 ≪

𝑘𝑒𝑟𝛼 by [6]. Thus  𝑀2 is a Sup-Rickart. 

 

2.4.Proposition  

 Let 𝑀 be a Sup-Rickart module. If 𝑁 ≤⨁ 𝑀, then 𝑁 is the Sup-Rickart property.  

Proof: Let 𝑀 be a Sup-Rickart, and  𝑀 =  𝑁 ⨁ 𝐿 where 𝑁, 𝐿 are sub-modules of 𝑀 and 𝑓 ∶  𝑁 → 𝑁 be a homomorphism. 

Let 𝑖: 𝑁 → 𝑀 be the inclusion map, and 𝑝: 𝑀 → 𝑁 be the projection map. Consider the map (𝑖 ∘ 𝑓 ∘ 𝑝) ∶ 𝑀 →  𝑀. Hence 

(𝑖 ∘ 𝑓 ∘ 𝑝) ∈ 𝐸𝑛𝑑(𝑀) , and 𝑀  is a Sup-Rickart, then 𝐾𝑒𝑟(𝑖 ∘ 𝑓 ∘ 𝑝) ≤𝑠𝑢𝑝 𝑀 . But  𝐾𝑒𝑟(𝑖 ∘ 𝑓 ∘ 𝑝) = {𝑚 𝜖 𝑀, (𝑖 ∘ 𝑓 ∘

𝑝)(𝑚) = 0}  

                          = {𝑛 + 𝑙 ∈ 𝑀, 𝑖(𝑓(𝑝(𝑛 + 𝑙)) = 0; 𝑛 ∈  𝑁, 𝑙 ∈  𝐿}  
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                         = {𝑛 + 𝑙 ∈ 𝑀, 𝑓(𝑝(𝑥 + 𝑦)  = 0;  𝑛 ∈  𝑁, 𝑙 ∈  𝐿}                                                                            

                         = {𝑛 + 𝑙 ∈  𝑀, 𝑓(𝑛) = 0;  𝑛 ∈  𝑁, 𝑙 ∈  𝐿}   

                         =  𝐾𝑒𝑟 𝑓 ⨁ 𝐿 

Therefore 𝐾𝑒𝑟 𝑓 ⨁ 𝐿 ≤𝑠𝑢𝑝 𝑀, so 𝐾𝑒𝑟𝑓 ≤⨁ 𝐾𝑒𝑟 𝑓 ⨁ 𝐿, then 𝐾𝑒𝑟𝑓 ≤𝑠𝑢𝑝 𝑀. But 𝐾𝑒𝑟𝑓 ≤ 𝑁, and 𝑁 is also a supplement in 

𝑀, then 𝐾𝑒𝑟𝑓 ≤𝑠𝑢𝑝 𝑁, therefore 𝑁 is a Sup-Rickart by [8]. 

 

   The reverse implication of Proposition (2.4) is not valid in general. This can be 

seen from the following example. Let 𝑍12 be viewed as a Z-module, and let 𝜑 ∈  𝑆 = 𝐸𝑛𝑑(𝑍12) given by𝜑(𝑥̅) = 6𝑥̅ for 

all 𝑥̅ ∈ 𝑍12, then 𝐾𝑒𝑟𝜑 = 〈2̅〉, but this is not a supplement in 𝑍12, consequently 𝑍12is not Sup-Rickart. Now if, 𝑁 = 〈4̅〉 

≤⨁ 𝑍12 , then 𝑁 ≅ 𝑍3. But 𝑍3 is a simple Z-module, then it is Sup-Rickart. So N is a Sup-Rickart.  

 

2.5.Proposition  

 Let 𝑀 be an R-module and 𝑓  is split in 𝑀 for any 𝑓 ∈ 𝑆, then 𝑀 is a Sup-Rickart. 

Proof: Let 𝑓 ∶  𝑀 → 𝑀 be an 𝑅-homomorphism. By our assumption 𝑓 is split into 𝑀. Hence, the following short exact 

sequence is obtained.  

       0 →  𝑘𝑒𝑟𝑓 
𝑖

→ 𝑀 
𝑓
→  𝑓(𝑀) → 0   

Is splits, where 𝑖 is the inclusion map, then 𝑘𝑒𝑟𝑓  ≤⨁  𝑀 . Therefore 𝑘𝑒𝑟𝑓 ≤𝑠𝑢𝑝  𝑀 . Thus 𝑀  is a Sup-Rickart (see [10, 

Prop1.1.9]). 

     An 𝑅-module 𝑀 has the supplement intersection property (briefly, SUIP) provided that the intersection of any two 

supplement sub-modules of 𝑀 remains a supplement sub-module [11].  

2.6.Theorem  

 The following conditions are equivalent for a module 𝑀 with SUIP:  

(a) 𝑀 is a Sup-Rickart;  

(b) For any finitely generated left ideal 𝐼 = 〈𝜑1, 𝜑2, … , 𝜑𝑛〉 of 𝑆 = 𝐸𝑛𝑑(𝑀), its right annihilator in 𝑀 is a supplement sub-

module of 𝑀. 

Proof: (𝑎) ⇒ (𝑏)  Let 𝑀  be a Sup-Rickart, and let 𝐼  be a nonzero finitely generated left ideal of  𝑆 , generated by 

{𝜑1, 𝜑2, … , 𝜑𝑛}. Since 𝑟𝑀(𝐼) = ⋂𝑖=1
𝑛 𝑟𝑀(𝜑𝑖) ≤𝑠𝑝 𝑀 for 1 ≤ 𝑖 ≤ 𝑛, as 𝑀 has the SUIP. Hence 𝑟𝑀(𝐼) ≤𝑠𝑢𝑝 𝑀. 

 (𝑏) ⇒ (𝑎) Let 𝜑 ∈ 𝑆, then 〈𝜑〉 is a singly generated left ideal of S, then 𝑟𝑀(𝐼) ≤𝑠𝑢𝑝 𝑀. Therefore, 𝑀 is Sup-Rickart. 

 

    A ring 𝑅 is von-Neumann regular provided that each element 𝑎 ∈  𝑅 can be written in the form 𝑎 =  𝑎𝑏𝑎 for some 

𝑏 ∈  𝑅 [1].   

 

2.7.Proposition  

 If the endomorphism ring 𝑆 =  𝐸𝑛𝑑(𝑀) of an 𝑅-module 𝑀 is von-Neumann regular, then 𝑀 is Sup-Rickart. 

Proof: If 𝑆 is a von-Neumann regular ring, then for any 𝛽 ∈  𝑆, both the kernel and the image of 𝛽 are direct summands of 

𝑀 (see [1]). Therefore, 𝑀 is a Sup-Rickart. However, the converse fails in general. Indeed, Z is Sup-Rickart as a Z-module, 

while its endomorphism ring. 𝐸𝑛𝑑𝑍(𝑍) ≅  𝑍 is not regular. 
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    The following definition is recalled. A module 𝑀 is said to be a supplement extending provided that all closed sub-

modules of 𝑀 are supplements in 𝑀 [12]. 

 

2.8.Proposition  

 Every closed-Rickart supplement extending an 𝑅-module is Sup-Rickart.  

Proof: This can be easily verified. 

 

2.9.Proposition  

 Let 𝑀 be an R-module, with Rad (𝐾𝑒𝑟𝜑) = 0, for every 𝜑 ∈  𝑆 = 𝐸𝑛𝑑(𝑀). Then 𝑀 is closed-Rickart if 𝑀 Sup-Rickart. 

Proof: Take 𝑀  is Sup-Rickart, then 𝑀 = 𝐾𝑒𝑟𝜑 +  𝐿  and 𝐾𝑒𝑟𝜑 ∩  𝐿 ≪ 𝐾𝑒𝑟𝜑, but  Rad(𝐾𝑒𝑟𝜑) = 0 ( then no nonzero 

small sub module in 𝐾𝑒𝑟𝜑, hence 𝐾𝑒𝑟𝜑 ∩  𝐿 = 0. Thus 𝑀 = 𝐾𝑒𝑟𝜑⨁ 𝐿. implies 𝐾𝑒𝑟𝜑 ≤⨁ 𝑀, then 𝑀  Rickart module. 

Therefore, 𝑀 is a closed-Rickart module. 

    

    We now introduce the next definitions. 𝑀 is a nonsingular 𝑅-module provided that, if, for all 𝑚 ∈ 𝑀 with 𝑟𝑅(𝑚) ≤𝑒 𝑅 

implies 𝑚 = 0. Moreover, 𝑀 is called polyform if, for any 𝐾 ≤ 𝑀, and for all 𝜑 ∈ 𝐻𝑜𝑚(𝐾, 𝑀), 𝐾𝑒𝑟𝜑 = 0, (resp. 𝐾𝑒𝑟𝜑 is 

closed in 𝐾). It has been established that every nonsingular module is polyform; see ( [13], [14], [15]). 

   

2.10.Proposition  

 Let 𝑀 be a polyform and supplement extending 𝑅-module, then 𝑀 is Sup-Rickart. 

Proof: Let 𝑀 be a polyform module; then 𝑀 is closed-Rickart, by [4]. But 𝑀 is a supplement extending module, then 𝑀 is 

Sup-Rickart. 

2.11.Corollary  

 𝑀 is Sup-Rickart if 𝑀 is a supplement extending 𝑅-module with 

 a nonsingular  

Proof: The proof is straightforward. 

 

2.12.Remark  

Every quasi-Dedekind R-module satisfies the Sup-Rickart property. By definition, 𝑀 is a quasi-Dedekind 𝑅-module if 

 𝐾𝑒𝑟 𝑓 =  0  for all   𝑓 ∈  𝐸𝑛𝑑(𝑀)  with 𝑓 ≠ 0  [16]. Nevertheless, the converse implication does not hold in general. 

Indeed, 𝑍6, viewed as a Z-module, is Sup-Rickart, but not quasi-Dedekind. 

 

2.13.Proposition  

For a supplement simple module 𝑀. The next statements are equivalent:  

(a)  𝑀 is a quasi-Dedekind; 

(b) 𝑀 is a Sup-Rickart.  

Proof: (a) ⟹ (b) Obvious. 

(b)  ⟹  (a) Let  𝜑 ≠ 0 ∈ 𝐸𝑛𝑑(𝑀) . Since 𝑀  is Sup-Rickart and 𝑀  is a supplement simple, it follows that  𝐾𝑒𝑟𝜑 = 0 , 

Accordingly, the homomorphism 𝜑 is injective, which implies that 𝑀 is a quasi-Dedekind. 
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Notice: The hypothesis that 𝑀 is supplement simple in Proposition (2.13) cannot be omitted. This is demonstrated by the 

following example. Let 𝑀 = 𝑍2⨁𝑍2  be a Z-module. Consequently, 𝑀  is semisimple, hence 𝑀 is Sup-Rickart. The 

following short exact sequence is considered: 

𝑀
𝜌
→ 𝑍2⨁0

𝑖
→ 𝑀 , where 𝜌  is a projection map, and 𝑖  is the inclusion map. Then ℎ = 𝑖 ∘ 𝜌 ∈ 𝐸𝑛𝑑(𝑀)  and ℎ ≠ 0 , but 

𝐾𝑒𝑟 = (0)⨁𝑍2, and hence ℎ fails to be injective. Consequently, 𝑀 is not a quasi-Dedekind Z-module. 

 

    Recall that 𝑀 is called hopfian an R-module if for every 𝜑 ∈ 𝐸𝑛𝑑𝑅(𝑀), 𝜑 is subjective implies 𝜑 is injective (𝐾𝑒𝑟𝜑 =

0). Also, 𝑀 is called a generalized Hopfian module if for any 𝜑 ∈ 𝐸𝑛𝑑𝑅(𝑀), and 𝜑 is surjective implies 𝐾𝑒𝑟𝜑 ≪ 𝑀 see 

([17], [18]. 

2.14.Corollary  

If a module 𝑀 is supplement simple and Sup-Rickart, then 𝑀 is hopfian or (generalized hopfian). 

Proof: Let 𝜑: 𝑀 → 𝑀; 𝜑 ≠ 0. Because 𝑀 is Sup-Rickart, 𝐾𝑒𝑟𝜑 ≤𝑠𝑢𝑝 𝑀. But 𝑀 is supplement simple and 𝜑 ≠ 0, then 

 𝐾𝑒𝑟𝜑 = 0, hence 𝜑 is injective. Therefore, 𝑀 is a Hopfian or (generalized Hopfian) module. 

  

3. Direct Sums and the Supplement Rickart Property 

The behavior of Sup-Rickart modules under direct sums is investigated in this 

section.  

3.1.Remarks  

(i) In general, the class of Sup-Rickart is not closed under direct sums. For example, Z and 𝑍2 are Sup-Rickart as Z-

modules; however, their direct sum 𝑍⨁𝑍₂, viewed as a Z-module, is not Sup-Rickart (see Remark 10).  

(ii) It is known that if 𝑀⨁𝑀 has (SIP, i.e., intersection of any two direct summands is a direct summand) then 𝑀 is a 

Rickart module. So it's Sup-Rickart (see [1]). 

 

3.2.Proposition  

Let 𝑀 = ⊕𝑖∈Λ  𝑀𝑖 be a duo 𝑅-module. 𝑀  is a Sup-Rickart precisely when each 𝑀𝑖 is a Sup-Rickart for every 𝑖 ∈  .  

Proof: One direction follows immediately from proposition (2.4). Conversely, let 𝛽 =  (𝛽𝑖𝑗)  ∈  𝐸𝑛𝑑(𝑀) where 𝛽𝑖𝑗 ∈

 𝐻𝑜𝑚(𝑀𝑖 , 𝑀𝑗) . Since 𝑀𝑖  is fully invariant in 𝑀 = ⊕𝑖∈Λ  𝑀𝑖 ,  it follows that 𝐻𝑜𝑚(𝑀𝑖 , 𝑀𝑗) = 0  for each 𝑖 ≠ 𝑗  by [19]. 

Consequently, 𝛽(𝑀𝑖) ⊆ 𝑀𝑖 , ∀  𝑖 ∈ . Let 𝜇 = ∑ 𝜇𝑖𝑖∈𝛬 ∈ 𝑀. Then 𝛽(𝜇) = ∑  𝛽𝑖𝑖(𝜇𝑖)𝑖∈𝛬 . Therefore, 𝛽(𝜇) = 0  if and only 

if  𝛽𝑖𝑖(𝜇𝑖) = 0, ∀ 𝑖 ∈ , which implies that 𝜇𝑖 ∈ 𝐾𝑒𝑟𝛽𝑖𝑖 , and hence 𝐾𝑒𝑟𝛽 = ⊕𝑖∈Λ  𝐾𝑒𝑟𝛽𝑖𝑖 . We claim that 𝐾𝑒𝑟𝛽 ≤𝑠𝑢𝑝 𝑀. 

Indeed, since 𝐾𝑒𝑟𝛽𝑖𝑖  is a supplement sub-module of 𝐿𝑖𝑖 , where  𝐿𝑖𝑖  ≤ 𝑀𝑖 ,  ∀  𝑖 ∈  , 𝐾𝑒𝑟𝛽 = ⊕𝑖∈Λ  𝐾𝑒𝑟𝛽𝑖𝑖  ≤𝑠𝑢𝑝  𝑀 =

 ⊕𝑖∈𝛬  𝑀𝑖 [20]. Therefore, 𝑀 is a Sup-Rickart. 

 

3.3.Proposition 

 A supplement simple Sup-Rickart module 𝑀 with a nonzero maximal sub-module K does not preserve the Sup-Rickart 

property under the direct sum  𝑀⨁(𝑀 ∕ 𝐾). 

Proof: Assume that 𝑀⨁(𝑀 𝐾⁄ ) is Sup-Rickart, and 𝜑 ∈ 𝐸𝑛𝑑(𝑀⨁(𝑀 𝐾⁄ )) specified by 𝜑(𝑚, 𝜔̅) = (0, 𝑚̅), ∀ 𝑚 ∈ 𝑀, 

𝜔̅ ∈ 𝑀 𝐾⁄ . Then 𝐾𝑒𝑟𝜑 = {(𝑚, 𝜔̅) ∈ 𝑀⨁(𝑀 𝐾⁄ ) | 𝜑(𝑚, 𝜔̅) = (0, 0̅)} = {(𝑚, 𝜔̅)| 𝑚 + 𝐾 =  𝐾} = {(𝑚, 𝜔̅)|𝑚 ∈ 𝐾} =
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𝐾⨁(𝑀 𝐾⁄ ).   Then  𝐾𝑒𝑟𝜑 = 𝐾⨁(𝑀 𝐾⁄ ) ≤𝑆𝑢𝑝 𝑀⨁(𝑀 𝐾⁄ ) . But  𝐾 ≤⨁ 𝐾⨁(𝑀 𝐾⁄ ) 𝑎𝑛𝑑 𝐾 ≤𝑠𝑢𝑝 𝑁⨁(𝑀 𝐾⁄ ) , then by [14, 

p.238], 𝐾 ≤𝑠𝑢𝑝 𝑀⨁(𝑀 𝐾⁄ ). Also by result [21], 𝐾 ≤𝑠𝑢𝑝 𝑀. This leads to a contradiction, since 𝑀 is supplement simple. 

Yield 𝑀⨁(𝑀 𝐾⁄ ) is not Sup-Rickart. 

 

    An R-module 𝑀 satisfies the 𝐷₂ condition provided that every sub-module 𝐿 ≤ 𝑀 whose factor  𝑀/𝐿 ≅  𝐾 ≤⨁ 𝑀, then 

𝐿 ≤⨁ 𝑀 [1].  

 

3.4.Proposition  

 Let 𝑀 be an R-module satisfying the 𝐷₂ condition. If 𝐼𝑚𝜑 ≅  𝐴 with 𝐴 ≤⨁ 𝑀  for all  𝜑 ∈  𝐸𝑛𝑑(𝑀), then 𝑀 is a Sup-

Rickart . 

Proof: Let  𝐼𝑚𝜑 ≅  𝐴 ≤⨁ 𝑀, ∀ 𝜑 ∈  𝐸𝑛𝑑(𝑀). But 𝐼𝑚𝜑 ≅ 𝑀/𝐾𝑒𝑟𝜑, hence 𝑀/𝐾𝑒𝑟𝜑 ≅ 𝐴 ≤⨁ 𝑀, then 𝐾𝑒𝑟𝜑 ≤⨁ 𝑀, by 

(𝐷2). It implies 𝐾𝑒𝑟𝜑 ≤𝑠𝑢𝑝  𝑀. Thus, 𝑀 is a Sup-Rickart. 
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