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A B S T R A C T 

We will outline the idea of semi annihilator large small submodules. It was one of 
generalizations of annihilator small submodules. an ℜ-module ℌ with (0) ≠ 𝑆 ≤ ℌ is named 
semi-annihilator large small submodule of ℌ 𝑖𝑓 𝑆 + ℵ = ℌ for ℵ is submodule in ℌ imply 
𝚲ℜ(ℵ) is large small in ℜ, where 𝚲ℜ(ℵ) = {𝑟 ∈ ℜ; 𝑟ℵ = 0}.  In addition, investigate properties 
and characterizations of semi annihilator large small submodules. Additionally, we introduce 
many the notion which serve our concept. These concepts extend existing ideas and offer new 
perspectives on the relationships between different submodule and module types within ℜ-
modules. 
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Introduction 

All modules in this research is an ℜ-module and are unitary left modules and ℜ is a commutative ring with identity. 
A submodule ℑ of an ℜ-module ℌ will be identified as (ℑ ⊑ ℌ). A proper submodule ℑ of an ℜ-module ℌ will be 
identified as Large (essential) and termed (ℑ ⊑𝑙 ℌ) if for  0 ≠ ℵ ⊑ ℌ with ℑ ∩ ℵ ≠ (0) [1]. Let ℌ be an ℜ-module and 
0 ≠ ℑ ⊑ ℌ. A submodule ℑ of an ℜ-module ℌ is termed small and indicated by (⊑𝑠) if ℑ + ℵ = ℌ for ℵ ⊑ ℌ implies 
ℵ = ℌ [1]. Also A submodule ℑ of an ℜ-module ℌ is named large small (briefly, LS-submodule ) if ℑ + ℵ = ℌ for 
ℵ ⊑𝑙 ℌ means ℵ = ℌ this symbolled by ℑ ⊑𝑙.𝑠 ℌ [2]. A symbol 𝚲ℜ(ℌ) is referred to be annihilator submodule where 
𝚲ℜ(ℌ) = {𝑟 ∈ ℜ, 𝑟𝑚 = 0, 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑚 ∈ ℌ} [3]. If 𝚲ℜ(ℌ) = 0  so ℌ  is named faithful. The set 
𝑍(ℌ) = {𝑚 ∈ ℌ: 𝚲(𝑚) ⊑𝑙 ℜ}, if 𝑍(ℌ) = ℌ, if 𝑍(ℌ) = (0) then ℌ is referred to be non-singular module see [4]. If R is 
an integral domain then an ℜ-module ℌ is named a torsion free ℜ-module if 𝛬(𝑥) = 0, for 0 ≠ 𝑥 ∈ ℌ [4]. The 
generalized Jacobson radical  𝐺𝐽(ℌ) = {∑ ℵ𝑖 , ℵ𝑖 ⊑𝑙.𝑠 ℌ} [2].  
     As we know, many authors have addressed many concepts similar to ours. In 2013, T. Amouzegar and D. Keskin 
introduced the definition of small annihilator as if ℌ is an ℜ-module, then ℑ ⊑ ℌ is defined as small annihilator if, 
ℌ = ℑ + ℵ, for ℵ ⊑ ℌ, implies 𝚲𝑆(ℵ) = 0, where 𝑆 = 𝐸𝑛𝑑(ℌ) [5]. In 2017, Hamdi and AL-Bahraany introduced the 
concept of ℜ-annihilator small as, a submodule ℑ ⊑ ℌ is a ℜ-annihilator-small (ℜ-a-small) if ℑ + ℵ = ℌ, for ℵ ⊑ ℌ, 
means 𝚲𝑠(ℵ) = 0 [6]. In 2016 S. M. Yaseen introduced the idea of semi annihilator small submodule as, if for every 
submodule ℑ of an ℜ-module ℌ, ℌ = ℑ + ℵ, ℵ ⊑ ℌ, implies 𝚲ℜ(ℵ) is small in ℌ [7].  
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     In this paper we will introduce a generalization of concept of semi annihilator small submodule that was 
introduced by M. Yaseen in 2016 [7] as a new class of semi annihilator modules. The main objective of this 
manuscript is to highlight the generalization of these concepts, discuss their implications, and define the behavior of 
submodules under the influence of this concept. 
     This paper divided in to two main sections, in first section we have establish the notation of semi annihilator large 
small submodules with many examples and investigate properties throughout, various properties, 
characterizations, and examples of these concepts are explored to deepen the understanding of the structure of 
submodules in ℜ-modules ℌ. The second section is containing main results; and discusses some important relations 
between our concepts and other related concepts in module theory.  
    
 

2. Semi Annihilator Large Small submodules 

     We will introduce our main definition of semi annihilator Large small submodules with examples and interesting 
consequences.  

Definition 2.1.  

Assume we have an ℜ-module ℌ with (0) ≠ 𝑆 ⊑ ℌ is named semi-annihilator large small submodule of ℌ (briefly 
SALS submodule) indicated by 𝑆 ⊑𝑠.𝑎.𝑙.𝑠 ℌ 𝑖𝑓 𝑆 + ℵ = ℌ for ℵ is submodule in ℌ imply 𝚲ℜ(ℵ) is large small in ℜ, 
denoted (𝚲ℜ(ℵ) ⊑𝑙.𝑠 ℜ) where 𝚲ℜ(ℵ) = {𝑟 ∈ ℜ; 𝑟ℵ = 0}. An ℜ-module ℌ is termed semi-annihilator large small 
module if all its submodules are semi-annihilator large small submodules. Also an ideal 𝐼 of ring ℜ is called semi-
annihilator large small ideal for ℜ as an ℜ-module. 

 

Examples 2.2. 

1. If ℌ = ℤ as a ℤ-module then all its submodules are SALS in ℌ since if trivially, for ℌ = 𝑛ℤ + 𝑚ℤ and 𝛬ℜ(𝑚ℤ) =
0 ⊑𝑙.𝑠 ℤ.  

2. If ℌ = ℚ be ℤ-module, thus ℤ is SALS of ℚ, since ℤ ⊑ ℚ and ℚ = ℚ + ℤ, 𝛬ℜ(ℤ) = 0 ⊑𝑙.𝑠 ℤ. while if ℌ = ℤ as ℤ-
module, thus ℤ is not SALS of ℤ, since ℤ = ℤ + 0 and 𝛬ℜ(0) = ℤ which is not SALS of ℤ. 

 

Remark 2.3. 

Suppose that ℌ  is an ℜ-module. If ℑ ⊑ ℌ  and ℌ  is SALS. Hence, 𝛬ℜ(ℑ) ⊑𝑙.𝑠 𝐺𝐽(ℜ).  Since ℌ = ℌ + ℑ , so 
𝛬ℜ(ℑ) ⊑𝑙.𝑠 𝐺𝐽(ℜ) and since 𝐺𝐽(ℜ) = {∑ 𝐺𝑖 ⊑ ℌ𝐺𝑖⊑𝑙.𝑠, }. Thus, 𝛬ℜ(ℑ) ⊑𝑙.𝑠 𝐺𝐽(ℜ).   

 

Proposition 2.4. 

If the ring R is an integral domain and ℌ is a torsion free ℜ-module then every submodule of ℌ is SALS.  
Proof. 
Assume ℌ = ℑ + ℵ, for ℑ, ℵ ⊑ ℌ. So 𝛬ℜ(ℵ) = 0 ⊑𝑙.𝑠 ℜ. Since ℜ is an integral domain and ℌ is a torsion-free ℜ-module. 
thus ℑ ⊑𝑠.𝑎.𝑙.𝑠 ℌ. 
 
Proposition 2.5. 
Suppose that ℵ ⊑ ℌ, and ℌ is faithful ℜ-module ℌ which has Large annihilator in ℜ is SALS of ℌ. 
Proof. 
Assume ℌ = ℑ + ℵ, where ℑ, ℵ ⊑ ℌ. As, ℌ is faithful thus 0 = 𝚲ℜ(ℌ) = 𝚲ℜ(ℑ + ℵ) = 𝚲ℜ(ℑ) ∩ 𝚲ℜ(ℵ). Since  𝚲ℜ(ℑ) is 
large in ℜ thus 𝚲ℜ(ℵ) = 0. Thus ℑ ⊑𝑠.𝑎.𝑙.𝑠 ℌ. 
 

Lemma 2.6. 

If ℌ is an ℜ-module and ℑ, ℒ ⊑ ℌ, So 

1. 𝛬ℜ(ℑ) ⊑ 𝛬ℜ(ℑ + ℒ) and 𝛬ℜ(ℒ) ⊑ 𝛬ℜ(ℑ + ℒ). 
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𝟐. 𝛬ℜ(ℑ) ⊑ 𝛬ℜ(ℑ ∩ ℒ) and 𝛬ℜ(ℑ) ⊑ 𝛬ℜ(ℑ ∩ ℒ). 

3. If 𝜂: ℑ ⟶ ℒ is homomorphism. Then 𝛬ℜ(ℑ) ⊑ 𝛬ℜ(𝜂(ℑ)).  

Proof. 

1. Let 𝑟 ∈ 𝛬ℜ(ℑ), so 𝑟 ∈ 𝛬ℜ(ℑ) ∩ 𝛬ℜ(ℒ) = 𝛬ℜ(ℑ + ℒ). Thus 𝛬ℜ(ℑ) ⊑ 𝛬ℜ(ℑ + ℒ).  The other part by the same way. 

2. Let 𝑟 ∈ 𝛬ℜ(ℑ), so 𝑟ℑ = 0, thus 𝑟(ℑ ∩ ℒ) = 𝑟ℑ ∩ 𝑟ℒ = 0. Hence, 𝑟 ∈ 𝛬ℜ(ℑ ∩ ℒ). The other part by the same way. 

3. Let 𝑟 ∈ 𝛬ℜ(ℑ),  so 𝑟ℑ = 0,  thus 𝜂(𝑟. ℑ) = 𝜂(0).  Since 𝜂  is homomorphism thus 𝑟. 𝜂(ℑ) = 0 . This imply 𝑟 ∈

𝛬ℜ(𝜂(ℑ)). Hence, 𝛬ℜ(ℑ) ⊑ 𝛬ℜ(𝜂(ℑ)). 

 
Proposition 2.7. 
If ℌ is a faithful ℜ-module with R is integral domain then every submodule in ℌ has nonzero annihilator is SALS. 
Proof. 
Let ℌ = ℑ + ℵ, for ℑ, ℵ ⊑ ℌ and 𝛬ℜ(ℑ) ≠ 0.  Since ℌ is faithful thus 0 = 𝛬ℜ(ℌ) = 𝛬ℜ(ℑ + ℵ) = 𝛬ℜ(ℑ) ∩ 𝛬ℜ(ℵ). Since 
ℜ is integral domain and 𝛬ℜ(ℑ) ≠ 0 thus 𝛬ℜ(ℵ) = 0. Thus ℑ ⊑𝑠.𝑎.𝑙.𝑠 ℌ. 
 

Proposition 2.8. 

If ℌ is faithful ℜ-module and  ℑ is 𝐿𝑆-submodule of a ℌ then ℑ is SALS. 

Proof. 

Assume that ℑ ⊑𝑙.𝑠 ℌ. Now let ℑ + ℵ = ℌ with ℵ ⊑𝑙 ℌ. Since ℑ is LS-submodule in ℌ, thus ℵ = ℌ. Hence 𝛬ℜ(ℵ) =
𝛬ℜ(ℌ) = 0 ⊑𝑙.𝑠 ℜ. Thus ℑ ⊑𝑠.𝑎.𝑙.𝑠 ℌ. 

 

Proposition 2.9.  

For a submodule ℑ of faithful ℜ-module ℌ, with 𝚲ℜ(ℑ) ⊑𝑙 ℜ, then 𝑟ℌ. 𝚲ℜ(ℑ) ⊑𝑠.𝑎.𝑙.𝑠 ℌ.  

Proof.  

Assume 𝑟. 𝚲ℜ(ℑ) + ℵ = ℌ  for ℵ ⊑ ℌ.  So 0 = 𝚲ℜ(ℌ) = 𝚲ℜ(𝑟ℌ)𝚲ℜ(ℑ) ∩ 𝚲ℜ(ℵ) =  𝚲ℜ(ℑ) ∩ 𝚲ℜ(ℵ) ⊑𝑙.𝑠 ℜ,  and since 

𝚲ℜ(ℵ) ⊑ 𝚲ℜ(ℑ) ∩ 𝛬ℜ(ℵ) ⊑𝑙.𝑠 ℜ thus 𝛬ℜ(ℵ) ⊑𝑙.𝑠 ℜ by lemma 2.6(2) and [8, Proposition 2.5(1(a))].  

 

Proposition 2.10. 

Let ℑ, ℒ ⊑ ℌ and ℌ is an ℜ-module, then 

1. If ℑ ⊑ ℒ ⊑ ℌ and ℒ ⊑𝑠.𝑎.𝑙.𝑠 ℌ, then ℑ ⊑𝑠.𝑎.𝑙.𝑠 ℌ. 

2. If ℑ ⊑ ℒ ⊑ ℌ and ℑ ⊑𝑠.𝑎.𝑙.𝑠 ℒ, then ℑ ⊑𝑠.𝑎.𝑙.𝑠 ℌ. 

Proof. 

1. Let ℑ + ℵ = ℌ, for ℵ ⊑ ℌ. hence ℌ = ℌ + ℒ = ℑ + ℵ + ℒ since ℒ ⊑𝑠.𝑎.𝑙.𝑠 ℌ so by lemma 2.6(1), 𝛬ℜ(ℵ) ⊑ 𝛬ℜ(ℑ +
ℵ) ⊑𝑙.𝑠 ℜ implies  𝛬ℜ(ℵ) ⊑𝑙.𝑠 ℜ by [8, Proposition 2.5(1(a))], thus ℑ ⊑𝑠.𝑎.𝑙.𝑠 ℌ. 

2. Let ℑ + ℵ = ℌ, for  ℵ ⊑ ℌ. Now ℒ = ℒ ∩ ℌ = ℒ ∩ (ℑ + ℵ) = ℑ + (ℒ ∩ ℵ) by modular low. Since ℑ ⊑𝑠.𝑎.𝑙.𝑠 ℒ thus 
𝛬ℜ(ℒ ∩ ℵ) ⊑𝑙.𝑠 ℜ. Now, by Lemma 2.6(2) 𝛬ℜ(ℵ) ⊑ 𝛬ℜ(ℒ ∩ ℵ) thus 𝛬ℜ(ℵ) ⊑𝑙.𝑠 ℜ by [8, Proposition 2.5(1(a))], so 
ℑ ⊑𝑠.𝑎.𝑙.𝑠 ℌ. 

 

3. Main Results 

    In this section we will introduce many interesting results and discusses some relations between our concept and 
other concepts related with modules.        

    Recall [9] for an ℜ-module we have 𝑍𝑠(ℌ) = {𝑚 ∈ ℌ; 𝛬𝑠(𝑚) = 𝛬𝑠(𝑚ℜ) ⊑𝑙 𝑆}. 
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Proposition 3.1. 

Let ℑ is SALS submodule in finitely generated ℜ-module ℌ, then ℑ + 𝐺𝐽(ℌ) + 𝑍𝑠(ℌ) is also SALS of ℌ. 

Proof. 

Let (ℑ + 𝐺𝐽(ℌ) + 𝑍𝑠(ℌ)) + ℵ = ℌ where ℵ ⊑ ℌ. Since ℌ is finitely generated thus by [10, Lemma 5.4] 𝐺𝐽(ℌ) ⊑𝑙.𝑠 ℌ 

thus ℑ + 𝑍𝑠(ℌ) + ℵ = ℌ. Suppose that ℌℜ = ∑ ∝𝑖 ℜ𝑛
𝑖=1 . If ∝𝑖= ℎ𝑖 + 𝑧𝑖 + 𝑎𝑖  where ℎ𝑖 ∈ ℵ, 𝑧𝑖 ∈ 𝑍𝑠(ℌ) and 𝑎𝑖 ∈ ℑ. Thus 

ℑ + ∑ 𝑧𝑖ℜ
𝑛
𝑖=1 + ℵ = ℌ . Since ℑ ⊑𝑠.𝑎.𝑙.𝑠 ℌ  thus 𝛬ℜ(ℵ) ⊑∩𝑖=1

𝑛 𝛬ℜ(𝑧𝑖ℜ) ∩ 𝛬ℜ(ℵ) = 𝛬ℜ(∑ 𝑧𝑖ℜ
𝑛
𝑖=1 + ℵ) ⊑𝑙.𝑠 ℜ.  thus 

Therefore, 𝛬ℜ(ℵ) ⊑𝑙.𝑠 ℜ by lemma (2.6)(1) and [8, Proposition 2.5(1(a))]. Thus ℑ + 𝐺𝐽(ℌ) + 𝑍𝑠(ℌ) is also SALS of ℌ. 

 

Proposition 3.2.  

Let 𝐾, 𝐿 are two ℜ-modules such that 𝜂: 𝐾 ⟶ 𝐿 is epimorphism. If ℑ is SALS of 𝐿, then 𝜂−1(ℑ) is SALS of 𝐾. 

Proof. 

Let  𝐾 = 𝜂−1(ℑ) + ℵ for ℵ ⊑ 𝐾. So 𝜂(𝐾) = 𝜂(𝜂−1(ℑ)) + 𝜂(ℵ). Since 𝜂 is epimorphism. Thus 𝐿 = ℑ + 𝜂(ℵ). Since ℑ is 

SALSs of 𝐿, so 𝛬ℜ(𝜂(ℵ)) ⊑𝑙.𝑠 ℜ. 𝛬ℜ(ℵ) ⊑ 𝛬ℜ(𝜂(ℵ)), from lemma 2.6(3). Thus 𝛬ℜ(ℵ) ⊑𝑙.𝑠 ℜ. Therefore, 𝜂−1(ℑ) is SALS 

in 𝐾. 

 

Proposition 3.3. 

Let ℑ ⊑ ℒ ⊑ ℌ. If ℒ ℑ⁄ ⊑𝑠.𝑎.𝑙.𝑠 ℌ
ℑ⁄  then ℒ ⊑𝑠.𝑎.𝑙.𝑠 ℌ.  

Proof. 

Let 𝜂: ℌ ⟶
ℌ

ℑ⁄  be natural epimorphism and ℒ ℑ⁄ ⊑
ℌ

ℑ⁄ . From Proposition 3.2 we get that 𝜂−1(ℒ
ℑ⁄ ) ⊑𝑠.𝑎.𝑙.𝑠 ℌ. Since 

𝜂−1 (ℒ
ℑ⁄ ) = ℒ, hence ℒ ⊑𝑠.𝑎.𝑙.𝑠 ℌ. 

 

Proposition 3.4.  

Let ℌ be an ℜ-module with ℑ ⊑ ℒ ⊑ 𝐶 ⊑ ℌ. If 𝐶 ℒ⁄ ⊑𝑠.𝑎.𝑙.𝑠 ℌ
ℒ⁄  then 𝐶 ℑ⁄ ⊑𝑠.𝑎.𝑙.𝑠 ℌ

ℑ⁄ .  

Proof.  

Let 𝜂:
ℌ

ℑ⁄ ⟶
ℌ

ℒ⁄  be defined as 𝜂(𝑣 + ℑ) = 𝑣 + ℒ, 𝑣 ∈ ℌ. It’s obvious that 𝜂 is epimorphism. Since 𝐶 ℒ⁄ ⊑
ℌ

ℒ⁄  thus 

by proposition 3.2, 𝐶 ℑ⁄ = 𝜂−1(𝐶
ℒ⁄ ) ⊑𝑠.𝑎.𝑙.𝑠 ℌ

ℑ⁄ . 

 

      If 𝐾, 𝐿 are two ℜ-modules such that 𝜂: 𝐾 ⟶ 𝐿 is epimorphism and ℑ is SALS of 𝐾, then 𝜂(ℑ) is not need to be 
SALS of 𝐿. As we will show that in the following instance. 

 

 

Example 3.5.  

If we have ℤ, ℤ6 as ℤ-modules and 𝜂: ℤ ⟶ ℤ6 be natural epimorphism map; we see that (0ℤ) is SALS in ℤ, but 

𝜂((0ℤ)) = 0ℤ6
 is not SALS in ℤ6 since ℤ6 = 0 + ℤ6 and 𝛬ℤ(ℤ6 ) = 6ℤ which is not LS-submodule in ℤ.  

  

    The sum of any two SALSs need not be SALS as we will show that in the following instance. 

Example 3.6.  
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In ℤ as ℤ-module we have both 2ℤ and 3ℤ are SALS in ℤ since 2ℤ + 3ℤ = ℤ and 𝛬ℤ( 2ℤ) = 𝛬ℤ( 3ℤ) = 0 ⊑𝑙.𝑠 ℤ but 
ℤ = ℤ + 0 and 𝛬ℤ(0) = ℤ is not LS-submodule of ℤ. Thus, ℤ is not SALS in ℤ.     

 

Proposition 3.7.  

Let ℌ and ℋ be two ℜ-modules, if ℑ is SALS in ℌ and ℒ is SALS in ℋ. Then ℑ⨁ℒ is SALS in ℌ⨁ℋ. 

Proof. 

Suppose that 𝜂: ℌ⨁ℋ ⟶ ℌ is projection map. Since ℑ ⊑𝑠.𝑎.𝑙.𝑠 ℌ and ℒ ⊑𝑠.𝑎.𝑙.𝑠 ℋ thus by proposition 3.2 we get 
ℑ⨁ℋ = 𝜂−1(ℑ) ⊑𝑠.𝑎.𝑙.𝑠 ℌ⨁ℋ also ℌ⨁ℒ = 𝜂−1(ℒ) ⊑𝑠.𝑎.𝑙.𝑠 ℌ⨁ℋ. Hence (ℑ⨁ℋ) ∩ (ℌ⨁ℒ) = (ℑ⨁ℒ) ⊑𝑠.𝑎.𝑙.𝑠 ℌ⨁ℋ.   

 

Proposition 3.8. 

Assume ℌ is an ℜ-module with  ℑ1 ⊑ ℒ1 ⊑ ℌ and ℑ2 ⊑ ℒ2 ⊑ ℌ. If  (ℒ1 + ℒ2) (ℑ1 + ℑ2)⁄ ⊑𝑠.𝑎.𝑙.𝑠 ℌ (ℑ1 + ℑ2)⁄  then; 

1. (ℒ1 + ℑ2) ℑ1⁄ ⊑𝑠.𝑎.𝑙.𝑠 ℌ ℑ1⁄ . 

2. (ℑ1 + ℒ2) ℑ2⁄ ⊑𝑠.𝑎.𝑙.𝑠 ℌ ℑ2⁄ .   

3. ℒ1 ℑ1⨁⁄ ℒ2 ℑ2⁄ ⊑𝑠.𝑎.𝑙.𝑠 ℌ ℑ1⨁⁄ ℌ ℑ2⁄ . 

Proof. 

1. Suppose that 𝜂1: ℌ ℑ1⁄ ⟶ ℌ (ℑ1⁄ + ℑ2) defined as 𝜂1(𝑚1 + ℑ1) = 𝑚1 + ℑ1 + ℑ2 where 𝑚1 ∈ ℌ and by the same 
way we assume 𝜂2: ℌ ℑ2⁄ ⟶ ℌ (ℑ1⁄ + ℑ2) defined as 𝜂2(𝑚2 + ℑ2) = 𝑚2 + ℑ1 + ℑ2 where 𝑚2 ∈ ℌ. It’s clear that 
𝜂1, 𝜂2  are epimorphism. Since (ℒ1 + ℑ2) (ℑ1⁄ + ℑ2) ⊑ (ℒ1 + ℒ2) (ℑ1⁄ + ℑ2)  and 
(ℒ1 + ℒ2) (ℑ1⁄ + ℑ2) ⊑𝑠.𝑎.𝑙.𝑠 ℌ (ℑ1⁄ + ℑ2). From proposition 3.4 we conclude (ℒ1 + ℑ2) (ℑ1⁄ + ℑ2) ⊑𝑠.𝑎.𝑙.𝑠 ℌ (ℑ1⁄ +
ℑ2). By the same way we get (ℒ1 + ℑ2) ℑ1⁄ = 𝜂2

−1(ℒ1 + ℑ2 ℑ1 + ℑ2⁄ ) ⊑𝑠.𝑎.𝑙.𝑠 ℌ ℑ1⁄ .  

2. Now since (ℑ1 + ℒ2) (ℑ1⁄ + ℑ2) ⊑ (ℒ1 + ℒ2) (ℑ1⁄ + ℑ2) and (ℒ1 + ℒ2) (ℑ1⁄ + ℑ2) ⊑𝑠.𝑎.𝑙.𝑠 ℌ (ℑ1⁄ + ℑ2). Then by 
proposition 3.4 we have (ℑ1 + ℒ2) (ℑ1⁄ + ℑ2) ⊑𝑠.𝑎.𝑙.𝑠 ℌ (ℑ1⁄ + ℑ2).  Thus by proposition 3.2  (ℑ1 + ℒ2) ℑ2⁄ =
𝜂2

−1(ℑ1 + ℒ2 ℑ1 + ℑ2⁄ ) ⊑𝑠.𝑎.𝑙.𝑠 ℌ ℑ2⁄ .               

3. Its comes directly from (1) and (2) and proposition 3.7. 

 
Proposition 3.9. 
Take ℌ = ∑ ℜ𝑐𝑖

𝑘
𝑖=1  be an ℜ-module and 𝑤 ∈ ℌ, if  

1. ℜ𝑤 is SALS of ℌ. 
𝟐. ∩ 𝑖 ∈ 𝐼𝛬ℜ(𝑐𝑖 − 𝑑𝑖𝑤) ⊑𝑙.𝑠 ℜ for 𝑑𝑖 ∈ ℜ. 
3. There exists 𝑖 ∈ 𝐼 such that 𝑑𝑐𝑖 ∉ ℜ𝑑𝑤, for all 0 ≠ 𝑑 ∉ 𝐺𝐽(ℜ). 
Then (1)⟺(2)⟹(3) and if 𝐺𝐽(ℜ) = 0 then (3)⟹(2). 
Proof. 
(1) ⟹ (2) for 𝑖 ∈ 𝐼, 𝑐𝑖 = 𝑐𝑖 − 𝑑𝑖𝑤 + 𝑑𝑖𝑤  and hence ℌ = ∑ ℜ(𝑐𝑖 − 𝑑𝑖𝑤) + ℜ𝑤.  By (1) we have ℜ𝑤 ⊑𝑠.𝑎.𝑙.𝑠 ℌ  thus 
𝛬ℜ(∑ ℜ(𝑐𝑖 − 𝑑𝑖𝑤)) =∩ 𝑖𝛬ℜ(𝑐𝑖 − 𝑑𝑖𝑤) ⊑𝑙.𝑠 ℜ. 
(2) ⟹ (1) Let ℵ ⊑ ℌ,  with ℵ + ℜ𝑤 = ℌ.  Then for each 𝑖 ∈ 𝐼, 𝑐𝑖 = ℎ𝑖 + 𝑑𝑖𝑤  and ℎ𝑖 ∈ ℵ . Assume 𝑘 ∈ 𝛬ℜ(ℵ),  then 
𝑘𝑐𝑖 = 𝑘𝑑𝑖𝑤 + 𝑘ℎ𝑖  since 𝑘ℎ𝑖 = 0,  thus 𝑘(𝑐𝑖 − 𝑑𝑖𝑤) = 0 , for each 𝑖 ∈ 𝐼,  then 𝑘 ∈ 𝛬ℜ(𝑐𝑖 − 𝑑𝑖𝑤) , this imply 𝛬ℜ(ℵ) ⊑
𝛬ℜ(𝑐𝑖 − 𝑑𝑖𝑤), hence 𝛬ℜ(ℵ) ⊑ 𝛬ℜ(𝑐𝑖 − 𝑑𝑖𝑤) =∩ 𝑖 ∈ 𝐼𝛬ℜ(𝑐𝑖 − 𝑑𝑖𝑤) ⊑𝑙.𝑠 ℜ. Therefore, 𝛬ℜ(ℵ) ⊑𝑙.𝑠 ℜ by [8, proposition 
2.5(1(a))].  Implies ℜ𝑤 ⊑𝑠.𝑎.𝑙.𝑠 ℌ. 
(2) ⟹ (3) Assume that 𝑑 ∉ 𝐺𝐽(ℜ)  and let 𝑑𝑐𝑖 ∈ ℜ𝑑𝑤  for all 𝑖 ∈ 𝐼,  thus 𝑑𝑐𝑖 = 𝑑𝑖𝑑𝑤 = 𝑑𝑑𝑖𝑤  for all 𝑖 ∈ 𝐼,  thus 
𝑑𝑐𝑖 − 𝑑𝑖𝑑𝑤 = 0, hence  𝑑(𝑐𝑖 − 𝑑𝑖𝑤) = 0 which means 𝑑 ∈ 𝛬ℜ(𝑐𝑖 − 𝑑𝑖𝑤). By (2) 𝑑 ∈∩ 𝑖 ∈ 𝐼𝛬ℜ(𝑐𝑖 − 𝑑𝑖𝑤) ⊑𝑙.𝑠 ℜ. Thus 
𝑑 ∈ 𝐺𝐽(ℜ) which is a contradiction.  
(3)⟹(2) Assume that 𝑑 ∈∩ 𝑖 ∈ 𝐼𝛬ℜ(𝑐𝑖 − 𝑑𝑖𝑤) and hence 𝑑 ∈ 𝛬ℜ(𝑐𝑖 − 𝑑𝑖𝑤) for all 𝑖 ∈ 𝐼. Thus 𝑑𝑐𝑖 = 𝑑𝑖𝑑𝑤 = 𝑑𝑑𝑖𝑤 for 
all 𝑖 ∈ 𝐼, so 𝑑𝑐𝑖 ∈ ℜ𝑑𝑤. By (3) 𝑑 ∈ 𝐺𝐽(ℜ) then ∩ 𝑖 ∈ 𝐼𝛬ℜ(𝑐𝑖 − 𝑑𝑖𝑤) ⊑ 𝐺𝐽(ℜ) = 0 thus ∩ 𝑖 ∈ 𝐼𝛬ℜ(𝑐𝑖 − 𝑑𝑖𝑤) ⊑𝑙.𝑠 ℜ. 
 
 
Proposition 3.10.  
Let ℌ = ∑ ℜ𝑛𝑖𝑖∈𝐼  be an ℜ-module where R is commutative ring, and ℵ ⊑ ℌ. Then the following are equivalent  
1. ℵ is SALS of ℌ. 
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𝟐. ∩ 𝑖 ∈ 𝐼𝛬ℜ(𝑛𝑖 − ℎ𝑖) ⊑𝑙.𝑠 ℜ for each ℎ𝑖 ∈ ℵ. 
Proof. 
(1)⟹(2) Let ℎ𝑖 ∈ ℵ, for all 𝑖 ∈ 𝐼. Thus 𝑛𝑖 = 𝑛𝑖 − ℎ𝑖 + ℎ𝑖  for each 𝑖 ∈ 𝐼. Thus ℌ = ∑ ℜ(𝑛𝑖 − ℎ𝑖) + ℵ, by (1) ℵ is SALS of 
ℌ. Thus 𝛬ℜ(∑ ℜ(𝑛𝑖 − 𝑟𝑖)) =∩ 𝑖 ∈ 𝐼𝛬ℜ(ℜ(𝑛𝑖 − 𝑟𝑖)) ⊑𝑙.𝑠 ℜ. 
(2) ⟹ (1) Assume ℌ = ℒ + ℵ.  Then 𝑛𝑖 = 𝑏𝑖 + ℎ𝑖  for all  𝑖 ∈ 𝐼, 𝑛𝑖 ∈ ℌ, 𝑏𝑖 ∈ ℒ, ℎ𝑖 ∈ ℵ.  Hence 𝑏𝑖 = 𝑛𝑖 − ℎ𝑖 .  So, ℌ =
∑ (𝑛𝑖 − ℎ𝑖) + ℵ𝑖∈𝐼 . Assume that 𝑠 ∈ 𝛬ℜ(ℒ)  thus 0 = 𝑠𝑏𝑖 = 𝑠(𝑛𝑖 − ℎ𝑖)  for 𝑖 ∈ 𝐼 . Thus 𝑠 ∈ 𝛬ℜ(ℜ(𝑛𝑖 − ℎ𝑖)) . By (2), 
𝑠 ∈ 𝛬ℜ(ℜ(𝑛𝑖 − ℎ𝑖)) ⊑𝑙.𝑠 ℜ . This imply 𝛬ℜ(ℒ) ⊑ 𝛬ℜ(ℜ(𝑛𝑖 − ℎ𝑖)) ⊑𝑙.𝑠 ℜ , thus  by [8, proposition 2.5(1(a))] 
𝛬ℜ(ℒ) ⊑𝑙.𝑠 ℜ. Therefore, ℵ ⊑𝑠.𝑎.𝑙.𝑠 ℌ.   
 
   Recall [9], an ℜ-module 𝑇 is referred to be faithfully flat if ℑ → ℒ → 𝐶 is an exact sequence of ℜ-modules if and only 
if 𝑇⨂ℑ → 𝑇⨂ℒ → 𝑇⨂𝐶 is an exact sequence.   
 
Lemma 3.11.  
Let ℌ is an ℜ-module and ℑ ⊑ ℌ, and 𝐾 is any faithfully flat ℜ-module then 𝛬ℜ(ℑ) = 𝛬ℜ(𝐾⨂ℑ). 
Proof.  
Let 𝑟 ∈ 𝛬ℜ(ℑ),  thus 𝑟. ℑ = 0,  𝑟(𝐾⨂ℑ) = 𝐾⨂𝑟ℑ = 𝐾⨂0 = 0,  thus 𝑟 ∈ 𝛬ℜ(𝐾⨂ℑ), imply 𝛬ℜ(ℑ) ⊆ 𝛬ℜ(𝐾⨂ℑ).  Now, let 
𝑟 ∈ 𝛬ℜ(𝐾⨂ℑ), thus 𝑟. (𝐾⨂ℑ) = 𝐾⨂𝑟ℑ = 0. Thus 0 ⟶ 𝐾⨂𝑟ℑ ⟶ 0 is exact sequence.  Since 𝐾 is faithfully flat thus 
0 ⟶ 𝑟ℑ ⟶ 0  is exact sequence. Thus 𝑟ℑ = 0,  which means 𝑟 ∈ 𝛬ℜ(ℑ).  imply 𝛬ℜ(𝐾⨂ℑ) ⊆ 𝛬ℜ(ℑ).  Therefore, 
𝛬ℜ(ℑ) = 𝛬ℜ(𝐾⨂ℑ). 
   
Proposition 3.12.  
Let ℌ is an ℜ-module and ℑ ⊑ ℌ. If 𝑇 is a faithfully flat ℜ-module. Then ℑ ⊑𝑠.𝑎.𝑙.𝑠 ℌ if and only if 𝑇⨂ℑ ⊑𝑠.𝑎.𝑙.𝑠 𝑇⨂ℌ. 
Proof. 
⟹)  Let ℑ ⊑𝑠.𝑎.𝑙.𝑠 ℌ  and 𝑇⨂ℑ + 𝑇⨂ℒ = 𝑇⨂ℌ , for 𝑇⨂ℒ ⊑ 𝑇⨂ℌ.  So 𝑇⨂(ℑ + ℒ) = 𝑇⨂ℑ + 𝑇⨂ℒ = 𝑇⨂ℌ . Hence,  
0 ⟶ 𝑇⨂(ℑ + ℒ) ⟶ 𝑇⨂ℌ ⟶ 0 is exact sequence. Thus 0 ⟶ ℑ + ℒ ⟶ ℌ ⟶ 0 is exact sequence also since 𝑇 is a 
faithfully flat. This imply ℑ + ℒ = ℌ. Hence 𝛬ℜ(ℒ) ⊑𝑙.𝑠 ℜ, since ℑ ⊑𝑠.𝑎.𝑙.𝑠 ℌ.  By lemma 3.11, 𝛬ℜ(ℒ) = 𝛬ℜ(𝑇⨂ℒ). Thus 
𝛬ℜ(𝑇⨂ℒ) ⊑𝑙.𝑠 ℜ, then 𝑇⨂ℑ ⊑𝑠.𝑎.𝑙.𝑠 𝑇⨂ℌ. 
⟸) Let 𝑇⨂ℑ ⊑𝑠.𝑎.𝑙.𝑠 𝑇⨂ℌ, and let ℑ + ℒ = ℌ, for ℒ ⊑ ℌ. Then 𝑇⨂ℌ = 𝑇⨂(ℑ + ℒ) = (𝑇⨂ℑ) + (𝑇⨂ℒ), so 𝛬ℜ(𝑇⨂ℒ) =
𝛬ℜ(ℒ) ⊑𝑙.𝑠 ℜ, since 𝑇⨂ℑ ⊑𝑠.𝑎.𝑙.𝑠 𝑇⨂ℌ. Therefore, ℑ ⊑𝑠.𝑎.𝑙.𝑠 ℌ. 
   

 

4. Conclusions 

      Throughout this paper we presented the concept of semi-annihilator large small submodules as a generalization 
of the concept of semi-annihilator small submodules. We also discussed the behavior of these submodules under the 
influence of this concept. Also presented a range of characteristics and we obtained many interesting results. 

References 

[1]  F. Kasch, Modules and rings, Academic press, London, (1982).   

[2]  D. X. Zhou and X. R. Zhang, Small-essential submodule and Morita duality, south-east Asian Bull. Math., 35(2011).   

[3]  Anderson, Frank W.; Fuller, Kent R., Rings and categories of modules, Graduate Texts in Mathematics, vol.13(2ed.), New York, (1992). 
[4]   Goodearl, K. R., Ring theory: Nonsingular rings and modules, Pure and Applied Mathematics, No. 33, New York, (1976).  

[5] Kalati, T. Amouzegar and Tutuncu, D.Keskin.( 2013), Annihilator-Small Submodules, Bulletine of the Iranian  Mathematical Society, 39(6), pp:1053-

1063. 
[6] Al-Hurmuzy H. and AL-Bahrany B., ℜ-Annihilator-small submodules, Msc thesis, College of Science, Baghdad University, Baghdad, Iraq, (2016).  

[7] S. M. Yaseen, Semiannihilator Small Submodules, International Journal of Science and Research, (2016), 955-958. 

[9] T. Y. Lam, Lectures on modules and rings, Graduate Texts in Math., 189, Springer, New York, (1999).  
[10] T. Y. Ghawi, some generalizations of g-lifting modules, Journal of Al-Qadisiyah for Computer Science and Mathematics, 15(1) (2023), pp.109-121.  

 

 

https://en.wikipedia.org/wiki/Graduate_Texts_in_Mathematics

