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Introduction

All modules in this research is an ‘R-module and are unitary left modules and ‘R is a commutative ring with identity.
A submodule J of an R-module $ will be identified as (I E £). A proper submodule J of an R-module $ will be
identified as Large (essential) and termed (3 E! $) if for 0 # X £ § with I N X # (0) [1]. Let $ be an R-module and
0 # 3 C 9. A submodule J of an R-module § is termed small and indicated by (=°) if I + X = § for X C § implies
X = $[1]. Also A submodule J of an R-module $ is named large small (briefly, LS-submodule ) if 3 + X = § for
R ! § means & = $ this symbolled by J £ § [2]. A symbol Ag($) is referred to be annihilator submodule where
Ag(®) ={reRrm =0, forallmeH} [3]. If Ax(H) =0 so $ 1is named faithful. The set
Z(9) = {m € H: A(m) EL R}, if Z(H) = H, if Z(H) = (0) then $ is referred to be non-singular module see [4]. If R is
an integral domain then an R-module $ is named a torsion free R-module if A(x) =0, for 0 # x € $ [4]. The
generalized Jacobson radical GJ($) = {¥ §;,&; 5 9} [2].

As we know, many authors have addressed many concepts similar to ours.In 2013, T. Amouzegar and D. Keskin
introduced the definition of small annihilator as if § is an R-module, then J £ § is defined as small annihilator if,
H =T +NR, for X E H, implies Ag(R) = 0, where S = End($) [5]. In 2017, Hamdi and AL-Bahraany introduced the
concept of R-annihilator small as, a submodule 3 £ § is a R-annihilator-small (R-a-small) if J + X = $, for R C §,
means A;(X) = 0[6]. In 2016 S. M. Yaseen introduced the idea of semi annihilator small submodule as, if for every
submodule J of an R-module $, H = I + X, X C §, implies Agx(R) is smallin $ [7].
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In this paper we will introduce a generalization of concept of semi annihilator small submodule that was
introduced by M. Yaseen in 2016 [7] as a new class of semi annihilator modules. The main objective of this
manuscript is to highlight the generalization of these concepts, discuss their implications, and define the behavior of
submodules under the influence of this concept.

This paper divided in to two main sections, in first section we have establish the notation of semi annihilator large
small submodules with many examples and investigate properties throughout, various properties,
characterizations, and examples of these concepts are explored to deepen the understanding of the structure of
submodules in R-modules $. The second section is containing main results; and discusses some important relations
between our concepts and other related concepts in module theory.

2. Semi Annihilator Large Small submodules

We will introduce our main definition of semi annihilator Large small submodules with examples and interesting
consequences.

Definition 2.1.

Assume we have an R-module $ with (0) # S E § is named semi-annihilator large small submodule of § (briefly
SALS submodule) indicated by S £5%' § if S+ X = § for Xis submodule in $ imply Agz(R) is large small in R,
denoted (Ag(R) E4 R) where Ag(R) = {r € R;7& = 0}. An R-module $ is termed semi-annihilator large small
module if all its submodules are semi-annihilator large small submodules. Also an ideal / of ring R is called semi-
annihilator large small ideal for R as an R-module.

Examples 2.2.

1. If § = Z as a Z-module then all its submodules are SALS in $ since if trivially, for § = nZ + mZ and Agx(mZ) =
0Cchs 7.

2. If $ = Q be Z-module, thus Zis SALS of Q, sinceZ E Qand Q = Q + Z, Ax(Z) = 0 = Z. while if$ = Z as Z-
module, thus Z is not SALS of Z, since Z = Z + 0 and A (0) = Z which is not SALS of Z.

Remark 2.3.

Suppose that $ is an R-module. If SE $ and $ is SALS. Hence, Ax(3) S5 GJ(R). Since H=9H+ I, so
Ag(I) E GJ(R) and since GJ(R) = {Z,cts, Gi E 9} Thus, Ax(3) £ G (R).

Proposition 2.4.

If the ring R is an integral domain and ) is a torsion free R-module then every submodule of § is SALS.

Proof.

Assume H = J + X, for 3, R £ §. So Ax(R) = 0 £ R. Since R is an integral domain and $ is a torsion-free R-module.
thus Es.a.l.s .f)

Proposition 2.5.

Suppose that X £ §, and $ is faithful R-module $ which has Large annihilator in R is SALS of $.

Proof.

Assume $ = J + X, where I, X E . As, $ is faithful thus 0 = Ag(H) = Ag(T + X) = Ag(I) N Ax(R). Since Ax(I) is
large in R thus Ag(R) = 0. Thus J =545 §,

Lemma 2.6.
If $ is an R-module and F, £ E §, So
1. A5 (3) E Ag(T + £) and Ax (L) E Axg(T + L).
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2. A5(3) E Agx(I N L) and Ax(I) & Ax(I N L).

3.1f7: S — £ is homomorphism. Then 4x(3) E Agx(n(3)).

Proof.

1. Letr € Ag(S), sor € Ax(I) N Agx(L) = Ax(J + L). Thus Ax(J) E Ax(I + £). The other part by the same way.
2.Letr € Az(T),s0rI = 0,thusr(INL)=rINnrL =0.Hence, r € Azx(I N L). The other part by the same way.

3. Let r € Ax(T), so rJ3 = 0, thus n(r.3I) = n(0). Since n is homomorphism thus r.n(IF) = 0. This imply r €
Am(n(S)). Hence, Ax(J) E Am(n(S)).

Proposition 2.7.

If § is a faithful R-module with R is integral domain then every submodule in § has nonzero annihilator is SALS.
Proof.

LetH =3I + X, for I, X = H and Ax(I) # 0. Since $ is faithful thus 0 = Ax(H) = Ax(I + ) = Ax(I) N Ax(X). Since
R is integral domain and Ag(J) # 0 thus Ag(R) = 0. Thus J =545 §,

Proposition 2.8.
If $ is faithful R-module and J is LS-submodule of a £ then J is SALS.
Proof.

Assume thatJ T §. Now let 3 + X = § with X = §. Since Jis LS-submodule in $, thus X = §. Hence Agx(X) =
/193(55) =0l R. Thus S csals f)

Proposition 2.9.
For a submodule J of faithful R-module $, with Ag(J) E' R, then rg. Ay (I) =541 §.
Proof.

Assume 7. Ax(3) + R =9 for XEH. So 0= Ag(H) = Ax(r5)Ax(I) N Ax(R) = Ag(I) N Axg(R) E R, and since
Ag(R) C Ag(I) N Az (R) 5 R thus Ag(R) £ R by lemma 2.6(2) and [8, Proposition 2.5(1(a))].

Proposition 2.10.

Let 3, £ E $ and $ is an R-module, then
1.IfSE LE $and L E5%S §, then F =545 §,
2.IfFE LE $HandJ E5%S £, then J E5415 §,
Proof.

1. Let 3+ X =9, for RE H. hence = H+ L = I + X + L since L 5% § so by lemma 2.6(1), Ax(R) C Ax(I +
R) £ R implies Agx(R) £ R by [8, Proposition 2.5(1(a))], thus I =545 §.

2. LetI+ X =9, for REH. NowL=LNH=LN (I +X) =T+ (L NRKR) by modular low. Since I =545 £ thus
Ag(L N R) S R.Now, by Lemma 2.6(2) Ag(R) = Ag(L N R) thus Ag(X) E R by [8, Proposition 2.5(1(a))], so
3 Es.a.l.s 55

3. Main Results

In this section we will introduce many interesting results and discusses some relations between our concept and
other concepts related with modules.

Recall [9] for an R-module we have Z,($) = {m € $; A;(m) = A,(mMR) c* S}.
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Proposition 3.1.
Let J is SALS submodule in finitely generated R-module $, then I + G/ (H) + Z,(H) is also SALS of $.
Proof.

Let (S +GJ(9) + Z5(55)) + X = § where X E $. Since $ is finitely generated thus by [10, Lemma 5.4] GJ($) E $
thus § + Z,(H) + X = 9. Suppose that H = i, «; R. If ;= h; + z; + a; where h; € X, z; € Z,($) and a; € . Thus
3+ Zlnzl Zim + N = g) . Since 3 gsals g) thus /193(&) En?zl Am(Zim) n Am(x) = Am(Z?:l ZiiR + N) Els R. thus
Therefore, Agz(R) £ R by lemma (2.6)(1) and [8, Proposition 2.5(1(a))]. Thus I + G/ ($) + Z,($) is also SALS of $.

Proposition 3.2.
Let K, L are two R-modules such that n: K — L is epimorphism. If J is SALS of L, then n72(%) is SALS of K.
Proof.

Let K =n"1(3) + XforXE K.Son(K) = r)(n‘l(S)) + n(X). Since n is epimorphism. Thus L = 3 + n(X). Since J is
SALSs of L, s0 Ag(n(R)) E* R. Ax(R) E Ax(n(X)), from lemma 2.6(3). Thus Agx(X) ' R. Therefore, n*(3J) is SALS
inK.

Proposition 3.3.
LetI C L C §.1f £/ £oats 55/S then £ =545 §
Proof.

e 55/3 be natural epimorphism and L/S = /5 From Proposition 3.2 we get that n—l(ﬁ/s) =L §. Since
n~t (L/S) = L, hence £L £5¢15 &,

Proposition 3.4.
Let $ be an R-modulewithJE LEC E §.If C/L gsals 3E)/L then C/S csals 5/3.
Proof.

Letn: 55/3 — 55/12 be defined asn(v +3J) = v + L, v € H. It's obvious that 7 is epimorphism. Since C/L C Sj/L thus
by proposition 3.2, C/S = n‘l(C/L) csals 5/3.

If K, L are two R-modules such thatn: K — L is epimorphism and J is SALS of K, then n(3J) is not need to be
SALS of L. As we will show that in the following instance.

Example 3.5.

If we have Z, Z as Z-modules and n: Z — Zg be natural epimorphism map; we see that (03) is SALS inZ, but
n((OZ)) = 0Oy, is not SALS in Zg since Zg = 0 + Zg and Az(Zs ) = 6Z which is not LS-submodule in Z.

The sum of any two SALSs need not be SALS as we will show that in the following instance.

Example 3.6.
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In Z as Z-module we have both 2Z and 3Z are SALS in Z since 2Z + 3Z = Z and Az ( 2Z) = Ay(3Z) = 0 £° Z but
Z =7 + 0 and Az(0) = Z is not LS-submodule of Z. Thus, Z is not SALS in Z.

Proposition 3.7.
Let $ and H be two R-modules, if F is SALS in $ and £ is SALS in . Then I@L is SALS in HDH .
Proof.

Suppose thatn: SOH — $is projection map. Since J =5*5 § and L =545 I thus by proposition 3.2 we get
ISOH = n~1(I) =54 HDH also HDOL = n~ (L) =545 HDI. Hence (IOH) N (HBL) = (IBL) C54S HHH.

Proposition 3.8.

Assume $ is an R-module with §; E£L; EHand I, E L, E H.If (L, +£,)/(F1 +T,) E5 $/(F; +J,) then;
1. (Ly +32)/31 B4 $/3;.

2. (31 + L£,)/3, £545 §/3,.

3. L /31D Ly /Ty E545 §/3,.D H/T,

Proof.

1. Suppose thatn,: 9$/3; — H/(I; + J,) defined as n;(m; + 3J,) = my + J; + J, where m; € H and by the same
way we assume 1,:9H/3, — H/(3; + J,) defined asn,(m, +3J,) =m, + I, + I, wherem, € §. It's clear that
1,12 are epimorphism. Since Ly +3)/(S1+T)E (L +L)/(31+3,) and
(Ly+L£,)/(31 +3,) E5% §/(3; + J,). From proposition 3.4 we conclude (£; + F,)/ (31 +3,) E5% §/(3, +
3,). By the same way we get (£, + 35)/S1 = 1271 (L + 3,/ + 3,) ES4H §/5,.

2. Now since (31 +£,)/(S1+32) E (L1 + £,)/(S1 +3) and (L1 + £,)/ (31 +3,) E5455 §/(3; +3,). Then by
proposition 3.4 we have (3; + £,)/(3; + I,) E54 $/(3; +3,). Thus by proposition 3.2 (J; + £,)/3, =
M2 (S + Lo/31 +3,) 54 $/3,.

3. Its comes directly from (1) and (2) and proposition 3.7.

Proposition 3.9.

Take $ = Y'¥_, Rc; be an R-module and w € §, if

1. Rw is SALS of $.

2.Nni € IAg(c; — d;w) EXS Rford; € R.

3. There exists i € I such that dc; € Rdw, forall 0 = d & GJ(R).

Then (1) =(2)=(3) and if G/ (R) = 0 then (3)=(2).

Proof.

(1)=(2) fori€l,c;=c;—d;w+d;wand hence =Y R(c; —d;w) + Rw. By (1) we have Rw 5% § thus
/lgg(z ﬂi(ci - dLW)) =N I:Am((:l' - le) El's R.

(2)=(1) Let RE §, with R+ Rw =$. Then for each i €1l,¢; = h; +d;w and h; € X. Assume k € Ag(X), then
kc; = kd;w + kh; since kh; = 0, thus k(c; — d;w) = 0, for eachi €], then k € Ag(c; — d;w), this imply Ax(R) &
Ag(c; — d;w), hence Ax(R) E Ag(c; — d;w) =ni € IAg(c; — d;w) E R. Therefore, Az (R) S Rby [8, proposition
2.5(1(a))]. Implies Rw =545 §,

(2) = (3) Assume that d € G/J(R) and let dc; € Rdw for all i € [, thus dc; = d;dw = dd;w for all i € I, thus
dc; —d;dw = 0,hence d(c; — d;w) = 0 which means d € Ag(c; — d;w).By (2)d €ni € IAgz(c; — d;w) E** R. Thus
d € GJ(R) which is a contradiction.

(3)=(2) Assume thatd €eni € IAg(c; — d;w) and hence d € Ag(c; — d;w) for all i € I. Thus dc; = d;dw = dd;w for
alli € I,sodc; € Rdw.By (3) d € GJ(R) then N i € IAg(c; — d;w) E GJ(R) = 0thus Ni € [4Ag(c; — d;w) EY R.

Proposition 3.10.
Let = Yic; Rn; be an R-module where R is commutative ring, and X E §. Then the following are equivalent
1. X is SALS of .
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2.Nni € IAg(n; — h;) £ R for each h; € K.

Proof.

(1)=(2) Let h; € 8, for alli € I. Thusn; = n; — h; + h; for each i € I. Thus $ = Y, R(n; — h;) + R, by (1) Xis SALS of
5. Thus Am(Z ‘R(ni - Ti)) =Nie€E [Am(%(nl - T'i)) El's R.

(2)=(1) Assume =L+ X, Then n; =b; +h; for all i€l,n; €9 b; €L h; €R Hence b =n; —h;. So, =
Yiei(n; — hy) + X. Assume that s € Agx(L) thus 0 = sb; = s(n; — h;) for i € I. Thus s € Ag(R(n; — h;)). By (2),
s € Ag(R(n; — hy)) EY R. This imply Ag(L) E Ag(R(n; — h)) EX R, thus by [8, proposition 2.5(1(a))]
Ag(L) =4 R. Therefore, R £54L5 §,

Recall [9], an R-module T is referred to be faithfully flat if 3 - £ — C is an exact sequence of R-modules if and only
ifT®I » TRL —» TRC is an exact sequence.

Lemma 3.11.

Let $ is an R-module and J C §, and K is any faithfully flat R-module then Ay (JI) = Ax(K®3J).

Proof.

Letr € Ag(T), thus .3 =0, r(K®J) = KQrI = KQO = 0, thus r € Agz(K®S), imply Ax(I) € Ax(K®J). Now, let
r € Ag(K®J), thus 7. (K®3J) = KQrI = 0. Thus 0 — KQrI — 0is exact sequence. Since K is faithfully flat thus
0 —»r3 — 0 is exact sequence. Thus rJ = 0, which means r € Agx(T). imply Ax(K®I) S Ak(T). Therefore,
Ax () = Ax(K®J).

Proposition 3.12.

Let $ is an R-module and § E §. If T is a faithfully flat R-module. Then I =544 § ifand only if TQT =54 T®S.
Proof.

=) Let JCS4S § and TRI + TRL =TQRH, for TRLETRH. So TR(I+ L) =TI +TRL =TRSH . Hence,
0 ->TQREII+L) —»TRH — 0is exact sequence. Thus0 — F+ L — H — 0is exact sequence also since T is a
faithfully flat. This imply J + £ = $. Hence Ay (L) E R, since I £544S §. By lemma 3.11, Ax (L) = Ax(TQL). Thus
Ag(T®L) ES R, then TSI C545 TRH.

&) Let TQI C54S TR$H,and let I+ L = H,for LE §. Then TRH = TR(I + £) = (TRI) + (TRL), so Azg(TRL) =
Ag (L) EY R, since TSI £5%S TR$H. Therefore, § =545 §.

4., Conclusions

Throughout this paper we presented the concept of semi-annihilator large small submodules as a generalization
of the concept of semi-annihilator small submodules. We also discussed the behavior of these submodules under the
influence of this concept. Also presented a range of characteristics and we obtained many interesting results.
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