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1. Introduction

In 1976, an American scientist named Benkart was the first to identify the concept of the inner ideal (or /-ideal)
(see [1]). It is defined as a subspace E of L such that [E, [E,L]] € E, E is called a commutative I-ideal if [E,E] = 0. A
strong relationship between ad-nilpotent elements in Lie algebras and /-ideals was proven by her [2].

Benkart and Fernandiz Lopes accomplished Benkart’s results in [3]. Brox et al (2016) generalized their results to the
situation of prime rings that are centrally closed with not 2, 3, or 5 invertible [4].

Inner ideals and one-sided ideals serve analogous functions in both Lie and associative algebras, as evidenced by
references [5], [6]. Consequently, by examining the inner ideals of Lie algebras, Artin’s theory can be extended to
Lie algebras.

[7] An Artinian Lie algebra is a Lie algebra in which every descending chain of I-ideals must ventually stabilize. In
[8] demonstrates that every one-sided ideal of the finite dimensional associative algebra A possesses a Levi
decomposition and can be created by an idempotent, provided certain minimal requirements are satisfied.
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Baranov and Shlaka demonstrated in [9] that identical results apply to inner ideals, establishing that each inner ideal of the
Lie algebra [A4,A] permits Levi decomposition and may be created by an idempotent pair, provided certain basic
requirements are met. In 2022, Shlaka and Kareem study abelian /-ideals within the Lie subalgebras of finite dimensional
associative algebras [10].

Schobel divided the 4-dimensional (4-dim) Lie algebras based on their derived structure in [11]. A derived subalgebra of L
is defined as

L = [L,L] = Span {[#1,£2]|41,¢2 € L}

After Schobel’s findings, H. Shlaka and H. Saeed analyzed the inner ideals of four dimensional Lie algebras possessing
derived subalgebras of dimensions one and two [12].

In 2021, Baranov and Shlaka defined the core of the inner ideal [9]. Shlaka and Hmood identified the core of the inner ideal
of 4-dimensional Lie algebras, characterized by a derived subalgebra of dimension one [13]. They found that the core is
zero for every I-ideal of L.

In this paper, we study the core of I-ideals of the 4-dimensional Lie algebras with 2-dimensional derived.

2. Preliminaries

Throughout this paper, unless otherwise stated, L is a Lie algebra over R with a basis {sy,s,,5s3,54},
C(L) is the center of L, Let E be an inner ideal of L. Then [E,[E,L]]JSE. E; = [E [E L]]andE, =
[Ey, [E1, L]]- It is well know that E; is an inner ideal of L (see [2, Lemma 1.1]). Put E, = E and consider
the following inner ideals of L :

Ep = [En—1,[En-1,L]] € Ep_,forn > 1.

ThenE = E, 2 E; 2 E, 2....AsL is finite dimensional, this series erminates, so there is integer n such that
En = Ens1.

Definition 2.1. [9] Assume that E is an inner ideal of L and L as a finite dimensional Lie algebra. Then there is an
integer n such that E,, = E,,, 4, so E, is called the core of E, denoted by cor;, (E).

Schobel in [11], provides a classification of the real 4-dim Lie algebras depending on the dimension of their derived
subalgebras. He classified them in the case when the dimensions of L’ are 1, 2, and 3. Therefore, to study the core of
inner ideal of 4-dim real Lie algebras with 2-dim derived, one we needs to mention the following theorems in [11].

Case 1: when L' & c(L).

Theorem 2.2. [11] Assume that L is a 4-dim Lie algebra with 2-dim derived L' such that L' € C(L) and let
{51, 52,53, 5,} be a basis of L, depending on the multiplication L may be one of:

Ly ¢ [S1,84] = 51,[S2,84] = s, and 0 otherwise.
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L, : [s1,54] = =51 + pSy, [S2,54] = s; and 0 otherwise.

Ly ¢ [s1,S3] = $1,[52,8.] = s, and 0 otherwise.

Ly i [s1,83] = —S3,[S2,83] = $1, 51, 54] = $1,[S2,54] = s, and 0 otherwise.
Ls : [s1,S4] = s1,[52,53] = s1,[5,,54] = s, and 0 otherwise.

Le : [S1,S4] = €S3,[S2,S4] = 51 and 0 otherwise. & = +

Remark 2.3. According to [12] if L is a 4-dim Lie algebra with 2-dim derived L’ such that L' € C(L), then the only
inner ideals of L are

1- Spans of {s1},{s2}, {s3}, {S1, 2}, {51, 53}, {52, 53}, {51, 52,53}, {51, 52, 4} when L = Ly, L;, 01 L.
2- Spans of {s1}, {s2}, {s3} , {51, 52}, {s1, 53}, {s1, 52, 53}, {51, 52, 4} when L = Ls.
3- Spans of {s1}, {s,}, {51, 2}, {51, 53}, {S2, Su}, {51, 52, 3}, {51, 52, S4} when L = Ls.

4- Spans of {s;}, {s2}, {51, 52}, {51, 52,53}, {51, 52, sS4} when L = L,.

Case 2: when L' € C(L).

Theorem 2.4. [11] Assume thatLis a 4-dim Lie algebra with 2-dim derived L' such thatL' € C(L)and let
{s1,5,,53,5,} be abasis of L, depending on the multiplication L may be one of:

L ¢ [S3,54] = s1,[53,54] = s, and 0 otherwise

Ly ¢ [s5,84] = 55, [83,5,] = s; and 0 otherwise

Remark 2.5. According to [12] if L is a 4-dim Lie algebra with 2-dim derived L' such that L' € C(L), then the only
inner ideals of L are

1-Spans of {81}, {s2}, {53}, {51, 52}, {51, 53} , {52, 53}, {S1, 4} {51, 52, 53}, {51, 2, 4}, {51, 53, Sa} when L = L.

2-Spans of {s1},{s,},{s3}, {51, 52}, {51, 3}, {52, 53}, {S2, S4} {S1, 2, S3} , {51, 52, 54}, {52, S3, 54} when L = L.

3. The Core of I-l1deals of 4-Dim Real Lie Algebra With 2-Dim Derived.

In this section, we demonstrate several conclusions pertaining to the core of I-ideals of the 4-dimensional Lie algebra L,
which has a 2-dimensional derived algebra L ” . Schobel asserts that such a Lie algebra occurs in certain instances (see to
theorem 2.2); hence, we shall compute the core of I-ideals corresponding to each Lie algebra accordingly.

Proposition 3.1. Assume that L is a Lie algebra and E is inner ideal of L. If 3n € Z such that E,, = 0, then cor;, (E) = 0.

Proof. Prove by induction, let E,, = 0 for some n.

i) Prove that whenn = 1, let E; = 0,

E, = [E1, [E1, L]] = [0,]0,L]] = 0, since E; = E, then by definition 2.1 cor;, (E) = E; = 0.
ii) When n = k, such that E;, = 0 suppose that cor;, (E) = 0.

iii) Prove thatwhenn =k + 1,letE; ., =0

Exiz = [Ex+1, [Ex+1, L]] = [0,[0,L]] = 0
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since Ey 4, = Ex4, then by definition 2.1 cory, (E) = Ex41 = 0.

Lemma3.2. LetL = L,,

1- If E isa 1-dim [-ideal then cor, (E) = 0.
2- If E is a 2-dim I-ideal then cory, (E) = 0.
3- If E is a 3-dim [-ideal then cor;, (E) = 0.

Proof. By theorem 2.2 if L = L, and {s;, s,, s3, s,} is a basis of L, then the multiplication of L is as follows

(3.1) [s1,54] = s41,[52,54] = s, and 0 otherwise.

let £ € Lthen ¥ = A;s; + 4,5, + 1355 + A5, forsome 4; € R

1- By remark 2.3 the only 1-dim inner ideals of L, are Spans of {s,},{s,} .{s3}.

Let E = Span {s,;} we need to show cor, (E) = 0. Letx € E; and a,b € E, then a = as; ,b = Bs, for some a, B € R,
then

x = [a,[b,4]] = [a,[Bs1, 4151 + 4252 + A353 + A454]] = [@, BA4 [51,54]]
= [asy, BAss1] = aBAy [s1,51] = 0,
since E; = 0, by proposition 3.1 cor;, (E) = 0.
In the same way cor;, (Span {s,}) = 0 and cor; (Span {s;}) = 0.
2- By remark 2.3 the only 2-dim inner ideals of L, are Spans of, {sy, s,}, {51, 53}, {52, S3}.
Let E = Span {s;,s3}. we need to show cor; (E) = 0. Letx € E; anda,b € E, thena = a;s5; + a;s5, b = f;5; +
B,s5 for some «;, B; € R, then
x =[a,[b,€]] = [a,[B151 + 253, 4151 + A28, + A353 + A45,]]
= [a, B1hs [51,84]] = [a151 + @353, B14451] = 0,
since E; = 0, by proposition 3.1 cor;, (E) = 0.
In the same way cor;, (Span {sy,s,}) = 0 and cor;, (Span {s;,, s3}) = 0.
3- By remark 2.3 the only 3- dim inner ideals of L, are Spans of {s;, s,, 53}, {s1, S2, S4}.
Let E = Span{s,, s,,S,} we need to show cor; (E) = 0, if x € E; then exist a,b € E such that a = a;s; + a,5, +
A3S4, b = B1S1 + Bys, + B3s, for some a;, B; € R, then
x = [a,[b,?]] = [a,[B151 + B2S2 + B3Ss, 4151 + 1355 + 2353 + A484]]
[a, (BiAs — B3A1) [S1,84] + (B2 — B3A3) [52,54]]
[a151 + a8, + @3Sy, (B1ds — B3de) S+ (B2As — B3A2)s,]
—a3(B1ds — B3A1)[s1,54] — az(BoAs — B34;)[52, 54]
= —a3(P1As — Bsh1) 51 — a3(Brds — B3dz)s, € Span {sy,s,}
Let y € E, then exist x;, x, € E; such that x; = a;5; + a,5,, x, = 151 + B25, then
Y = [x1, [x2, €]] = [x1, [B1S1 + B2S2, 4151 + A28, + A353 + A454]]
= [x1, B1l4 [S1, Sa] + B2s [S2,84]]
= [a;81 + azS;, B1As 51+ BoAss;] =0,

since E, = 0, by proposition 3.1 cor; (E) = 0. In the same way cor,(Span {s4, s,,s3}) = 0.

Lemma33.IfL=1L,,

1- If E isa 1-dim I-ideal then cor, (E) = 0.
2- If E is a 2-dim [-ideal then cor;, (E) = 0.
3- If E is a 3-dim [-ideal then cor;, (E) = 0.

Proof. By theorem 2.2 if L = L, and {sy, s;, 53, 54} is a basis of L, then the multiplication of L is as follows
(3.2) [51,54] = —S1 + Sy, [S2, S4] = s; and 0 otherwise.
let £ € Lthen? = A;s; + 4,5, + 1355 + 1,5, forsome 4; € R
1- By remark 2.3 the only 1-dim inner ideals of L, are Spans of {s;},{s,} .{s5}.
Let E = Span {s,;} we need to show cor; (E) = 0. Letx € E; and a,b € E, then a = as; ,b = Bs, for some a, € R,
then

x = [a,[b,4]] = [a,[Bs1, 4151 + A28, + A353 + A454]] = [a, BAy [51,54]]

= [asy, BAs(—51 +psz)] =0,

In the same way cor;, (Span {s,}) = 0 and cor;, (Span {s3;}) = 0.
2- By remark 2.3 the only 2-dim inner ideals of L, are Spans of, {s,, s,}, {s1, 53}, {52, S3}-
Let E = Span {s,,s3}. we need to show cor, (E) = 0. Letx € E;anda,b €E, thena = a;5, + a;53, b = B15, +
B,s5 for some q;, B; € R, then
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x =[a,[b,¥]] = [a, [B1S2 + P23, A151 + A28, + A3s3 + 1454]]
= [a, P12y [S2,84]] = [A1S2 + @383, P1Ass1] = 0,
since E; = 0, by proposition 3.1 cor;, (E) = 0.
In the same way cory, (Span {s;,s,}) = 0 and cor;, (Span {s;,s3}) = 0. _
3- By remark 2.3 the only 3- dim inner ideals of L, are Spans of {s;, s5, s3}, {s1, S5, S4}.
Let E = Span{s,, s;,s,} we need to show cor, (E) = 0, if x € E; then exist a,b € E such that a = a;s; + a,5, +
A3S,, b = By, + B,5, + PB3s, for some a;, B; € R, then
x = [a,[b,?]] = [a, [B1S1 + B2S2 + P3S4, 4151 + 4355 + A3S3 + A484]]
= [a, (BiAs — B3Ay) [S1,54] + (B2Aa — B3A2) [S2,54]]
= [ays; + a5, + azsy, (Bids — B3A1) (=51 + 052) + (B2As — B342)s1]
= [a181 + @35, + azsy, (—B1As + B3y + BoAs — B3A2)sy + (Bids — B3A1)Ds2]
= —az(—PiAs + B3y + PoAs — P3A2) (—s1 + ps2) — az(BA4 — B3d)ps: € Span {sy,s;}
Let y € E, then exist x;, x, € E; such that x; = a;s; + @,5,, x, = 5151 + [,5;, then
y =[xy, [x2, €]] = [x1, [B1S1 + B2S2, 4151 + 4285 + A3S3 + 484l
=[x, B1A4 [S1,Sa] + B2As [S2,84]]
= [ay5;1 + azS;, BrAs (—S1 + pS2) + B2Ass1] =0,
since E, = 0, by proposition 3.1 cor;, (E) = 0. . In the same way cory (Span {s;,52,53}) = 0.

Lemma3.4.If L = Ls,

1- If E is a 1-dim [-ideal then cor;, (E) = 0.
2- If E is a 2-dim [-ideal then cory, (E) = 0.
3- If E is a 3-dim I-ideal then cor, (E) = 0.

Proof. By theorem 2.2 if L = L5 and {sy, s,, S5, 54} is a basis of L, then the multiplication of L is as follows

(3.3) [s1, 53] = s1,[52,54] = s, and 0 otherwise

let /€ Lthen® = A;s; + 2,5, + 4355 + A,s, forsome A; € R

1- By remark 2.3 the only 1-dim inner ideals of L5 are Spans of {s,},{s,} .

Let E = Span {s;} we need to show cor;, (E) = 0. Letx € E; and a,b € E, then a = as; ,b = s, for some a, B € R,
then

x = [a,[b,€]] = [a,[Bs1, 4151 + 4252 + A353 + A454]]
= [a, BA3 [s1,83]] = [asy, BA3s1] = 0,
since E; = 0, by proposition 3.1 cor;, (E) = 0.
In the same way cor;, (Span {s,}) = 0.
2- By remark 2.3 the only 2-dim inner ideals of L5 are Spans of, {s;, 55}, {51, S3}, {52, S4}-
Let E = Span {s,, s,}. we need to show cor;, (E) = 0.Letx € E;anda,b € E, thena = a;5, + @54, b = B1S, + 25,
for some «, € R, then
x =[a,[b¥]] = [a, [B1S2 + 254, A151 + A8, + A3s3 + 1454]]
= [a, (B1As — P2A2)[S2, Sal] = [@152 + @254, (B1As — B2A2)se]
= —ay (P14 — B22)s; € Span{s,},
Let y € E, then exist x;, x, € E; such that x; = a;s,, x, = 1S, then
Y =[x, [x2,2]] = [x1, [B1S2, A1S1 + X385 + 383 + A454]]
= [x1, 124 [S2,Sa] = [@152, B1A4s2] = 0,
since E, = 0, by proposition 3.1 cor; (E) = 0.
In the same way cor;, (Span {sy,s,}) = 0 and cor;, (Span {s4,s3}) = 0.
3- By remark 2.3 the only 3- dim inner ideals of L5 are Spans of {s;, s,, 53}, {51, 53, 54}
Let E = Span{s,, s,, s3} we need to show cor, (E) = 0, if x € E; then exist a,b € E such that a = a;s; + a,5, +
a3S3, b = P15, + 1S, + B3s; for some a;, B; € R, then
x =[a,[b,€]] = [a [BiS1 + B2S2 + B3S3, 4151 + A28y + A353 + A48,
= [a, (B1ds — B3A1)[s1,S3] + B2Au[S2, S4l]
= [a181 + a3, + azs3, (B1ds — P3d1)sy + BoAss,]
= —a3(f1A3 — P3A)s; € Span {s,}
,Let y € E, then exist x;, x, € E; such that x; = a;s;, x, = B;s;,then
Y =[xy, [x2,€]] = [x1, [B1S1, 4181 + 4282 + 4383 + A484]]
= [x1, B1As[s1, S3]] = [@151, f1dss1] = 0
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since E, = 0, by proposition 3.1 cor;, (E) = 0. . In the same way cor; (Span {s;, s,,54}) = 0.

Lemma 3.5. Let L = L,,

1- If E isa 1-dim [-ideal then cor, (E) = 0.
2- If E is a 2-dim I-ideal then cory, (E) = 0.
3- If E is a 3-dim [-ideal then cor;, (E) = 0.

Proof. By theorem 2.2 if L = L, and {s,, s,, S5, 5, } is a basis of L, then the multiplication of L is as follows
(3.4) [s4, 53] = —53,[55, 53] = 51,51, S4] = 51,52, 54] = s, and 0 otherwise.
let /€ Lthen € = A;5; + A,5, + Ags5 + Ayus, forsome 4; € R
1- By remark 2.3 the only 1-dim inner ideals of L, are Spans of {s;},{s,}.
Let E = Span {s,;} we need to show cor;, (E) = 0. Letx € E; and a,b € E, then a = as, ,b = Bs, for some a, B € R,
then
[a,[b,2]]] = [a,[Bs1, 151 + A28, + A3S3 + A45,4]]
[a, BA3 [s1,53] + BA4 [51,54]] = [as1, —BAss; + BAss1] =0,
since E; = 0, by proposition 3.1 cor;, (E) = 0.
In the same way cor;, (Span {s,}) = 0.
2- By remark 2.3 the only 2-dim inner ideals of L, are Spans of,{s;,s,}. Let E = Span {s;,s,}. we need to show
cor, (E) = 0.Letx € E;anda,b € E,thena = a;5; + ay5,, b = Bys; + B,s, for some a;, B; € R, then
x = [a,[b,€]] = [a, [Bi51 + B2S2, 4151 + 228, + 1353 + AuSa]]
= [a, B1A3[s1, 3] + B1Aa[S1, Sa] + BaAs[S2, 53] + BaAulsz, Sal]
= [a151 + a285, (=P Az + B2As)sz + (Bidy + P2A3)s1] = 0,
since E; = 0, by proposition 3.1 cor;, (E) = 0.
3- By remark 2.3 the only 3- dim inner ideals of L, are Spans of {s;, s,, s3}, {s1, $2, S4}.
Let E = Span{s,, s,,S3} We need to show cor, (E) = 0, if x € E; then exist a,b € E such that a = a;s5; + a5, +
a3S3, b = B1S; + P.5; + 355 for some a;, B; € R, then
x = [a,[b,€]] = [a, [B151 + B2S2 + B3S3, 151 + 4252 + A3S3 + 4454]]
= [a, (B1Az — BsA1)[s1,S3] + BiAs [S1, 4] + (B2Az — Badz) [S2, 53] + BaAalsz, s4l]
= [ay51 + @38, + asss, —(B1ds — Pady + PaAs)sz + (Bidy + B2ds — P3A2)s4]
= —a3(—(B1As — Bady + B2As)s1 — (B1ds + BoAs — B3A3)s,]) € Span {sy, s}
Let y € E, then exist x;, x, € E; such that x; = a;5; + a,5,, x, = 151 + B25, then
Y =[x, [x2, €] = [x1, [B1S1 + B2S2, A1S1 + 2252 + 4353 + A454]]
= [x1, B143[s1, S3] + B2As[S2, S3] + B1Aals1, Sa] + B2Aa[S2, 54]]
= [a151 + A28, (—P1As + B2As)sz + (B2As + P1A4)s1] = 0,
since E, = 0, by proposition 3.1 cor;, (E) = 0. . In the same way cor;, (Span {s;,5,,5,}) = 0.

X

Lemma 3.6. Let L = Lg,

1- If E isa 1-dim I-ideal then cor, (E) = 0.
2- If E is a 2-dim [-ideal then cor;, (E) = 0.
3- If E is a 3-dim [-ideal then cor;, (E) = 0.

Proof. By theorem 2.2 if L = Lg and {sy, s;, 53, 54} is a basis of L, then the multiplication of L is as follows
(3.5) [s1,54] = s, [52, 53] = s1,[S2,54] = 5, and 0 otherwise.
let € Lthen ¢ = Ays; + A8, + A355 + Ays, forsome 4; € R
1- By remark 2.3 the only 1-dim inner ideals of Lg are Spans of {s;},{s,} .{s5}.
Let E = Span {s;} we need to show cor, (E) = 0. Letx € E; and a,b € E, then a = as, ,b = Bs, for some a, B € R,
then
x = [a,[b,4]] = [a,[Bs1,A151 + 4252 + A353 + A454]]

= [a, B4 [s1,84]] = [asy, BAss1] = 0,
since E; = 0, by proposition 3.1 cor;, (E) = 0.
In the same way cor;, (Span {s,}) = 0 and cor;, (Span {s3;}) = 0.
2- By remark 2.3 the only 2-dim inner ideals of Lg are Spans of, {s;,s,},{s1, S3}.
Let E = Span {s;,s3}. we need to show cor, (E) = 0. Letx € E;anda,b €E, thena = a;5; + a353, b = Bys; +
B,s5 for some q;, B; € R, then

x = [a,[b,£]] = [a, [BiS; + B2Ss, 4151 + 255, + 4383 + A484]]
= [a, B1A4[S1, Sa] — B2A2 [S2,53]]
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= [a;s; + azss, (Bids — B242)5:] = 0,
since E; = 0, by proposition 3.1 cor;, (E) = 0.
In the same way cor;, (Span {s;,s,}) = 0.
3- By remark 2.3 the only 3- dim inner ideals of L are Spans of {s;, s5, s3}, {s1, S2, S4}.
Let E = Span{sy, s,, s,} We need to show cor, (E) = 0, if x € E; then exist a,b € E such that a = a;s; + a,s, +
384, b = By + B,5, + B3s, for some a;, B; € R, then
x = [a, [b, 1,”]] = [a, [BiS1 + BySy + B3Say 181 + Ay, + 2383 + /1454]]
= [a, (ByAs — B3A1)[S1, Sa] + B2As[S2, 53] + (B2As — Baz)[S2,54]]
= [a181 + az5; + azsy, (Bids — B3Ay + BaAs)sy + (B2As — B3A2)s;]
= —a3 (B1ds — B3t + B2A3)s1 — az(Brds — B3)s; € Span {sy, s}
Let y € E, then exist x;, x, € E; such that x; = a;s; + @,5,, x, = 5151 + [,5;, then
Y = [x1, [x2, €] = [x%1, [B1S1 + B2S2, 4151 + A2S5 + A3S3 + A484]]
=[xy, P14 [S1, Sa] + B2A3[S2, S3] + BaAs [S2,54]]
= [ags; + azs;, (Bids + B2A3)51 + PaAss,] =0,
since E, = 0, by proposition 3.1 cor;, (E) = 0. . In the same way cory (Span {s;, 55,53}) = 0.

Lemma 3.7. Let L = Ly,

1- If E is a 1-dim [-ideal then cor;, (E) = 0.
2- If E is a 2-dim [-ideal then cor;, (E) = 0.
3- If E is a 3-dim I-ideal then cor, (E) = 0.

Proof. By theorem 2.4 if L = Lg and {sy, s,, S5, 54} is a basis of L, then the multiplication of L is as follows
(3.6) [s2,54] = 51, [53,54] = s, and 0 otherwise.
let /€ Lthen® = A;s; + 2,5, + 4355 + A,s, forsome A; € R
1- By remark 2.5 the only 1-dim inner ideals of L are Spans of {s;},{s,} .{s3}.
Let E = Span {s;} we need to show cor;, (E) = 0. Letx € E; and a,b € E, then a = as; ,b = s, for some a, B € R,
then
x = [a,[b,f]] = [a [BS1, 4151 + A5, + 2355 + A45,]] =0
since E; = 0, by proposition 3.1 cor;, (E) = 0.
In the same way cor;, (Span {s,}) = 0 and cor; (Span {s;}) = 0.
2- By remark 2.5 the only 2-dim inner ideals of L4 are Spans of, {s;, 55}, {51, s3}, {52, 53}, {81, 54} -
Let E = Span {s,,s,}. we need to show cor; (E) = 0. Letx € E;anda,b € E, thena = a;s; + a;84, b = By51 +
B,s, for some a;, B; € R, then
x =[a,[b¥]] = [a, [B151 + B254, 4151 + A28, + A353 + 1454]]
= [a, —B22[S2, Sa] — B2As[S3, S4ll= @181 + @354, — 2251 — B2A3S,]
= a3 P223[52, 541 = a2 f2435, € Span {s},
Let y € E, then exist x;, x, € E; such that x; = a;,s,, x, = f;5; then
Y = [xq, [x2, €]] = [x1, [B1S1, 4181 + 4285 + 4383 + A484]]
= [xl' 0] = O,
since E; = 0, by proposition 3.1 cor;, (E) = 0.
In the same way cor, (Span {s;,s,}) = 0, cory, (Span {sy,s3}) = 0 and cor;, (Span {s,,s3}) = 0.
3- By remark 2.5 the only 3- dim inner ideals of L, are Spans of {s;, s,, 53}, {51, 53, S4 {1, S3, 54},
Let E = Span{s,, s3,5,} we need to show cor, (E) = 0, if x € E; then exist a,b € E such that a = a;s; + a,55 +
a3S4, b = B1S; + o553 + P35, for some a;, B; € R, then
x =[a,[b,€]] = [a [BiS1 + B2S3 + BsSa, A1y + A8y + A383 + 1454

= [a, (B2A4 — B3A3)[S3, 4] — B3A; [S2,54]]

= [a181 + @353 + a3y, —f3dy51 + (B2As — P3l3)s,]

= —a3(frA4 — P3A3)s, € Span {s}
Let y € E, then exist x;, x, € E; such that x; = a;5;, x, = ;5; then

Y = [x1, [x2,€]] = [x1, [BiS1, A1S1 + 252 + 4383 + A45,]]

= [xl'o] = O;

since E, = 0, by proposition 3.1 cor;, (E) = 0. In the same way cor; (Span {s;, S5, S3}) = 0 and cor;, (Span {sy, Sz, S4}) =
0.

Lemma 3.8. Let L = L,
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1- If E isa 1-dim [-ideal then cor, (E) = 0.
2- If E is a 2-dim I-ideal then cory, (E) = 0.
3- If E is a 3-dim [-ideal then cor;, (E) = 0.

Proof. By theorem 2.4 if L = L, and {s,, s,, S35, 5, } is a basis of L, then the multiplication of L is as follows
(3.7) [s4,54] = S5, [53,54] = s; and 0 otherwise
let /€ Lthen € = A;5; + A,5, + Ags5 + Ays, forsome A; € R
1- By remark 2.5 the only 1-dim inner ideals of L, are Spans of {s;},{s,} .{s5}.
Let E = Span {s,;} we need to show cor;, (E) = 0. Letx € E; and a,b € E, then a = as, ,b = Bs, for some a, B € R,
then
x =[a,[b?]] = [a [Bs1, A1s1 + Aa5; + 1383 + A454]] = 0
since E; = 0, by proposition 3.1 cor;, (E) =
In the same way cor;, (Span {s,}) = 0 and cor; (Span {s3;}) = 0.
2- By remark 2.5 the only 2-dim inner ideals of L, are Spans of, {s;, s,}, {s1, 53}, {52, 53}, {82, S4}.
Let E = Span {s,,s,}. we need to show cor; (E) = 0. Letx € E;and a,b € E, thena = a5, + a,5,, b = (15, +
B,s, for some «a;, B; € R, then
x =[a,[b,¥]] = [a, [B1Sy + 254, A1S1 + A28, + Azss + /1454]]

[a, (BiAs = B2A2)[52, Sa] — B2ls [s3,54]]
[a1s; + azSs, (Bids — B2Az)s; — PaAssy]

= —ay (P14 — B2A2)s; € Span {s,},
Let y € E, then exist x;, x, € E; such that x; = a;5s,, x, = §;5, then

y = [x0, [x2,21] = [%1, [Bis2s a1 + A28, + 2383 + A454]]

= [x1, P14 [S2,S4]] = @152, B1A4S2] = 0,
since E, = 0, by proposition 3.1 cor;, (E) = 0.
In the same way cor;, (Span {s;,5s,}) = 0, cor, (Span {s1,s3}) = 0 and cor, (Span{s,, s3}) = 0.
3- By remark 2.5 the only 3- dim inner ideals of L, are Spans of {s;, s,, S5}, {51, 52, Sa}, {52, 53, S4.}-
Let E = Span{s,, s3,s,} We need to show cor, (E) = 0, if x € E; then exist a,b € E such that a = a;s, + a,s; +
384, b = B1S, + B,53 + P35, for some a;, B; € R, then

x =[a,[b,€]] = [a [B1Ss + Bass + P3Ss A1S1 + 385 + A3S3 + A45,]]
[a, (B2A4 — B3A3)[S3,54] + (B1ds — B3A2)[S2, S4l]
[a151 + a285 + a3y, (B2As — B3d3)sy + (Bids — B3l3)s,]
—az(B1d4 — B3lz)s; € Span {s,}
Let y € E, then exist x;, x, € E; such that x; = a;5s,, x, = §;5, then
Y = [xg, [x2, €]] = [x1, [B1S2, A1S1 4 4252 + A353 + A454]]

= [x1, B1a4 [S2,S4]] = @152, B1A4s,] = 0
since E, =0, by proposition 3.1 cor,(E)=0 . . In the same way cor,(Span{sy, s, 53}) =0 and
cor (Span {sy,s,,5,}) = 0.

Theorem 3.9. Assume that L is a 4-dim Lie algebra with 2-dim derived L'. Then cor;, (E) = 0 for every inner ideal E of L.

Proof. Recall that if L be a 4-dim Lie algebra with 2-dim derived L'.Then, either
L'ccL)orl ¢C(L).
i) If L'¢C(L), then by theorem 2.2, L=L;(1<i<5), or L=L,(e =+). When L=1L; we prove that
cor;, (E) = 0 whether dimensional of E is 1,2 or 3, by Lemma 3.2, Lemma 3.3, Lemma 3.4, Lemma 3.5,
Lemma 3.6, respectively.
If L =L, and {sq, s,, s3, s, } is a basis of L, then by theorem 2.2 the multiplication of L is as follows
(3.8) [51,54] = €53, [S2,54] = 51 and 0 otherwise.e = +.
And by remark 2.3 the only inner ideals of L =1L, are spans of {s;},{s,},{s3}, {51,582} {51,535} {52,535} ,
{s1, 52,83}, {51, 52,54}
1- Let E = Span {s;} we need to show cor, (E) = 0. Letx € E; and a,b € E, then a = as; ,b = Bs, for some a,B €
R, then
x = [a,[b,?]] = [a, [Bs1, 181 + A58, + 2383 + 2454]]
= [a, BAy [51,84]] = [as1, BAsesSz] = aBAse[sy,s2] = 0,
since E; = 0, by proposition 3.1 cor;, (E) = 0.

In the same way cor;, (Span {s,}) = 0 and cor;, (Span {s3;}) = 0.
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2- Let E = Span {s,, s3}. we need to show cor; (E) = 0. Letx € E;anda,b € E,thena = a;5, + a,S3,b = Bys, +
B2s3 for some a;, B; € R, then
x =[a,[b,¥]] = [a, [B1S2 + B253,A151 + A28, + Azs3 + 1454]]
= [a, B1Auls2, 54]] = @152 + @283, B1A4s1] = 0,
since E; = 0, by proposition 3.1 cor;, (E) = 0.
In the same way cor;, (Span {sq,s,}) = 0 and cor;, (Span {s,,s3}) = 0.
3- Let E = Span{s, s,, 5.} we need to show cor;, (E) = 0, ifx € E; then exista,b € E such that a = a;s; + a,s, +
A3S,, b = By, + B,5, + PB3s, for some a;, B; € R, then
x = [a, [b, 1‘,’]] = [a, [BiS1 + B2Sy + B3Sa, A1S1 + Ay, + A3s3 + /1454]]
= [a, (B1As — B3A1)[51, 54l + (B2As — B3A2)[S2, S4l]
= [a;51 + azs; + a3sy, (Bids — B3A)es; + (B2As — B3dz)sq]
= —a3((B1ds — P3A1)es; + (BrA4 — B3A)esy) € Span {sy,s,}
Let y € E, then exist x;, x, € E; such that x; = a;5; + @,5,, x, = 151 + S5, then
y = [x1, [x2, €]] = [x1, [B1S1 + B2S2, 4151 + A28, + A353 + A454]]
= [x1, B1l4 [S1, Sa] + B2s [S2,84]]
= [ay81 + @285, B1A4€S; + PoAss1] =0,
since E, = 0, by proposition 3.1 cor; (E) = 0. In the same way cor; (Span {s;, s,,53}) = 0.

ii) If L < C(L), then by theorem 2.4, L = Lg or L = L,. And corL (E) = 0 whether
dimensional of E is 1,2 or 3, by Lemma3.7, Lemma3.8 respectively.
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