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1.Introduction

The theory of a fuzzy sets was introduced by L. A.
Zadeh [1] in 1965.Aftar the pioneer work of
Zadeh ,many researchers have extended this concept in
various branches ,many other mathematicians have
studied fuzzy normed space from sereval points of view
[2].[7]. Fuzzy Hilbert spaces is an extension to the
Hilbert space. The definition of a fuzzy Hilbert space
has been introduced by M. Goudarzi and S. M. Vaezpour
[9]in 2009 .
2.Preliminaries
Definition (2.1): [3] Let = be a binary operation on the

set I,i.e. *:IxI -1 isafunction. Then % issaid to be
t-norm (triangular-norm) on the set [ if the following
axioms are satisfied :

(1) ax1 = q, forall a €I
(2) = iscommutative (i.e. a*b = b*a, forall
a,bel).

(3) = is monotone (i.e. if b,c € Isuchthath <c,
then ax b<a=xc ,forall a€l).

(4) *isassociative (i.e. a *(b*c) = (axb)=c,for
all a,b,c €1l).

If, in addition, = is continuous then = is called a

continuous t-norm.

Definition (2.2) : [2] Let X be a vector space over F, *
be a continuous t-norm on 1, a function
N:X % (0,00) — [0,1] is called fuzzy norm if it
satisfies the following conditions : forall x,y € X and
t,s >0,
(N.1) N(x,t) >0,
(N.2) N(x,t) =1ifandonly if x =0,
(N.3) N(ax,t) = N(x,ﬁ), forall a # 0,
(N.4) N(x,t) * N(y,s) < N(x +y,t+5s),
(N.5) N(x,.):(0,0) - [0,1] is continuous,
(N.6) lim;, N(x,t) = 1.
(X, N,*) is called fuzzy normed space
Remark (2.3) : [8]
(1) For any a;, a, € (0,1) with a; > a,, there exists
as € (0,1) suchthat a; * a; = a,.
(2) For any a, € (0,1), there exists a5 € (0,1) such
that
As * As = Ay.
Example (2.4) : [11] Let (X,]|.]]) be a normed space.

a*b=a.b forall a,b e X andforall xe X,t >0

t
N(x,t) = {t+||x|| X #0
1 ,x=0

Then (X, N,x) is fuzzy normed space.
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Definition (2.5) : [4] Let X be a real linear space, * be a
continuous
H:X x X xR - [0,1] is called a fuzzy pre-Hilbert

function if it satisfies the following axioms for every

t-normon [ =[0,1]. Afunction

x,v,z € X and s,t,reR:
] (1 ,t>0
Note : h(t)—{0 t<0
(1) H(x,x,0) =0 and H(x,x,t) >0 foreach
t>0

(2) H(x,x,t) # h(t) forsome t e R ifandonly if
x#0
) H(x,y,t) =H(y,x,t)
(4) For any real number «
H(x,y.7)
H(ax,y,t) = { h(t)
1 —H(x,y,_—ta) ,a <0

,a>0

,a=20

(5) Hx,x, ) *HW,y,s) <H(Xx+y,x+y,t+5s)
(6) supssr=c(H(x,2,5) * H(y,z,1)) = H(x + y,2,t)
(7) H(x,y,.):R > [0,1] is continuous on R\ {0}.
(8) lim;, 0o H(x,y,t) = 1.

(X, H,*) is a fuzzy pre-Hilbert space.

Example (2.6) : [4] Let (X,{,)) be an ordinary
pre-Hilbert space. We define a function H: X XX XR —

[0,1] as follows :

N[ =

% ,a=>0,t>0
t2 + [{ax, y)|2
H(ax,y,t) =1 t%
1-————— ,a<0,t>0
tz + [{ax, y)|2
L 0 , t<o0

Define a*b =min{a,b} forall a,b € X. Thisisa
fuzzy pre-Hilbert and called the standard fuzzy pre-Hilbert
induced by the pre-Hilbert (.,.).
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Definition (2.7) : [4] Let (X, H,*) be a fuzzy pre-Hilbert
space. x,y € X issaid to be fuzzy orthogonal if
H(x,y,t) = h(t)(Vt € R) and itis denoted by x L y.
Definition (2.8) : [9] Let (X, H,*) be a fuzzy pre-Hilbert
space. Asubset B of X is called fuzzy orthogonal if
x Ly, foreach x,y € B.
Lemma (2.9) : [4] If (X, H,*) be a fuzzy pre-Hilbert
space , then (X, H,*) is non decreasing with respect to t,
for each x,y € X.
Definition (2.10) : [9]If B is a subset of the fuzzy
pre-Hilbert space (X,H,x),then B+ ={x€X:x L
y,Vy €B}.
Definition (2.11) : [7] At-norm = : [0,1] x [0,1] - [0,1]
is called strong if it has the two following properties :
(1) Forall a,b € (0,1), axb >0,
(2) Forall a,b,c,d € [0,1] and a > b,c > d we have
axb>cx*d.
Theorem (2.12) : [4] Suppose that (X, H,*) be a fuzzy
pre-Hilbert space, where = isastrong t-norm and for
each x,y € X,

sup{t € R,H(x,y,t) < 1} < oo.
Define (.,.): XxX >R by
(x,y) =sup{t € R,H(x,y,t) <1}. Then (X,(.,.)) is
a pre-Hilbert space
Corollary (2.13) : [4]

pre-Hilbert space, where * is a strong t-norm and for each

Let (X,H,*) be afuzzy

x,y EX,sup{teR,H(x,y,t) <1} < co. If we define

lIlxll = (sup{ ¢ € R, H(x,x,t) < 1))z , then (X, |I. ) isa
normed space.

Definition (2.14) : [4] Let (X, H,x) be afuzzy
pre-Hilbert space, where = isastrong t-norm and for

each x,y € X,sup{t e R, H(x,y,t) < 1} <

1
and ||x|| = (sup{t € R,H(x,x,t) <1})2 . We say that
(X, H,*) is afuzzy Hilbert space if (X,]|[.]]) is complete

normed space .
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Theorem (2.15) : [6] Let (X, H,*) be a fuzzy
pre-Hilbert space .And A c X;

(1)The relation of Orthogonality symmetric (i.e. if
xLly then ylx)

QIf xLy then ax Ly VteR

(3)Let A c B then Bt c A+

(4)Ac At

(B)AcBt— BcAt

B)f x Lx e x=0 VteR

(M) X+t ={0} forall teR

8)AnAt ={0} forall teR

(9)For every vector x € X ,wehave 0 Lx V x€X
3. Eigenvalue and Eigenvector In Fuzzy Normed Spaces.
Definition (3.1) : [B] Afunction T : X — Y iscalled an
operator from X into Y if X and Y are linear spaces over
the same field F.

Definition (3.2) : [5] Alinear operator T is an operator such
that T(ax + By) = aT(x) + BT (y)

forall x,y e X andforall a,8 €F.

Definition (3.3) :Let (X, N,*) be afuzzy normed

spacesover F and T € L(X) then
(1) Ascalar A € F iscalled an eigenvalue of T, if there

exists non zero x € X suchthat T(x) = Ax

(2) Let x be an eigevector of T corresponding to
eigenvalue 1 = T(x) = Ax

Example (3.4) :Let X=R? and

T:(X,Nx)—> (X,N,x) Define

By T(x,y) = (—y,x) forall (x,y) € R? and

N:R? x (0,0) — [0,1]

Define fuzzy norm in example(2.4) and T is linear
operator has no eigenvalue

Example (3.5) :Let X=R2 and T : (X,N,x) - (X, N,x)
Define

By T(x,y) = (x + 2y,3x + 2y) forall (x,y) € R? and
N:R? x (0,) - [0,1] Define fuzzy norm in
example(2.4) and T is linear operator have eigenvalues
A=-1,1=4

Theorem (3.6) :Let (X,N,*) beafuzzy normed
spaces over F and T € L(X) if x one eigenvector of T
corresponding to the eigenvalue A and « is any non
zero scalar then ax is also an eigenvector of T
corresponding to the same eigenvalue 24
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proof: since x is an eigenvector of T corresponding to

the eigenvalue

Athen x #0  and T(x) = Ax
a#+x0= ax #0

T(ax)=aT(x) = a(ix) = (al)x = (Aa)x = A(ax)

There fore ax is an eigenvector of T corresponding to

the eigenvalue 4

Remark(3.7):Corresponding to an eigenvalue A there

may correspond more Than one eigenvectors

Theorem (3.8) : Let (X,N,*) beafuzzy normed

spacesover F and T € L(X) if x an eigenvector of

T,then x cannot correspond to more than one eigenvalues

of T

proof: Let be an eigenvector of T corresponding to two

distinct eigenvalues

Arand A,0f T T(x) =A;x andalsoT(x) =

A, x .therefore we have

Mx=2Ax = Lix—2Ax=0 =(A—1,)x =0

since x #0 = AM—1,=0 = 41=1,

and « is any non-zero scalar ,then a x isalso an

eigenvector of T corresponding to the same

eigenvector A

Definition (3.9) : [10] Let (X, N,,*) and (Y, N,,*) be a

since x #0 and

fuzzy normed spaces .A linear operator
T : (X,Ny,x) > (Y, N,,%) issaid to be fuzzy bounded if
and only if there exists >0, such that for each t > 0
Ny(T(x),t) = N, (xi) Vx € X

Remark (3.10) : [13] Let (X, Ny,*)and (Y, N,,*) bea
fuzzy normed spaces over F, FB(X,Y) is the space of all
fuzzy bounded linear operator from X into Y.
Definition (3.11) : [13] Let (X,H,x) and (Y,H,*) bea
fuzzy Hilbert spaces over F,andlet T € FB(X,Y).A
fuzzy Hilbert-adjoint operator T* of T is the operator
T*:(Y,H,*) = (X,H,*) suchthat:
sup{t ER,H(T(x),y,t) <1} =
sup {t e R,H(x,T*(y),t) <1}
yevY.

Remark (3.12) : [13] We denoted FB(X,X) by FB(X).
Theorem (3.13) : [13] (Some Properties of fuzzy

forall x € X and

Hilbert-adjoint operator)
Let (X,H,x) and (Y,H,x) be a fuzzy Hilbert spaces over
F,andlet S,T € FB(X,Y). Then we have :
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(@)sup{t eR,H(T"(¥),x,t) <1} =sup {t €
R,H(y, T(x),t) <1} forall xeX and y €Y
b(T+S)=T"+S"

©T) =T

Definition (3.14) : [13] Let (X, H,*) be a fuzzy Hilbert
space over F and let T € B(X).
if ToT*"=T"oT.

Theorem (3.15) : [13] Let (X, H,*) be a fuzzy Hilbert
space over F,and T € FB(X). Then T =0 ifand only if
sup{t € R,H(T(x),T(x),t) <1} =0 forall

Theorem (3.16) :Let T be a normal operator on a Fuzzy

T is said to be Normal

x € X.

finite dimensional Hilbert space X over F then
(1) T— AT isnormal
(2) Every eigenvector of T is also eigenvector for T*
Proof:
(1)since T isnormal = ToT*=T"oT
(T— A =T"=11
(T— Ao (T— A) =(T— Ao (T"—2I)
=ToT*—AT — AT* + 1
(T— A1) o(T— Al) = (T*— A1) o(T = A
=T*oT—AT — AT" 4+ A4
(T— A) o(T— Al)=ToT* —AT — AT* + 1

= (T— M) o(T—A) =(T— Ao (T— A)"
Therefore T — Al is normal

sup{t € R, H(T(x),T(x),t) < 1}
=sup{t ER, H(x, T*(T(x)),t) < 1}
sup{t ER, H(x,T* o T(x),t) < 1}
sup{t ER, H(x,T o T*(x),t) < 1}
sup{t e R, H(x,T(T*(x)),t) < 1}

=sup{t € R,H(T*(x), T*(x),t) < 1}

Since T — Al is normal, therefore x € X we have
sup{t € R, H(T — AD)(x), (T — AD)(x),t) < 1}
=sup{t e R, H((T— Al)*(x), (T— A1 )*(x),t) < 1}
Since T(x)=x= Tkx)-— Ax)=0=

(T — AD(x) =0= (T — AI) = 0 then by theorem
(3.15)

Noori. F/ Abbas. M

sup{t e R, H((T — AD)(x),(T — AD(x),t) <1} =0
= sup{t e R, H((T — A1)*(x), (T — A)*(x),t) <
1}=0 =

(T — A1)* = 0 by theorem (3.15), for each x € X =
(T— A1)*(x) =0
=ST(x)-A1x)=0= T*(x) = 11(x) = T*(x)

= Ax

Therefore x is eigenvector of T* and corresponding
eigenvalue is A

Theorem (3.17) : [6] Let B be a non-empty subset of a
fuzzy pre-Hilbert space (X, H,x), then B+ is closed
fuzzy subspace

Proof: Since H(0,y,t) = h(t), Yy € B = 0 € B! then

Bt#0
Let x,y € B* and a,8, T ER

H(x,z,t) =h(r) Vz€B
H(y,z,t) =h(r) Vz€EB
Forevery Vz € B we have:
If a>0, >0

H(ax + By, z,t) = Supsii—r (H (x, Z, 2) * H (y, z, %))

) 1)

reR
If a<0,B<0

H(ax + fy,z,t) = Supsii=r (1 - H (x, Z'—_ta) *1-

== h(t) * h(s)=h(@r) V

Vr € R Ifa<0, B =

0,5>0

H (y, Z, _iﬁ)) = h(r)

Oora=0,B<0,0ra>0,=0,a =
H(ax + By, z,t) =h(r) V reR
= ax + fy € B
Therefore B+ is a fuzzy subspace
Let x € B+ 3 {x,} in Bt suchthat x,, — x
Let y € B = H(x,,y,t)=h(t) VnezZ
And t€R (x, € B* VneZ)
Since x, — x = H(x,,y,t) — H(x,y,t)
= H(x,y,t) = h(t) forall yeB
=xeB! =Bl =Rt
= B* is closed fuzzy subspace
Definition (3.18):Let M be a closed of a fuzzy Hilbert
space X and x ¢ M said that projection of x € X onto
M if thereis z€ M
t

N(x —z,t) =sup {H”x_y” Y E M, t>0} ,we write
y = Py(x)
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Theorem (3.19): If M is subspace of a fuzzy Hilbert
space X,for x € X there exist a unique y € M such that
x—y L Mand y = Py(x)

Proof: Define (.,.): XXX >R by (x,y)=
sup{t € R, H(x,y,t) < 1}. from theorem (2.12) ,we
have (X,(.,.)) isa pre-Hilbert space. Also

1

[x]] = (sup{t € R,H(x,x,t) < 1})z from corollary
(2.13) we have (X,||.]l) isa normed space

since X isa fuzzy Hilbert space then (X, ||.1]) is
complete normed space then X is Hilbert space
then by using [12] for x € X there exist a unique
y €M suchthat x —y L M and y = Py (x)
Then (x—y,z)=0 VzeM then sup{te
R,H(x,y,t) <1} =0 there fore

x—ylM VzeM in X fuzzy Hilbertspace,
since y = Py(x) thenby[12] thereis b € M such
that

llx = bll = inf{llx —yll:y € M} then
lx=bll< llx—yllye M = t+lx-bll<t+
lx =yl ,t>0 = , yE Mt>0

t+ |lx=yll 7 t+llx-bll
t

there fore N(x — b,t) = sup {H”x_y” :YE M, t>0}
Theorem (3.20): If M is subspace of a fuzzy Hilbert
space X,then X = M@®M*, thatiseach x € X
can be uniqully decomposed from x = y + z with
yEM ,ze Mt
Proof: For all x € X and M is subspace there exist y so
that x = x —y + y with
x—y €Mt and yeM suchthat y = Py(x) and
z=x—y=>x=y+z =

X = M+M! alsosince MNM* = {0} by theorem
(2.15) ,there fore X = M@M*

Theorem (3.21):1f M is subspace of a fuzzy Hilbert
space X, then M is fuzzy closed iff M = M+t

Proof: Since M c M+ by theorem (2.15) ,we show that
Mt cM

Let x € M1t then by theorem(3.20) x = y + z ,where
y €M ,z € M since

M c Mt and M+t is subspace z = x —y M*+ but
z€Mt = ze MHNME

Since M**NM+t = {0} then z=0 thus x =y € M
there fore M** ¢ M thus M = M*+

Conversely suppose M = M*+ since

(M1t = M1+ s close set then M is close set .
Theorem (3.22):Let M be a closed subspace of a fuzzy
Hilbert space X over F, and let T € FB(X).Then M is
invariant under T iff M* is invariant under T*
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Proof: Suppose M is invariant under T

Let y € M+ To prove that T*(y) € M (i.e.

T*(y) L M)

Let x € M,since M isinvariantunder T = T(x) € M
Since y e Mt = sup{t € R,H(T(x),y,t) <1} =

0 =

sup {t e R,H(x,T*(y),t) <1} = 0.Thus

T"(y) LM

Conversely suppose that M + is invariant under T*.

Since M+ is closed subspace of a fuzzy Hilbert space X
by theorem (3.17) and since M+ is invariant under T*,
therefore by first case (M *)* is invariant under
(TH*but MHt= ML =Mand (T =T"=T
Therefore M is invariant under T

Definition (3.23) :Let M be a closed subspace of a fuzzy
Hilbert X over F And let T € FB(X) .We say that T
is reduced by M if both M and M * are Invariant under
T .If T isreduced by M , then some times we also say
that M reduces T

Theorem (3.24):A closed subspace M of a fuzzy Hilbert
X over F reduces an operator T iff M is invariant
under both T and T*

Proof: Suppose M reduces .Then by the definition of
reducibility both M and M+ are invariant under T by
theorem (3.22) ,if M * is invariant under T

Then (M 1)4,i.e. M isinvariant T* .then M is invariant
under both Tand T~

Conversely suppose that M is invariant under both T
and T*

Since M is invariant under T* therefore by theorem
(3.22), M L is invariant under (T*)*,i.e. T .thus both M
and M* are invariant under T .therefore M reduces T

Definition (3.25) :Let X be a fuzzy normed space
over F ,T € FB(X) and let A be eigenvalue of T then
set consting of all eigenvectors of T which correspond
to eigenvalue A together with the vector 0 is called
eigenspace of T corresponding to the eigenvalue A and
is denoted by M,
(1)Since by definition an eigenvector is non zero
vector,there fore the set M, necessary contains some non
zero vector
(2)Since by definition of M, a non zero vector x isin
M, iff T(x) = Ax
Also it is given that the vector 0isin
0 defintly satisfies
The equatior T (x) = Ax there for
My={x€eX:T(x) =Ax}
={xeX:(T-ADx)=0}

Thus M, is null space (or kernel of linear operator
T — Al on X). Hence M, isasubspace of X

M, the vector
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(3)Let x € X since M, is asubspaceof X and A € F
= Ax € M, since

xEM =Tkx)=Ax =T(x) € M\; = M, isan
invariant under T

from (1),(2) and (3) we have
X invariant under of T
(MIf T € FB(X) then M; is closed subspace of X , M,
is called eigenspace of T ,corresponding to the
eigenvalue 1

Theorem (3.26):If T be a normal operator on n
dimensional fuzzy Hilbert Space X over F ,then each
eigenspace reduces T

Proof:Let x; belongto M; the eigenspace of T and
corresponding eigenvalue be A;, so that T(x;) = A;x;
since T is normal then by theorem(3.16) eigenvalue for
T*(i.e. T*(x;) = A;x; )since M; is a subspace =

A;x; €EM; = T*(x;) € M; = M; is invariant under
T*,but M; isinvariant under T then by

theorem(3.24) M; is reduces T

M; is non zero subspace of
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