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Abstract 

 
       We introduce some a new properties of uncertain conditional expectation, 

also we give a new kind of martingale and study some theorems related with it. 

 

Key words 

 
       uncertain measure, uncertain variable, conditional uncertain measure, 

uncertain conditional expectation and uncertain martingale. 

 

1-Introduction 

 
      Probability theory often profitable to interpret results in terms of a gambling 

situation . for example ,if ,...., 21 XX  is a sequence of random variables, we may 

think of nX  as our total winnings after n  trials in a succession of games. Having 

survived the first n  trial, our expected fortune after trial 1n  is 

),....|( 11 nn XXXE  . If equals nX , the game is "fair" since the expected gain on 

trial 1n  is 0),....|( 11  nnnnn XXXXXXE . 

If nnnn XXXXXE  ),....|( 11 .the game is "favorable" and 

nnnn XXXXXE  ),....|( 11 , the game is "unfavorable "[2].Uncertainty  theory 

was founded by Liu [3] in 2007 and refined by Liu [5] in 2010. Let ),( F  be a 

measurable space, where   is a set and F  is a  field on  . A subset A of   

is called measurable (measurable with respect to the   field F ), if FA , i.e., 

any member of F  is called a measurable set [2]. A set function   from F  to 

 1,0  is a real-valued set function  defined on  field F is called an uncertain 

measure , if it satisfies the following four axioms: 

Axiom 1.( Normality Axiom ) 1)(  . 

Axiom 2.( Self-duality Axiom) 1)()(  cAA   for any event A . 

Page 37-47 
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Axiom 3.( Countable subadditivity Axiom) For every countable sequence of 

events { iA }, we have )(
1

i
i

A
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

 )(
1

i

i
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                          (1)                      

Axiom 4.(Product measure Axiom) Let k be a nonempty sets on which k  are 

uncertain measures, nk ,.....,2,1 , respectively. Then the product of uncertain 

measures  k  is an uncertain measure  on the product  field  

n ......21  satisfying  

)(min)(
1

1

kk
nk

n

k

k AA 




                                                                             (2) 

That is, for each A , we have 

 
 

















,5.0

,)(minsup1

,)(minsup

)(
1

.......

1.......

21

21

kk
nk

AAAA

kk
nkAAAA

A

A

A
c

n

n







 
 

wo

Aif

Aif

kk
nk

AAAA

kk
nkAAAA

c
n

n

.

5.0)(minsup

5.0)(minsup

1
......

1.......

21

21














        

(3) 

Then the triple ( ),, F  is called an uncertainty space . 

 

Remark(1-1) 

  
        The probability measure is not uncertain measure as shown by the following 

example: 

 

Example(1-2)[4] 

 
        Let RRg :  is a nonnegative and integrable function  such that  

 
R

dxxg 1)( . Define RRP )(:   by 
A

dxxgAP )()( , is a probability measure 

but not uncertain measure. 

Ans: 

Step1: we prove the normality .i.e., .1)( RP  

 
R

dxxgRP 1)()(  

Step2: we prove the self-duality .i.e., 1)()(  cAPAP . 

Since  



cAA R

c dxxgdxxgAAP 1)()()( ,and )()()( cc AAPAAP   

Thus, 1)()()(  cc AAPAAP  
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Step3: Let  iA be a sequence of sets in )(R , then 

 







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i
i

dxxgdxxgAP

i
i

1)()()(
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1
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AP  )(
1
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
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iAP , and then P  is not uncertain measure. 

 

Example(1-3)[3,4,5,6] 
 
       Suppose that g : RR   is nonnegative satisfying 

  1:)()(sup  yxygxg , define RR )(:  ,the set function  

 
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                              (4)    

for all )(RA  is an uncertain measure. 

 

Definition( 1-4 )[2] 

 
       Let ),( F  and ),( F   be two measurable spaces. A function :g  is 

said to be a measurable with respect to F  and F  , if FAg  )(1  for all FA  . 

 

Definition( 1-5 )[5,6] 

 
          an uncertain variable  is a measurable function from an uncertainty space 

( ),, F   to the set of real numbers, i.e., for any Borel set B  of real numbers. 

The set    BxXxBX  )(\  is an event. 

 

Definition( 1-6 )[2] 

 
       Let A . A function RI A :  defined by : 






0

1
)(AI        

A

A




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

,

,
                                                                                (5)  

Is called indicator function or (characteristic function) of A . 

 

Definition( 1-7)  
 
Let   and   be two uncertain measures on measurable space ),( F . We say 

that   is absolute  continuous with respect to   ( written    ) if 0)( A  
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for  every FA  with 0)( A ,i.e., for all FA  with 0)( A ,we have 

0)( A . 

 

 

Definition( 1-9 )[1] 

 
       A filtration  NnFn ,  is a sequence of sub  fields of F such that for all 

Nn , 1 nn FF . 

 

Definition(1-10)[6]  
 

Let X  be an uncertain variable. Then the expected value of X  is defined by  

 





0

0

)()()( drrXdrrXXE                                                              (6)                                                             

Provided that at least one of the two integrals is finite.  

                                  

Lemma( 1-11 ) ( Jensen's Inequality )[5,6] 

 
        Let X  be an uncertain variable and RRf :  a convex function . If )(XE  

and ))(( XfE  are finite, then 

 ))(())(( XfEXEf                                            (7) 

Especially, when 
p

xXf )(  and 1p , we have )()(
pp

XEXE  . 

 

Proof: 
         Since f is a convex function, for each y , there exists a number K  such that 

).()()( yxKyfxf  . Replacing x  with X and y  with )(XE , we obtain  

)).(.())(()( XEXKXEfXf   

Taking the expected value on both sides, we have  

0))()(.())(())((  XEXEKXEfXfE . 

Which proves the inequality. 

 

2- Radon-Nikodym theorem on uncertain measure 

 
        Let   and   be two uncertain measure on the  field F  of subsets of  . 

Assume that   , then there is a Borel measurable function Rg :  such 
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that 
A

gdA  )( , for all FA . g is called the Radon-Nikodym derivative of   

with respect to  . It is sometimes denoted by ][




d

d
,i.e. ][





d

d
g  . 

 

Proof: 
       Let  ng  be a bounded increasing sequence of nonnegative measurable 

function in F . 

Since every monotonic and bounded sequence is converge. 

Then there exists a unique function g in F such that ggn
n




lim  

Now, we must to show that 
A

gdA  )(  for all FA . 

Define 
A

gdAA  )()(1  for all FA , and  1  

Since 0)( A  for all FA , then 0)(1 A  .By absolute continuity  thus  

 
A

gdA  )(  for all FA . 

 

4- The conditional uncertain measure   

 

Definition( 3-1 ) 

 
       Let  ,, F  be an uncertainty space and FBA , , then the conditional 

uncertain measure of A  given B is defined by  
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Provided that )(B 0 . 

 

Definition ( 3-2 ) 

 
         Let ),,( F  be an uncertainty space and let G  be a sub  field  of F . 

Then the conditional expectation of X  given G  is any uncertain variable Z  

which satisfies the following two properties: 
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(a) Z  is G measurable. 

(b) if GA , then  
A A

ZdXd  . 

We denote Z  by )|( GXE . 

 

Theorem ( 3-3 ) 

  
If X , 1X , 2X , …..be an uncertain variables on ),,( F , a  and b  real 

numbers. Then 

1- If  aX   a.e., then aGXE )|(  a.e.[  ] 

2- If X  is G measurable, then XGXE )|(  a.e.[  ] 

3- )())|(( XEGXEE  .[  ] 

4- )|()|()|( 2121 GXbEGXaEGbXaXE   a.e.[  ] 

5- If   ,G , then )()|( XEGXE   a.e.[  ] 

6- If 0X  a.e., then 0)|( GXE  a.e.[  ] 

7- If 21 XX   a.e., )|()|( 21 GXEGXE   a.e.[  ] 

8- )|()|( GXEGXE   a.e.[  ] 

9- If Y  is G measurable and XY  is integrable then )|()|( GXYEGXYE   

a.e.[  ] 

10- If nX  and X  are integrable, and if either nX X  or nX  X , then  

)|()|( GXEGXE n   a.e.[  ]  

  

Proof: 

1-If aX   a.e., then it  is G  measurable and  
A A

adXd   for all GA  and 

then aGXE )|(  a.e. [  ] 

2- If X  is G measurable and  
A A

dGXEXd  )|(  for all GA , then 

XGXE )|(  a.e. [  ]  

3- Take A  in condition (b) of definition (3-2), we have that 

 
 

  dGXEXd )|(  and this implies that )())|(( XEGXEE  . a.e. [  ] 

4- It's clearly that )|( 21 GbXaXE   is G measurable and if GA , apply 

condition (b) of definition (3-2) to 1X and 2X  to see that  

 dbXaXdXbdXadGXbEGXaE
AAAA

)())|()|(( 212121   .  
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5- Since  
A A

dXEXd  )(  for all A  or A , we have )()|( XEGXE   

a.e.[  ] 

6- Take   GGXEA  0)|( . then by condition (b) of definition (3-2), we 

have,   
A A

AXddGXE 0)(0)|(0  . 

7- Since 21 XX   a.e., then 012  XXZ  a.e., by (6) we have 

0)|()|( 12  GXEGXE  a.e., thus  )|()|( 21 GXEGXE   a.e.[  ] 

8- Since XXX  , it follows from (7), that )|()|( GXEGXE   a.e. [  ] 

9- Let BIY   ( BI  is indicator function )for some GB . Then 

   
 


BA BA AA A

B YXdXddGXEdGXIdGXYE  )|()|()|(  

Thus the condition (b) of definition (3-2), holds in this case. 

10- It follows from definition (3-2), by letting )|( GXEZ   and for all GA . 

We have  


AA

n

A
n

ZddZZd  lim .a.e[  ] 

Thus Z  satisfies both (a) and (b) of definition (3-2), and therefore equals  

 )|( GXE  

 

4-Uncertain martingale 

 

Definition( 4-1 ) 

 
      An uncertain stochastic process is a family of uncertain variables defined on 

the same uncertainty space. 

 

Definition( 4-2 ) 

 
     An uncertain stochastic process  NnXX n  ,  is an uncertain adapted to the 

filtration  NnFn ,  if for all n , X  is nF measurable. 

 

Definition ( 4-3 ) 

 
An uncertain stochastic process  NnFXX nn  ,,  is said to be an uncertain 

martingale if it is satisfying the following conditions: 

(1) X  is an uncertain adapted to filtration  NnFn , . 

(2) nX  is integrable for all Nn . 

(3)   nnn XFXE  |1  a.e.[  ], for all Nn                                                (9) 



Journal of Al-Qadisiyah for Computer Science and Mathematics 

3
nd

.  Sinentific Conference 19-20/ APRIL -2011 

Vol 3       No.2          Year 2011 

 

 00 

Definition( 4-4 ) 

 
An uncertain stochastic process  NnFXX nn  ,,  is said to be an uncertain 

sub-martingale ( resp, uncertain super-martingale ) with respect to the filtration 

 NnFn ,  if it is satisfying the following conditions: 

(1) X  is an uncertain adapted to filtration  NnFn , . 

(2) nX  is integrable for all Nn . 

(3)   nnn XFXE  |1  a.e.[  ], ( resp,   nnn XFXE  |1  a.e. [  ]) for all Nn                                                                                                              

                                                                                                               (10)                                                                                            

 

Example( 4-5 )  

 
An uncertain stochastic process  NnFXX nn  ,,  is an uncertain sub-

martingale iff  NnFXX nn  ,,  is an uncertain super-martingale. 

Ans: 

Since   nnn XFXE  |1  a.e., iff   nnn XFXE   |1  a.e. for all Nn . 

   NnFXX nn  ,,  is an uncertain sub-martingale iff  

 NnFXX nn  ,,  is an uncertain super-martingale. 

 

Example( 4-6 )  

 
        If  NnFXX nn  ,,  is an uncertain sub-martingale and K  a constant, 

then     NnFKXkX nn  ,,,max,max  is an uncertain sub-martingale. 

Ans:  

  11,max   nn XKX      nnnn ZFXEFKXE 11 |,max    

Since   nnn XFXE  |1     nnn XFKXE   |,max 1  

And similarly  

    KFKXE nn |,max 1     KXFKXE nnn ,max|,max 1   

       NnFKXKX nn  ,,,max,max  

is an uncertain sub-martingale. 

 

Example( 4-7 ) 

 
       If  NnFXX nn  ,,  is an uncertain super-martingale and K  a constant, 

then     NnFKXkX nn  ,,,min,min  is an uncertain super-martingale. 
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Ans: 

By the same way we get the answer. 

 

Theorem ( 4-8 )  

 
       Let  NnFXX nn  ,,  is an uncertain martingale and RRf :  a convex 

function, such that )( nXf  is integrable for all n , then 

 NnFXfXf nn  ,),()(  is an uncertain sub-martingale. 

 

Proof: 
         By Jensen's inequality  for uncertain conditional expectations we have,   

   )\(|( 11 nnnn FXEfFXfE   . Since  NnFXX nn  ,,  is an uncertain 

martingale, it follows that   nnn XFXE  |1   

then     )()|()|( 11 nnnnn XfFXEfFXfE    

thus  NnFXfXf nn  ,),()(  is an uncertain sub-martingale. 

 

Theorem ( 4-9 ) 

 
        Let  NnFXX nn  ,,  is an uncertain sub- martingale and RRf :  a 

convex increasing function, such that  nXf  is integrable for all n , then 

 NnFXfXf nn  ,),()( is an uncertain sub-martingale. 

 
Proof: 

        By Jensen's inequality  for uncertain conditional expectations we have, 

   )|()|( 11 nnnn FXEfFXfE      

Since  NnFXX nn  ,,  is an uncertain 

sub- martingale, it follows that   nnn XFXE  |1  a.e., 

since is increasing function, then   )()|( 1 nnn XfFXEf   and then  

  )()|( 1 nnn XfFXfE   

Thus  NnFXfXf nn  ,),()(    is an uncertain sub-martingale. 

 

 

 

 

 



Journal of Al-Qadisiyah for Computer Science and Mathematics 

3
nd

.  Sinentific Conference 19-20/ APRIL -2011 

Vol 3       No.2          Year 2011 

 

 04 

Theorem ( 4-10 ) ( Doop Decomposition ) 
     Let  NnFXX nn  ,,  is an uncertain sub- martingale with respect to the 

filtration  NnFn , . Then there exists an uncertain martingale 

 NnFMM nn  ,,  and an uncertain process  NnAA n  ,  such that  

1- M  is  an uncertain martingale relative to  NnFn , . 

2- A  is an increasing uncertain process: 1 nn AA  a.e. 

3- nA  is 1nF -measurable for all Nn . 

4- nnn AMX  . 

 

Proof: 
1- Set 00 A , and ))|(( 111   nnnnn FXEXAA  for all 0n . 

))|((
1

0

1 kn

n

k

kn XFXEA  




  for all 0n  and nnnnn XFXEAA   )|( 11  

for all 1n . 

Since  NnFXX nn  ,,  is an uncertain sub- martingale 

nnnnn XFXEAA   )|( 11   nnn XFXE   |1  

   0|1  nnn XFXE  

 01  nn AA  

 nA  is increasing sequence of uncertain variables. 

Take, nnn AXM   for all n   

)()( 111 nnnnnn AXAXMM    

              )( 11 nnnn AAXX    

           )|( 11 nnn FXEX    

  )|)|(()|()|( 111 nnnnnnnn FFXEEFXEFMME    

  )|()|()|()|( 111 nnnnnnnn FXEFXEFMEFME    

  0)|( 1  nnn MFME  

  nnn FME  )|( 1  

  NnFMM nn  ,,  is an uncertain martingale. 

2- Set 00 A , and )|(( 111   nnnnn FXEXAA  for all 0n . 

))|((
1

0

1 kn

n

k

kn XFXEA  




  for all 0n  and nnnnn XFXEAA   )|( 11  

for all 1n . 

Since  NnFXX nn  ,,  is an uncertain sub- martingale 

nnnnn XFXEAA   )|( 11   nnn XFXE   \1  
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   0|1  nnn XFXE  

 01  nn AA  

 nA  is increasing sequence of uncertain variables. 

3- since nA  is nF measurable and 1 nn FF , then nA  is 1nF -measurable for all 

Nn . 

4- Let  NnFXX nn  ,,  is an uncertain sub- martingale 

Set 00 A , and )|(( 111   nnnnn FXEXAA  for all 0n . 

 nA  is increasing sequence of uncertain variables. 

Take, nnn AXM   for all n   

  NnFMM nn  ,,  is an uncertain martingale. 
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