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A B S T R A C T 

In the paper, we obtain some differential sandwich results for analytic meromorphic p-valent 
functions using results of  differential subordinations and superordinations defined by 
generalized Rafid operator  in the punctured open unit  disk 𝑈∗. 
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1-Introduction: 

   Let ∑𝑝  denote the class of function of the form: 

𝑓(z) =
1

𝑧𝑝 
+ ∑ 𝑎𝑘  𝑧𝑘, (𝑝, 𝑘 ∈ ℕ 𝑎𝑛𝑑 𝑝 < 𝑘),

∞

𝑘=1

                                                             (1.1) 

which are meromorphic multivalent in the punctured open unit  disk 𝑈∗ =  {𝑧: 𝑧 ∈  ℂ, 0 < |𝑧| < 1}. 

Several authors studied meromorphic functions for another classes and conditions, see [8,9,17,19,21]. 

Let 𝐻 is the linear space of all analytic functions in 𝑈. For a positive integer number 𝑛 and 𝑎 ∈ ℂ, we let 

𝐻[𝑎, 𝑛] = {𝑓 ∈ 𝐻 ∶ 𝑓(𝑧) = 𝑎 + 𝑎𝑛𝑧𝑛 + 𝑎𝑛+1𝑧𝑛+1 + ⋯ } . 
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For 𝑓 and 𝐺 analytic functions in 𝐻, we say that 𝑓 is subordinate to 𝐺 in 𝑈 and write 𝑓(𝑧) ≺ 𝐺(𝑧), if there exists a 

Schwarz function 𝑤, which is analytic in 𝑈 with 𝑤(0) = 0, and |𝑤(𝑧)| < 1, (𝑧 ∈ 𝑈), such that 𝑓(𝑧) = 𝐺(𝑤(𝑧)), 

(𝑧 ∈ 𝑈). 

Furthermore, if the function 𝐺  is univalent in 𝑈 , we have the following equivalence relationship (cf. , 

e.g.[10,11,15,16]): 

𝑓(𝑧) ≺ 𝐺(𝑧) ↔ 𝑓(0) = 𝐺(0) 𝑎𝑛𝑑 𝑓(𝑈) ⊂ 𝐺(𝑈), (𝑧 ∈ 𝑈). 

Miller and Mocanu [15] and other authors [1,3,5,8,7,10,14,16,18] and also [2,4,6,9,12,20,21,23] discovered sufficient 
conditions for the functions ℎ, 𝑝 and ∅ for which the following result: 

ℎ(𝑧) ≺ 𝛹(𝑝(𝑧), 𝑧𝑝′(𝑧), 𝑧2𝑝′′(𝑧); 𝑧) ⟹ 𝑞(𝑧) ≺ 𝑝(𝑧)(𝑧 ∈ 𝑈).                                   (1.2) 

Definition (1.1) [15]: Let 𝛹: ℂ3 × 𝑈 → ℂ and ℎ(𝑧) be analytic in 𝑈. If 𝑝(𝑧) and 𝛹(𝑝(𝑧), 𝑧𝑝′(𝑧), 𝑧2𝑝′′(𝑧); 𝑧) are 

univalent functions in 𝑈 and if 𝑝(𝑧) satisfies the second-order differential superordination: 

ℎ(𝑧) ≺ 𝛹(𝑝(𝑧), 𝑧𝑝′(𝑧), 𝑧2𝑝′′(𝑧); 𝑧),                                                               (1.3) 

then 𝑝(𝑧)  is called a solution of the differential Superordination (1.3). An analytic function 𝑞(𝑧) which is called a 

subordinant of the solutions of the differential Superordination (1.3), or more simply,  a subordinant if 𝑞(𝑧) ≺ 𝑝(𝑧) 

for all the functions 𝑝(𝑧) fulfills (1.3). A univalent subordinant 𝑞̃(𝑧) that fulfills 𝑞(𝑧) ≺  q̃(𝑧) for all the subordinants 

𝑞(𝑧)  of (1.3) is said to be the best subordinant. 

Definition (1.2) [15]: Let 𝛹: ℂ3 × U → ℂ and h(z) be univalent in U. If p(z) is analytic in 𝑈 and satisfies the second-

order differential subordination: 

𝛹(𝑝(𝑧), 𝑧𝑝′(𝑧), 𝑧2𝑝′′(𝑧); 𝑧) ≺ ℎ(𝑧),                                                            (1.4)   

then p(z)  is called a solution of the differential subordination (1.4), and the univalent function 𝑞(𝑧) is called a 

dominant of the solution of the differential subordination (1.4), or more simply dominant if 𝑝(𝑧) ≺ 𝑞(𝑧) for all 

𝑝(𝑧) satisfying (1.4). A univalent dominant 𝑞̃(𝑧) that satisfies 𝑞̃(𝑧) ≺ 𝑞(𝑧) for all dominant 𝑞(𝑧) of (1.4) is said to be 

the best dominant.  

Using the results, (see [1,2,4,6,5,9,13,14,18,20,22,23,24,25,27]) to obtain adequate criteria for the satisfaction of 

normalized analytic functions 

𝑞1(𝑧) ≺
𝑧𝑓′(𝑧)

𝑓(𝑧)
≺ 𝑞2(𝑧), 

where  𝑞1 and 𝑞2 are given univalent functions in 𝑈 and 𝑞1(0) = 𝑞2(0) = 1. Shanmugam et al. [22][23], as well as 

Goyal et al. [12], sandwich results for analytic function classes were recently obtained. (See also [1,3,4,6,11]). 

Elkhatib et al. [19] generalized the Rafid operator [26] as follows: For 𝑝 ∈ ℕ, 0 ≤ 𝛿 ≤ 1, 0 ≤ 𝜇 < 1 and 𝑓 ∈  ∑𝑝, the 

generalized Rafid operator 𝐼𝑝,𝜇
𝛿 : ∑𝑝 → ∑𝑝  defined by: 

𝐼𝑝,𝜇
𝛿 𝑓(𝑧) =  

1

(𝑝 − 𝜇)𝛿+1  𝛤(𝛿 + 1)
 ʃ0 

∞𝑡𝑝+𝛿𝑒
−(

𝑡

𝑝.𝜇
)
𝑓(𝑧𝑡)𝑑𝑡.                                        (1.5) 

Then 

𝐼𝜌,𝜇
𝛿  𝑓(𝑧) =

1

𝑧𝑝
+ ∑ 𝛹(𝑘, 𝛿, 𝜇)𝑎𝑘𝑧𝑘

∞

𝑘=1

,                                                                        (1.6) 
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where 𝛹(𝑘, 𝛿, 𝜇) =
(𝑝−𝜇)𝑘+𝑝   𝛤(𝑘+𝑝+𝛿+1)

𝛤(𝛿+1)
 in addition, the operator dífferential relation 

𝑧 (𝐼𝑝,𝜇
𝛿  𝑓(𝑧))

′

= (𝛿 + 1)𝐼𝑝,𝜇
𝛿+1 𝑓(𝑧) − (𝑝 + 𝛿 + 1)𝐼𝑝,𝜇

𝛿  𝑓(𝑧).                                         (1.7) 

This concept's major aim is to discover suitable conditions for specific normalized analytic functions 𝑓 to satisfy: 

  𝑞1(𝑧) ≺ [𝑧𝑝 𝐼𝜌,𝜇
𝛿  𝑓(𝑧)]

 𝑚
≺ 𝑞2(𝑧),  

and  

 𝑞1(𝑧) ≺ [
𝑎 𝑧𝑝𝐼𝜌,𝜇

𝛿+1 𝑓(𝑧) + 𝜆 𝑧𝑝𝐼𝜇𝜌
𝛿  𝑓(𝑧)

𝑎 + 𝜆
]

1

𝑚

≺ 𝑞2(𝑧), 

whenever univalent functions 𝑞1(𝑧) and 𝑞2(𝑧) are given in 𝑈 with  𝑞1(𝑧) =  𝑞2(𝑧) = 1, and 𝑚 ∈ ℂ\{0}, 𝑎, 𝜆 ∈

ℂ∗ = ℂ\{0} and 𝑎 + 𝜆 ≠ 0. 

2-Preliminaries  

The definitions and lemmas given below will assist us in proving our basic results.    

     

Definition (2.1) [15]: Denote by 𝑄 the set of all functions 𝑞 that are analytic and injective on 𝑈\𝐸(𝑞), where 

𝑈 = 𝑈 ∪ {𝑧 ∈ 𝜕𝑈}, and  

𝐸(𝑞) = {𝜀 ∈ 𝜕𝑈: 𝑙𝑖𝑚
𝑧→𝜀

𝑞(𝑧) = ∞},                                                         (2.1) 

and are such that 𝑞′(𝑧) ≠ 0 for 𝜀 ∈ 𝜕𝑈 ∖ 𝐸(𝑞). Further, let the subclass of  𝑄 for which 𝑞(0) = 𝑎 be denoted by 

𝑄(𝑎), and 𝑄(0) = 𝑄0, 𝑄(1) =  𝑄1 = {𝑞 ∈ 𝑄: 𝑞(0) = 1}.   

   

Lemma (2.1) [11]: Let 𝑞(𝑧) be a convex univalent function in 𝑈 and let 𝛼 ∈ ℂ, 𝛽 ∈ ℂ\{0} with 𝑞(0) = 1 and 

suppose that 

𝑅𝑒 {1 +
𝑧𝑞′′(𝑧)

𝑞′(𝑧)
} > 𝑚𝑎𝑥 {0, −𝑅𝑒 (

𝛼

𝛽
)}. 

If p is analytic in U and  

𝛼𝑝(𝑧) + 𝛽𝑧𝑝′(𝑧) ≺ 𝛼𝑞(𝑧) + 𝛽𝑧𝑞′(𝑧),                                                            (2.2) 

then 𝑝(𝑧) ≺ 𝑞(𝑧) and 𝑞 is the best dominant of (2.2) 

 

Lemma (2.2) [11]: Let 𝑞(𝑧) be univalent in the unit disk 𝑈 and let 𝜃  and  𝜙 be analytic in a domain 𝐷 containing 

𝑞(𝑈) with 𝜃(𝑤) ≠ 0, when 𝑤 ∈ 𝑞(𝑈). Set 𝑄(𝑧) = 𝑧𝑞′(𝑧)𝜃(𝑞(𝑧)) and ℎ(𝑧) = 𝜙(𝑞(𝑧)) + 𝑄(𝑧). Suppose that 

1. 𝑄(𝑧) is starlike univalent in 𝑈, 

2. 𝑅𝑒 {
𝑧ℎ′(𝑧)

𝑄(𝑧)
} > 0 for 𝑧 ∈ 𝑈.  

If p is analytic function in 𝑈, with 𝑝(0) = 𝑞(0), 𝑝(𝑈) ⊆ 𝐷 and  

𝜃(𝑝(𝑧)) + 𝑧𝑝′(𝑧)𝜙(𝑝(𝑧)) ≺ 𝜃(𝑞(𝑧)) + 𝑧𝑞′(𝑧)𝜙(𝑞(𝑧)),                                      (2.3)                  

then 𝑝 ≺ q and q is the best dominant of (2.3). 
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Lemma (2.3) [16]: Let 𝑞(𝑧) be a convex univalent in 𝑈 and 𝑞(0) = 1. Let 𝛽 ∈ ℂ, that 𝑅𝑒(𝛽) > 0. If 𝑝(𝑧) ∈

𝐻[𝑞(0), 1] ∩ 𝑄 and 𝑝(𝑧) + 𝛽𝑧𝑝′(𝑧) is univalent in 𝑈, then 

𝑞(𝑧) + 𝛽𝑧𝑞′(𝑧) ≺ 𝑝(𝑧) + 𝛽𝑧𝑝′(𝑧),                                                                (2.4) 

which implies that q(z) ≺ p(z) and q(z)is the best subordinant of (2.4). 

 

Lemma (2.4) [16]: Let q(z) be a convex univalent function in the unit dick U and let θ  and ϕ be analytic in a 

domain D containing q(U). Suppose that  

1.   𝑅𝑒 {
𝜃′(𝑞(𝑧)

𝜙(𝑞(𝑧))
} > 0 for z ∈ U,                       

2. Q(z) = zq′(z)ϕ(q(z)) is starlike univalent in U.  

If p ∈ H[q(0), 1] ∩ Q, with p(U) ⊂ D, θ(p(z)) + zp′(z)ϕ(p(z)) is univalent in U and 

𝜃(𝑞(𝑧)) + 𝑧𝑞′(𝑧)𝜙(𝑞(𝑧)) ≺ 𝜃(𝑝(𝑧)) + 𝑧𝑝′(𝑧)𝜙(𝑝(𝑧)),                                         (2.5) 

then  𝑞 ≺ 𝑝 and q is the best subordinant of (2.5). 

 
 

3- Results of Diff𝐞rential Subordinations  
Theo𝐫em: (3.1)  Let 𝑞(𝑧) be a convex univalent in the open unit disk 𝑈 with 𝑞(0)  =  1 and 𝑞′(𝑧)  ≠  0 for all 
𝑧 ∈ 𝑈. Let 𝜚, 𝑚 ∈ ℂ\{0}, and suppose that 

𝑅𝑒 {1 +
𝑧𝑞′′(𝑧)

𝑞′(𝑧)
} > 𝑚𝑎𝑥 {0, −𝑅𝑒 (

𝑚

𝜚
)}.                                                         (3.1) 

If 𝑓 ∈ ∑  𝑝 satisfies the subordination condition: 

𝜓(𝑧) ≺ 𝑞(𝑧) +
𝜚

𝑚
𝑧𝑞′(𝑧),                                                                        (3.2) 

where     

𝜓(𝑧) = 𝜚(𝛿 + 1)[𝑧𝑝 𝐼𝑝,𝜇
𝛿 𝑓(𝑧)]

𝑚
[(

𝐼𝜌,𝜇
𝛿+1𝑓(𝑧)

𝐼𝑝,𝜇
𝛿 𝑓(𝑧)

− 1)] + [𝑧𝑝 𝐼𝑝,𝜇
𝛿 𝑓(𝑧)]

 𝑚
,                                   (3.3)  

then 

[𝑧𝑝 𝐼𝑝,𝜇
𝛿 𝑓(𝑧)]

𝑚
≺ 𝑞(𝑧),                                                                                        (3.4) 

where the best dominating is 𝑞(𝑧). 

Proof. Putting  

𝑝(𝑧) = [𝑧𝑝 𝐼𝑝,𝜇
𝛿 𝑓(𝑧)]

 𝑚
,                                                                           (3.5)  

then the function 𝑝(𝑧) is analytic in 𝑈 and 𝑝(0) = 1 as a result of differentiating (3.5) with respect to 𝑧 and then 

using the identity (1.7) in the resultant equation. 

𝜓(𝑧) = 𝜚(𝛿 + 1)[𝑧𝑝 𝐼𝑝,𝜇
𝛿 𝑓(𝑧)]

 𝑚
[(

𝐼𝜌,𝜇
𝛿+1𝑓(𝑧)

𝐼𝑝,𝜇
𝛿 𝑓(𝑧)

− 1)] + [𝑧𝑝 𝐼𝑝,𝜇
𝛿 𝑓(𝑧)]

 𝑚
  

= 𝑝(𝑧) +
𝜚

𝑚
𝑧𝑝′(𝑧). 

Thus the subordination (3.2) is equivalent to 
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𝑝(𝑧) +
𝜚

𝑚
𝑧𝑝′(𝑧) ≺ 𝑞(𝑧) +

𝜚

𝑚
𝑧𝑞′(𝑧). 

An application of Lemma (2.1) with 𝛽 =
𝜚

m
, 𝛼 = 1 ,we obtain (3.4). 

Putting q(z) = (
1+Az

1+Bz
) (−1 ≤ B < A ≤ 1)  in theorem (3.1), we obtain the following corollary: 

Corollary (3.1): Let 𝑚, 𝜚 ∈ ℂ\{0}  and (−1 ≤ B < A ≤ 1). Suppose that 

𝑅𝑒 {
1 − 𝐵𝑧

1 + 𝐵𝑧
} > 𝑚𝑎𝑥 {0, −𝑅𝑒 (

𝑚

𝜚
)} 

If 𝑓 ∈ ∑  𝑝 satisfies the subordination condition: 

ψ(z) ≺ (
1 + Az

1 + Bz
) + (

𝜚

m
)

𝑧(𝐴 − 𝐵)

(1 + 𝐵𝑧)2
, 

when ψ(z) given by (3.3), then  

[𝑧𝑝 𝐼𝜇,𝑝
𝛿 𝑓(𝑧)]

 𝑚
≺ (

1 + 𝐴𝑧

1 + 𝐵𝑧
), 

where the best dominating is (
1+Az

1+Bz
). 

In corollary (3.1), we can get following result with 𝐴 = 1 and 𝐵 = −1. 
 
Corollary (3.2): Let 𝑚, 𝜀 ∈ ℂ\{0}  and Suppose that 

𝑅𝑒 {
1 + 𝑧

1 − 𝑧
} > 𝑚𝑎𝑥 {0, −𝑅𝑒 (

𝑚

𝜚
)}. 

If  f ∈ ∑  𝑝 fulfill the following subordination condition: 

𝜓(𝑧) ≺ (
1 + 𝑧

1 − 𝑧
) + (

𝑚

𝜚
)

2𝑧

(1 − 𝑧)2
 , 

when 𝜓(𝑧) is given by (3.3), then  

[𝑧𝑝 𝐼𝜇,𝑝
𝛿 𝑓(𝑧)]

 𝑚
≺ (

1 + 𝑧

1 − 𝑧
), 

and (
1+z

1−z
) is the best dominant.  

 
Theorem (3.2) : Let 𝑞(𝑧) be a convex univalent in the open unit disk 𝑈 with 𝑞(0)  =  1, and 𝑞′(𝑧)  ≠  0  and 

 
𝑧𝑞′(𝑧)

𝑞(𝑧)
  is starlike univalent in 𝑈. Let 𝜉, 𝑎, 𝜆, 𝜇 ∈ ℂ∗, 𝜎, 𝑢 ∈ ℂ with 𝑎 + 𝜆 ≠ 0, 

𝑎𝑧𝑝 𝐼𝜇,𝑝
𝛿+1𝑓(𝑧)+𝜆𝑧𝑝 𝐼𝜇,𝑝

𝛿 𝑓(𝑧) 

𝑎+𝜆
≠ 0, 𝑧 ∈ 𝑈, and 

suppose that 𝑞 satisfy the following condition 

 𝑅𝑒 {1 +
2𝜎

𝜉
(𝑞(𝑧))2 + 𝑧

𝑞′′(𝑧)

𝑞′(𝑧)
− 𝑧

𝑞′(𝑧)

𝑞(𝑧)
} > 0,                                                         (3.6)  

and 𝑓 ∈ ∑  𝑝 if satisfies: 

𝐻(𝑧) ≺ 𝜎(𝑞(𝑧))
2

− 𝑢 + 𝜉𝑧
𝑞′(𝑧)

𝑞(𝑧)
,                                                                    (3.7)  

where  

𝐻(𝑧) =  𝜎 [
𝑎𝑧𝑝 𝐼𝜇,𝑝

𝛿+1𝑓(𝑧)+𝜆𝑧𝑝 𝐼𝜇,𝑝
𝛿 𝑓(𝑧) 

𝑎+𝜆
]

2

𝑚

  

                        −𝑢 + 𝜉 (
1

𝑚
) + (1 + 𝛿) [(

𝑎 𝐼𝜇,𝑝
𝛿+2𝑓(𝑧)+𝜆 𝐼𝜇,𝑝

𝛿+1𝑓(𝑧)

𝑎 𝐼𝜇,𝑝
𝛿+1𝑓(𝑧)+𝜆 𝐼𝜇,𝑝

𝛿 𝑓(𝑧)
− 1)],                                             (3.8)  

then  

[
𝑎𝑧𝑝 𝐼𝜇,𝑝

𝛿+1𝑓(𝑧) + 𝜆𝑧𝑝  𝐼𝜇,𝑝
𝛿 𝑓(𝑧) 

𝑎 + 𝜆
]

1

𝑚

≺ 𝑞(𝑧),                                                   (3.9) 

where the best dominating is 𝑞(𝑧). 
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Proof. Define the analytic function 𝑝(𝑧):  

  𝑝(𝑧) = [
𝑎𝑧𝑝 𝐼𝜇,𝑝

𝛿+1𝑓(𝑧) + 𝜆𝑧𝑝 𝐼𝜇,𝑝
𝛿 𝑓(𝑧) 

𝑎 + 𝜆
]

1

𝑚

,                                                       (3.10) 

then the function 𝑝(𝑧) is analytic in 𝑈 and 𝑝(0) = 1. By differentiating (3.10) with respect to 𝑧, and using the 
identity (1.7) in the resulting equation, we get 

𝑧𝑝′(𝑧)

𝑝(𝑧)
=  

1

𝑚
(𝛿 + 1) [

 𝑎 𝐼𝜇,𝑝
𝛿+2𝑓(𝑧)  +  𝜆  𝐼𝜇,𝑝

𝛿+1𝑓(𝑧) 

 𝑎 𝐼𝜇,𝑝
𝛿+1𝑓(𝑧)  +  𝜆  𝐼𝜇,𝑝

𝛿 𝑓(𝑧)
 −  1 ] .                (3.11) 

By setting 𝜃(𝑤) = 𝜎𝑤2 − 𝑢  and  𝜙(𝑤) =
𝜉

𝑤
, 𝑤 ≠ 0 we see that θ(w)  is analytic function in ℂ, and ϕ(w) is 

analytic in ℂ\{0} and ϕ(w) ≠ 0, w ∈ ℂ\{0}. Also, we get  

𝑄(𝑧) = 𝑧𝑞′(𝑧)ϕ(w) = 𝜉𝑧
𝑞′(𝑧)

𝑞(𝑧)
, 

and 

𝐴(𝑧) =  𝜃(𝑞(𝑧)) + 𝑄(𝑧) = 𝜎(𝑞(𝑧))
2

− 𝑢 + 𝜉𝑧
𝑞′(𝑧)

𝑞(𝑧)
, 

we find that 𝑄(𝑧) is starlike univalent in 𝑈, we have 

À(𝑧) = 2σ 𝑞(𝑧)𝑞′(𝑧) + 𝜉𝑧
𝑞′′(𝑧)

𝑞′(𝑧)
− 𝜉𝑧 (

𝑞′(𝑧)

𝑞(𝑧)
)

2

+ 𝜉
𝑞′(𝑧)

𝑞(𝑧)
 , 

hence that  

𝑅𝑒 {
𝑧𝐴′(𝑧)

𝑄(𝑧)
} = 𝑅𝑒 {1 +

2𝜎

𝜉
(𝑞(𝑧))2 +

𝑧𝑞′′(𝑧)

𝑞′(𝑧)
−

𝑧𝑞′(𝑧)

𝑞(𝑧)
} > 0. 

By using (3.11), we obtain 

𝜎(𝑝(𝑧))
2

− 𝑢 + 𝜉𝑧
𝑝′(𝑧)

𝑝(𝑧)
= 𝜎 [

𝑎𝑧𝑝 𝐼𝜇,𝑝
𝛿+1𝑓(𝑧)+𝜆𝑧𝑝 𝐼𝜇,𝑝

𝛿 𝑓(𝑧) 

𝑎+𝜆
]

2

𝑚

− 𝑢 + 𝜉 (
1

𝑚
) (𝛿 + 1) [(

𝑎𝐼𝜇,𝑝
𝛿+2𝑓(𝑧)+𝜆 𝐼𝜇,𝑝

𝛿+1𝑓(𝑧)

𝑎 𝐼𝜇,𝑝
𝛿+1𝑓(𝑧)+𝜆 𝐼𝜇,𝑝

𝛿 𝑓(𝑧)
− 1)].  

By using (3.8), we have 

𝜎(𝑝(𝑧))
2

− 𝑢 + 𝜉𝑧
𝑝′(𝑧)

𝑝(𝑧)
= 𝜎(𝑞(𝑧))

2
− 𝑢 + 𝜉𝑧

𝑞′(𝑧)

𝑞(𝑧)
, 

we can infer that subordination (3.7) implies that 𝑝(𝑧) ≺ 𝑞(𝑧), and that the function 𝑞(𝑧) is the best domain by 

using Lemma (2.2). 
 

Putting 𝑞(𝑧) = (
1+𝐴𝑧

1+𝐵𝑧
) (−1 ≤ B < A ≤ 1), in Theorem (3.2), the condition (3.6) becomes 

 𝑅𝑒 {1 +
2𝜎

𝜉
(

1+𝐴𝑧

1+𝐵𝑧
)

2

+
𝑧(𝐴−𝐵)

(1+𝐴𝑧)(1+𝐵𝑧)
−

2𝑧𝐵

1+𝐵𝑧
} > 0,                                           (3.12)  

 as a result, we may deduce the following conclusion. 
Corollary (3.3) : Let (−1 ≤ 𝐵 < 𝐴 ≤ 1), 𝜉, 𝑎, 𝜆, 𝑚 ∈ ℂ∗, 𝜎, 𝑢 ∈ ℂ , assume that (3.12) holds. If 𝑓 ∈ ∑  𝑝 and 

𝐻(𝑧) ≺ 𝜎 (
1 + 𝐴𝑧

1 + 𝐵𝑧
)

2

− 𝑢 + 𝜉
𝑧(𝐴 − 𝐵)

(1 + 𝐴𝑧)(1 + 𝐵𝑧)
 , 

where 𝐻(𝑧) is defined in (3.8), then 

[
𝑎𝑧𝑝 𝐼𝜇,𝑝

𝛿+1𝑓(𝑧) + 𝜆  z𝑝 𝐼𝜇,𝑝
𝛿 𝑓(𝑧) 

𝑎 + 𝜆
]

1

𝑚

≺ (
1 + 𝐴𝑧

1 + 𝐵𝑧
), 
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and (
1+𝐴𝑧

1+𝐵𝑧
) is the best dominant.  

Taking the function 𝑞(𝑧) = (
1+𝑧

1−𝑧
), in Theorem(3.2), the condition (3.6) becomes 

𝑅𝑒 {1 +
2𝜎

𝜉
(

1 + 𝑧

1 − 𝑧
)

2

+
2𝑧

1 − 𝑧2
+

2𝑧

1 − 𝑧
} > 0.                                                     (3.13) 

As a result, we may deduce the following conclusion. 
Corollary (3.4) : Let 𝜉, 𝑎, 𝜆, 𝑚 ∈ ℂ∗, 𝜎, 𝑢 ∈ ℂ. Assume that (3.13) holds. If 𝑓 ∈ ∑  𝑝 and 

𝐻(𝑧) ≺ 𝜎 (
1 + 𝑧

1 − 𝑧
)

2

− 𝑢 + 𝜉
2𝑧

1 − 𝑧2
 , 

where 𝐻(𝑧) is defined in (3.8), then 

[
𝑎𝑧𝑝  Iμ,p

δ+1f(z) + 𝜆 z𝑝 Iμ,p
δ f(z) 

𝑎 + 𝜆
]

1

𝑚

≺ (
1 + 𝑧

1 − 𝑧
), 

and (
1+𝑧

1−𝑧
) is the best dominant. 

 

4- Results of Different𝐢al Superord𝐢nations: 

Theo𝐫em 4.1: Assume that the function 𝑞(𝑧) is a convex univalent in 𝑈 with 𝑞(0) = 1, 𝑚 ∈ ℂ\{0}, 𝑅𝑒{𝜚} > 0, if 
𝑓 ∈ ∑  𝑝 , such that 

[𝑧𝑝 𝐼𝜇,𝑝
𝛿 𝑓(𝑧)]

𝑚
∈ 𝐻[𝑞(0), 1] ∩ 𝑄.                                                                     (4.1) 

If the function ψ(z) in (3.3) is univalent and the superordination criterion is fulfilled: 

𝑞(𝑧) +
𝜚

𝑚
𝑧𝑞′(𝑧) ≺ 𝜓(𝑧),                                                                              (4.2) 

 holds, then 

𝑞(𝑧) ≺ [𝑧𝑝 𝐼𝜇,𝓅
𝛿 𝑓(𝑧)]

 𝑚
,                                                                            (4.3) 

where the best subordinant is 𝑞(𝑧). 

Proof. Define a function 𝑝(𝑧) by 

𝑝(𝑧) = [𝑧𝑝 𝐼𝜇,𝑝
𝛿 𝑓(𝑧)]

 𝑚
.                                                                          (4.4) 

Differentiating (4.4) with respect to 𝑧, we get  

 
𝑧𝑝′(𝑧)

𝑝(𝑧)
= 𝑚 [

𝑧 ( 𝐼𝜇,𝑝
𝛿 𝑓(𝑧))

′

+ 𝑝 𝐼𝜇,𝑝
𝛿 𝑓(𝑧)

𝐼𝜇,𝑝
𝛿 𝑓(𝑧)

].                                                       (4.5) 

A simple computation and using (1.7), from (4.5), we will get 

𝜓(𝑧) = 𝜚(𝛿 + 1)[𝑧𝑝 𝐼𝜇,𝑝
𝛿 𝑓(𝑧)]

𝑚
[(

𝐼𝜇,𝑝
𝛿+1𝑓(𝑧)

𝐼𝜇,𝑝
𝛿 𝑓(𝑧)

− 1)] + [𝑧𝑝 𝐼𝜇,𝑝
𝛿 𝑓(𝑧)]

 𝑚
=  𝑝(𝑧) +

𝜚

𝑚
𝑧𝑝′(𝑧). 

Now, by using Lemma (2.3), we get the desired result. 

Taking 𝑞(𝑧) = (
1+𝐴𝑧

1+𝐵𝑧
) , (−1 ≤ 𝐵 < 𝐴 ≤ 1), we obtain the following conclusion from Theorem (4.1) . 

Corollary (4.1): Let 𝑚 ∈ ℂ\{0}, 𝑅𝑒{𝜚} > 0,and (−1 ≤ 𝐵 < 𝐴 ≤ 1), such that 
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[𝑧𝑝 𝐼𝜇,𝑝
𝛿 𝑓(𝑧)]

 𝑚
∈ 𝐻[𝑞(0), 1] ∩ 𝑄. 

If ψ(z) in (3.3) is univalent in 𝑈, and 𝑓 ∈ ∑   𝑝 fulfills the superordination condition, 

(
1 + 𝐴𝑧

1 + 𝐵𝑧
) + (

𝜚

m
)

𝑧(𝐴 − 𝐵)

(1 + 𝐵𝑧)2
≺ ψ(z), 

then  

(
1 + 𝐴𝑧

1 + 𝐵𝑧
) ≺ [𝑧𝑝 𝐼𝜇,𝑝

𝛿 𝑓(𝑧)]
𝑚

.  

The best subordinant is the function (
1+𝐴𝑧

1+𝐵𝑧
).   

Theorem (4.2): Let 𝑞(𝑧) be a convex univalent function in the open unit disk 𝑈 with 𝑞(0)  =  1, and 𝑞′(𝑧)  ≠  0  

and   
𝑧𝑞′(𝑧)

𝑞(𝑧)
  is starlike univalent in 𝑈. Let 𝜉, 𝑎, 𝜆, 𝑚 ∈ ℂ∗, 𝜎, 𝑢 ∈ ℂ with 𝑎 + 𝜆 ≠ 0, 

𝑎𝑧𝑝 𝐼𝜇,𝑝
𝛿+1𝑓(𝑧)+𝜆𝑧𝑝 𝐼𝜇,𝑝

𝛿 𝑓(𝑧) 

𝑎+𝜆
≠ 0, 𝑧 ∈ 𝑈. 

Suppose that q satisfy the following condition 

                                          𝑅𝑒 {
2𝜎

𝜉
(𝑞(𝑧))2𝑞′(𝑧)} > 0.  

Let 𝑓 ∈ ∑  𝑝 and  satisfy the next condition 

     [
𝑎𝑧𝑝 𝐼𝜇,𝑝

𝛿+1𝑓(𝑧)+𝜆𝑧𝑝 𝐼𝜇,𝑝
𝛿 𝑓(𝑧) 

𝑎+𝜆
]

1

𝑚

∈ [𝑞(0), 1] ∩ 𝑄.                                                         (4.6) 

If the function  H(z)  is given by (3.8), is univalent in 𝑈, 

𝜎(𝑞(𝑧))
2

− 𝑢 + 𝜉𝑧
𝑞′(𝑧)

𝑞(𝑧)
≺ 𝐻(𝑧),                                                           (4.6𝑎) 

then  

𝑞(𝑧) ≺ [
𝑎𝑧𝑝 𝐼𝜇,𝑝

𝛿+1𝑓(𝑧) + 𝜆 𝑧𝑝 𝐼𝜇,𝑝
𝛿 𝑓(𝑧) 

𝑎 + 𝜆
]

1

𝑚

,                                                             (4.7) 

where the best subordinant is 𝑞(𝑧). 

 
Proof. Let  𝑝(𝑧) defined on 𝑈 by (3.10). After that, a calculation reveals that 

 
𝑧𝑝′(𝑧)

𝑝(𝑧)
= (

1

𝑚
) (1 + 𝛿) [(

𝑎𝐼𝜇,𝑝
𝛿+2𝑓(𝑧) + 𝜆 𝐼𝜇,𝑝

𝛿+1𝑓(𝑧)

𝑎 𝐼𝜇,𝑝
𝛿+1𝑓(𝑧) + 𝜆 𝐼𝜇,𝑝

𝛿 𝑓(𝑧)
− 1)].                             (4.8) 

Setting θ(w) = σw2 − u  and  ϕ(w) =
𝜉

w
, w ≠ 0, it can be easily observed that  the θ(w)  is analytic function in ℂ 

and ϕ(w) is analytic in ℂ\{0},  that  ϕ(w) ≠ 0, (w ∈ ℂ\{0}). Also, we get 

𝑄(𝑧) = 𝑧𝑞′(𝑧)ϕ(w) = 𝜉𝑧
𝑞′(𝑧)

𝑞(𝑧)
, 

it was discovered that 𝑄(𝑧) is starlike univalent in 𝑈.  

Because 𝑞(𝑧) is convex, we may deduce that  

𝑅𝑒 {
θ′(q(z))

ϕ(q(z))
} = 𝑅𝑒 {

2𝜎

𝜉
(𝑞(𝑧))2𝑞′(𝑧)} > 0. 

By making use (4.8) the hypothesis (4.6a) can be equivalently  
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𝜃(𝑞(𝑧)) + 𝑧𝑞′(𝑧)𝜙(𝑞(𝑧)) ≺ 𝜃(𝑝(𝑧)) + 𝑧𝑝′(𝑧)𝜙(𝑝(𝑧)). 

The proof is therefore completed by utilizing the Lemma (2.4) . 
 

5- Sandwich Results:  
By combining Theorems 3.2 and 4.2, we have the following sandwich theorem: 
Theorem (5.1) : Let 𝑞𝑖  be two univalent convex functions in 𝑈, with 𝑞𝑖  (0)  =  1, 𝑞𝑖′ (𝑧)  ≠  0, (𝑖 = 1, 2). Assume 
that 𝑞1 and 𝑞2 satisfy the conditions (3.7) and (4.7), respectively. 
If 𝑓 ∈ ∑  𝑝 , and suppose that 𝑓 satisfies the next condition: 

[
𝑎𝑧𝑝 𝐼𝜇,𝑝

𝛿+1𝑓(𝑧) + 𝜆𝑧𝑝 𝐼𝜇,𝑝
𝛿 𝑓(𝑧) 

𝑎 + 𝜆
]

1

𝑚

∈ 𝐻[𝑞(0), 1] ∩ 𝑄, 

and  
𝑎𝑧𝑝 Iμ,p

δ+1f(z)+𝜆z𝑝 Iμ,p
δ f(z) 

𝑎+𝜆
≠ 0, and H(z) is univalent in 𝑈, and given by (3.8), then 

   𝜎(𝑞1(𝑧))
2

− 𝑢 + 𝜉𝑧
𝑞1

′(𝑧)

𝑞1(𝑧)
≺ 𝐻(𝑧) ≺ 𝜎(𝑞2(𝑧))

2
− 𝑢 + 𝜉𝑧

𝑞2
′(𝑧)

𝑞2(𝑧)
,                                 (5.1) 

implies  

  𝑞1(𝑧) ≺ [
𝑎𝑧𝑝 𝐼𝜇,𝑝

𝛿+1𝑓(𝑧) + 𝜆𝑧𝑝 𝐼𝜇,𝑝
𝛿 𝑓(𝑧) 

𝑎 + 𝜆
]

1

𝑚

≺ 𝑞2(𝑧), 

where the best subordinant and the best dominant  𝑞1 and 𝑞2, respectively. 

 
By combining Theorems 3.1 and 4.1, we have the following sandwich theorem: 
 
Theo𝐫em (5.2) : Let 𝑞1 𝑎𝑛𝑑 𝑞2 be convex univalent functions in 𝑈 with 𝑞1(0) =  𝑞2(0) =  1 and 𝑞2 satisfies (3.1). 
Suppose that 𝑚 ∈ ℂ\{0}, 𝑅𝑒{𝜚} > 0. If 𝑓 ∈ ∑  𝑝 , such that 

[𝑧𝑝 𝐼𝜇,𝑝
𝛿 𝑓(𝑧)]

 𝑚
∈ 𝐻[𝑞(0), 1] ∩ 𝑄, 

and the univalent function ψ(z), defined by (3.3), satisfies 

𝑞1(𝑧) +
𝜚

𝑚
𝑧𝑞1

′(𝑧) ≺ 𝜓(𝑧) ≺ 𝑞2(𝑧) +
𝜚

𝑚
𝑧𝑞2

′(𝑧),                                      (5.2) 

then 

 𝑞1(𝑧) ≺ [𝑧𝑝 𝐼𝜇,𝑝
𝛿 𝑓(𝑧)]

 𝑚
≺ 𝑞2(𝑧), 

 where 𝑞1 and 𝑞2 are the best subordinant and the best dominant respectively. 
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