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1. Introduction

Let R be aring with 1,let T be aleft unitary R-module and I(T) be the injective hull of T,a sub-module B of T is called
small in T denoted by B < T if for any sub-module A of T such that T = B + A implies that T = 4 [3],. It known that
a sub-module B of T is it called essential or T is an essential extension of B if for every nonzero sub-module A of T,

B nA # 0]3].
Oscan in [6] introduced cosingular sub-module of T to be the set Z*(T) = {c € T|Rc K I(T)} Z*(T) is called
cosinguler submodule if Z*(T) =T,

Baanon and Khalid in [1] present a generalization of essential sub-module called e*-essential sub-module where B is
e*-essential sub-module of T if for any nonzero cosingular sub-module A of T, BN A # 0,

The singular submodule is defined as Z (T)= {tin T: ann (t) Se R}. If Z(T) = T, T is called a singular module, and if
Z(T) = 0, T is called nonsingular, [2, p. 30]. In [5] A &W generalized Z(T) depending on the concept of e*-essential

submodules as follows:

Zex(T) = {n in T: ann(h) Ce* R} it was called e*-singular submodule. If Zex(T) = T, then T is called e*-singular
module and if Ze*(T) = 0, T is called non e*-singular module. A new generalization of an essential submodule called
e*singular essential submodule appeared in [4]. Let B be a submodule of T, then T is e*-singular essential extension
to B, or B is e*-singular essential in T if B N A # 0, for every nonzero e*-singular submodule A of T. For short (e*S-

essential) and denoted by B Cexs T,[4].
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In this article we introduce e*s-ejective moduldepend on the concept of e*-singular essential submodule,
characterizations of e*s-ejective are given. It has been proven that under certain conditions a submodule of e*s-
ejective module be a e*s-ejective

2. e*s- essential sub-module.

In this section the relation ¢ ,.;on the sub-module of T has defined. by using the concept of e*s-essential
submodule has been defined.

Definition2.1.[5]: Let T be anR-module, asub-module B of T is said to be e*s-essential if B N A # 0 for each non
zero e*-singular sub-module A of T denoted by B <., A.

Aleftideal 4 of aring R is e*s-essential in R if and only if A is e*s- essential sub-module.

Definition 2.2: Let T and H be anR-modules, H will be called T-e*s-ejective if for each submodule V of T and each
homomorphism w: V — H, there exists ahomomorphism y: T — Hand C <,,; V,suchthatw(c) = y(c),Vc €C

An R-module is called self-e*s-ejective module if T is T-e*s-ejective.

V—' T

-

LetT;, T, be two R-modules, we say thatT; and T, are relatively e*s-ejective modules, if T; is Tj-e*s-ejective for
everyi,j=12,i #]j.

An R -module H is e*s-ejective module if H is T-e*s-ejective, for every R-module T.
Next, we give some properties ofthis type of modules.

Proposition 2.3: Let T and H be R-modules and B be a submodule of T, if H is T- e*s-ejective, then H is B-e*s-
ejective.

Proof: Let V be a submodule of B and let w: V — H be any R- homomorphism, now consider thefollowing diagram:

T

Where i, j are the inclusion map, sinceV < B < T, and H is T-e*s-ejective, then there exist C <,,; Vand an R-

homomorphism u: T — H, such thatw(c) =u(c),Vc € C. Takey = u|zg:B — H, clearly that w(c) = u(c),
V ¢ € C.Thus H is B -e*s-gjective.

Proposition 2.4: Let T and H beR-modules and let H = B @ A, if H is T-e*s-ejective, then B is T-e*s-ejective.

Proof: Let H = B®A be T-e*s-ejcotive. To show B is T-e*s-ejective, let V be a submodule of Tand w:V — B be
anR- homomorphism. Now, consider thefollowing diagram:
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H=B® A
where i, j are the inclusion maps and p be the projection map, since H is T-e*s-ejective, then there exists C <., V
and R-homomorphism u: T — H, such thatu(c) = i; o w(c),Vc € C. Let ¥y =pouw,y(c)=pu(c)) = (pe°
iyow)(c) = w(c),Yc € C.Thus B is T -e*s-ejective.
The following proposition gives a condition under which a submodule of a self-e*s-ejective

module is a self e*s-ejective

Proposition 2.5: Let H be a self-e*s-ejective module, then every fully invariant submodule B of H is a self-e*s-
ejective.

Proof: Suppose that H is a self-e*s-ejective, and B is a fully invarient submodule of H, let V be a submodule of B and
letw: V — B be anR-homomorphism. Consider thefollowing diagram:

4 L »>p—L >y
1y lgg
B £ - > H

j

where i, j be the inclusion map, sinceV < B < H and H is a self-e*s-ejective module. Then there exists C <,.; V
and an R-homomorphism u: H — H, thenu(c) =j ow(c),V ¢ € C, since B is fully invariant, then u(B) < B, put
y = u|g: B — B, R-homomorphism. Then y(x) =y|g(x) = jow(c) = j(w(c)) = w(c),Vce C, thenBis a
self-e*s-ejective.

Proposition 2.6: Let H;, H, and T be an R-modules, if H; and H, are T-e*s-ejective. Then H, ®H, is T-e*s-ejective.

Proof: Suppose that H; and H, are T-e*s-ejective modules. Let V be a submodule of T and letw: V — H;@®H, be
anR-homomorphisim. Consider thefollowing diagram:
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p20wW

where i, iy, i, be the inclusion maps and p;, p, be the projection maps. Since H; and H, are T-e*s-ejective,

then there exists €; <,.s V, C; <..s V and an R-homomorphisims y;: T —H: and y,:T — H,, such that
y1(c) = (p1° w)(c),Vc € C;and y,(c) = (p, o w)(c),Vc € C,. PutC = C; N C,, then it is clear that C <.V,
definey: T — H®H, by: y(t) = (y1 (t),v2(t)),Vt € T Letc € C,then:y (¢) =

(r1 (0),¥2 (©)) = ((p1°ow) (€), (P2 0W) () = (p1 W(C), paw (€)) = (P1W (€1,C2), P2W (1, €2))=W (€1 ,C2) = w(c),
Vc e€C,q €Hy,c, € H,.

Proposition 2.7: Let H, be T-e*s-ejective and H, be T,-ejective, if T{@®T, is a duo module, then H{®H, is T, DT ,-
e*s-ejective.

Proof: Suppose that H; is T, -e*s-ejective and H, is T,-e*s-ejective and let V be a submodule of T;®T,. Let

w:V — H;®H,be an R-homomorphisim, since T; @ T, is a duomodule, thenV = (V NnT;)®V N T,), [7] Now
consider the following diagram:

VAT, VAT,

i2

P30W0i,

_______ _ ' P4OW O iy

where iy, i,, i3, i4, i5 and ig are the inclusion maps and p;, p,, p3, P4, psand pg are the projection maps.
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Since V' N T;is a submodule of T;, p; o w o i;: V N T; = H; is anR-homomorphism and H, is T,-
e*s-ejective, then there exists C; <,,; V N T; and an R-homomorphism u;: T; — H;, such that
u;(x) = (p3 o w oi;)(x),Vx € X.Since VN T,isasubmodule of Tz, psowo i VN T, — Hyis

an R- homomorphism and H, is T,-e*s-ejective, then there exist u,: T, — H,, such thatu,(c) = (ps o w o i, )(¢),
VceC. TakeC=C® C,,C <,.,sVby [5]. Letce(C, thenC =(c;, c,) wherec; € C;,c, € C,. Define
Y1: Th@®T, — Hi®H, by:y(c) = y(c1,¢2) = (Ui(c1), ua(c2))= ((ps e w © iy) (c1), (P4 oW © i3) (c2)) = (ps w(cr),
paw (c2)) =w(cy, ) = w(c), Ve € C.

It is known that a module Tis called distributive if B N(A @ D) =(B n A)® (B n D) for any B, A, D,
submodule of T. [4]

By the same argument in Proposition 2.7, one can prove the following proposition:

Proposition 2.8: Let H{ beT-e*s-ejective and H, be T,-e*s-ejective if T;@®T, be a distributive module, then
H,®H, is T,®T,-e*s-ejective.

Proposition 2.9: Let H; be T1-e*s-ejective and H, be T,-e*s-ejective if ann (T,) + ann (T,) = R, then H{®H, is
T,®DT,-e*s-ejective.

Proof: Suppose that H, is T;-e*s-ejective and H, is T,-e*s-ejective. Letl/ be a submodule of T;®T,andw:V —
H,®H, be an R-homomorphism, since ann(T;) + ann(T,) = R, thenV = B @ A, where B is asubmodule of T;
and A is asubmodule of T,. Now, consider the following diagram:

VAT, VT,

’712

V=(VNTND(VNT .

p30WO0i, )

40WOl,

where iy, i,, i3, i4, i5 and ig are the inclusionmaps and py, p,, p3, P4, Ps and pg are the projection maps,
since B is a submodule of T;, p; © w o i3: B — H, is anR-homomorphism and H; is T,-e*s-ejective,

then there exists C; <,.s B and an R-homomorphism u,: T; — H;, such thatu,(c) = (p3 © w o i3) (c),Vc € C;.
Since A is a submodule of T,,p, © w o i,: A — H, is an R-homomorphism and H, is T,-e*s-ejective, then there
exists C; <,.s Aand an R-homomorphism u,:T, — H,, such thatu, (c) = (ps o w o iy)(c), Vc € C,. Take
C=C®C, thenC <,,V. Letc € C, thenc = (c;, ¢;), ¢, €ECy,c; € C,, define p: BT, — H, © H, by:
;/ () = y(c1, c2)= (U (€1), ua (c2)) =((pz © W 2 i3) (€1), (pa e W o i3) (c2)) = (pawlcy ), paw (c2)) =W (¢1, ¢z ) = w(c
,VceC.
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Proposition 2.10: Let Tand H beR-modules, then H is T-e*s-ejective if and only if thereexists X <,,; T, such that H
is C-e*s-ejective and for any R-homomorphism y": T — H, such thaty'(a) =y (a),V a € A.

Proof: =) Take X = T, we get the result.

&) Let V be a submodule of T and let w: V' — H be any R-homomorphism. Put L = V n X, consider thefollowing
diagram:

V T I Y

. J
. —_—
'l
W ’l" y W |I )/'"
’ 4
e d
»
H H -
p
#

where i, j are the inclusion maps. Since H is X-e*s-ejective, then there exists A <,,; L, and an R-homomorphism
y:X — H, such thatw|, = y|4. By assumption, there exists B <,,; € and an R-homomorphism y": T — N, such
thaty'(a) = y(a),Va € A. SinceX <T,thenL=VN X <V NT=V, butd <L, thend <, V, by [5]. Put
A'= AN B <,.xs VN C <.V, sincey'(c)=y(c),VceBand y(c) = w(c),V c € A, then y'(c) =w(c),
V ¢ € B',then H is T-e*s-ejective.

Proposition 2.11: Let Tand H beR-modules and B has no proper e*-essential submodule of T, if H is T-e*s-ejective,
then for each homomorphism w: B — H, thereexists ahomomorphism y:T — H suchthatw(b) = y(b),vb € B.

Proof: =) Let w: B — H be an R-homomorphism. Consider the following diagram:

BT

where i is the inclusion map since His T-e*s-ejective, then there exists C <,,; B and homomorphism y:T —H,
such thatw(c) = y(c),¥ ¢ € C.Since B has no proper e*s-essential submodule, then B = C.

Proposition 2.12: Let Band A beR-modules, suchthat B is A-e*s-ejective. If B, is adirect summand of B and 4; is a
direct summand of A, then B, is A;-e*s-ejective.

Proof: Let V be a submodule of A4; and letw: V' — B, be an R-homomorphism. Consider thefollowing diagram:
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B

where i, iy, i, are the inclusionmaps, and p,, p, are the projection maps, since V is asubmodule of B,i; cw:V — B
isan R-homomorphism and B is A-e*s-ejective, then there exists C <., V and an R-homomorphismu: A — B,
such thatu(x) = (i; o w)(c),Vc € C.

Take y =p; o u oiy, : By — A; is an R-homomorphism, such that: y(c) = (p;ocuciy)(c) = (pyou)(c) =
pl(u(c)) = p1(i; ow)(c) = w(c), Vc € C.

Proposition 2.13: Let H and T bean R-modules, then H is H-e*s-ejective if and only if for each monomorphism
w:V — T and each homomorphism u:V — H, where V is any R-module there exists C <,,; V and an R-
homomorphism y: T — H,suchthat y ew(c) = (c),Vc€C.

Proof: =): Suppose that H is T-e*s-ejective, letw:V — T be an R- homomorphism and w:V — H be anR-
homomorphism. Consider thefollowing diagram:

where i is the inclusionmap, since His T- e*s-ejective with w(V) < T and ue w-1: (V) — H, there exists L <,,; (V) and
an R-homomorphism y: T — H, such thaty(¢c)= uo°w™l(c), V ¢ € L. SinceL <, (V)andwis anR-
homomorphism, then C = w™(L) <,,; V [4],. Theny ow(c) = u(c),V x € X,then we get the result.

(<: Let H be a submodule of T and let u: V. — H be anR-homomorphism. Consider thefollowing diagram:

0 >V W T
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where w be the inclusionmap, by our assumption there exists € <,.; V and an R-homomorphismy:T — H, such
thaty(c) = u(c), ¥V c € X, then H is T-e*s-ejective.

Conclusion:

« e*s-ejective modules were introduced depending on the concept of e*_singular submodule.

« The direct of T-e*s-ejective module is T-e*s- ejective. The direct sum of e*s-ejective is e*s- ejective.
« Every fully invariant of self e*s-ejecive is sold e*s-ejective.

e Under certain conditions H; is T;-e*s-ejective and H, is T,-e*s-ejective if T; T, be module, then H; ®H, is T; B
T,-e*s-ejective.
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