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1. Introduction

Theory of (S.F.E.) has become an important topic in modern mathematical analysis. This field originated from a
problem proposed by Stanistaw (U.) in 1940 concerning the stability of homomorphism between metric groups. In
particular, (U.) asked whether a mapping that approximately satisfies a (F. P.)must be close to an exact solution of
that (E.). This (F.E.)initiated the development of what is now known as (U.)-type stability theory [1,2]. The first
significant answer to (U.)’s problem was given by Donald (#.) in 1941. (¥.) proved that if a mapping
approximately satisfies the additive (F.E.)in Banach spaces, then there is a unique additive mapping near it [3,4].
Later, this result was (G.) by Themistocles. Rassias who introduced a remarkable extension allowing the control of
the Cauchy difference by an unbounded function. This generalization, known as the (#.)-(U.)-Rassias stability,
significantly expanded the theory and opened the door for many further investigations [5-7]. During the last
decades, the stability theory of (F.E.) has been extended to various mathematical structures, including (N.A.S.). In
such spaces, the norm satisfies the strong triangle inequality, which leads to analytical properties that are
substantially different from those in classical Banach spaces. These spaces arise naturally in areas such as p-adic
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analysis and (N.A.) geometry, making them an important framework for studying (F.P.)and their stability
properties [6, 8-10]. In particular, (N.A.) (B.A.) provide a rich structure for studying algebraic mappings such as
homomorphisms and derivations. The stability of these mappings plays an important role in understanding whether
approximate algebraic structures can be approximated by exact ones. Several authors have investigated the (S.) and
superstability of ring homomorphism, derivations, and higher derivations in (N.A.)(B.A.) [4,11,12]. Various
techniques have been developed to establish such stability results. Among them, the direct method and the (F.P.)
method are the most widely used approaches. These methods have been successfully applied to investigate the
stability of different (F.P.)and algebraic mappings in (N.A.) settings [1,9,10,13-18].

Motivated by these developments, the study of (#.)-type stability in (N.A.) (B.A) continues to attract considerable
attention. This topic combines ideas from(F.P.), (B. A.) theory, and (N. A.) analysis, providing a fruitful framework
for exploring the relationship between approximate and exact algebraic mappings. we work in a (N. A.) (B. A.). This
structure is appropriate for our study since it satisfies the multiplicative property between elements, which allows
the use of algebraic homomorphism. We consider a sequence that forms a geometric progression in the
(N.A.)(B.A.). By using the (N.A.) property of the norm, the terms of this sequence are convergent, and hence the
limit tends to zero. Next, we apply a homomorphism that preserves the multiplicative structure of the algebra, that
is, g(th) = g(x)(h). This property is essential for establishing the required relations in the (B.A.). Using these
properties together with the convergence of the geometric sequence, we obtain the uniqueness of the mapping
under the given conditions. Let

g(g@® + (M) =g+ n) +gG@—h) —g@) —gh) (1)
2. Preliminaries

Definition 2.1. [19] Let Kbe a (N.A.) valued field and let Q be an algebra over K. Then is called (N.A.) (B.A.) if
there exists a norm ||.||: @ — [0, ) satisfying:

L e+ Rl < max{ll<ll, IR}
2. lehll < [lellinll;
3. The space Q is complete with respect to the norm.

In this case, Q is called a (N.A.)(B.A.).

Example 2.2.[19] Let be a non-Archimedean Banach algebras and let d € Q with ||d|| < 1.Define a mapping
g:Q — Qby

g(x) =0r Vre Q
Then, forallr,i € Q
g(th) —g(g(h) = 9(1 - d)rh
Therefore,
llg(ch) — g(@g @Il < o111 - alllixAll

which shows that g is an approximate homomorphism. Moreover, the mapping H(x) =0, is an exact
homomorphism and

llg(@) —HOI < llollllll
Which proves that g is close to an exact homomorphism.

Definition 2.3. [20] Let Q, R be (B.A.). A real linear mapping §: @ - R is said to be a (H.) if §(rh) = §(x)5(h) for
allr,h € Q.

Definition 2.4. [20] Let Q,R be (B.A.). A real linear mapping §: Q — R is called to be a derivation if § (th) =
6 h+1é (h)forallr,h € Q.

Definition 2.5.[1] LetQ beaset. A(F.)t: Q X Q@ — [0,0]issaida (G.M.) on Q if,
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1. t(x,h) = 0e1r=h,
2. t(r,h) =t (k) forally,h €9,
3. £(y,t) < #(r,h) + t(h,t) forally, At € Q.

Theorem 2.6. [1] Let (Q,%) be a(C.) (G.M.) space, and let]J: Q —» R be a strictly contractive mapping with the
Lipschitz constant

£ < 1.Then, forallt € Q, either
£(J®r, J®*1r) = +oo forall w > 0 or there is a w, € N such that

£(J%r, J®*1r) < +oo forall w = w,,

The sequence {J®1} is convergent to a (F.P.) h* of ],

h* is the unique (F.P.) of J in the set Y = {h € X, #(J™°r, h) < oo},
t(h,h) < ——d(h,Jh) forall i € Y.

B e

3.(S.F.E.))(1)in(N.A.)(B.A.)
We present several main results concerning the (S.F.E.) (1.1) in (N.A.)(B. A). Let
D,(r,h) = g(g() + g(W) — gt + h) — g —h) + g() + g(R) (2)

Theorem 3.1. Let 9, R be two (N.A.)(B.A.).Let9: Q — [0, ) be a function such that

Yoo 119(2‘”2;2'%) < oo and limg,_, % =0foranyr,h € Q.
Let g: @ — R be a function satisfies the inequality
g Mz <I(r,h) (3)
and
lgh) — g®gMllz < I h) (4)

Foranyr, i € Q. Then there is an (A.) mapping : @ — R satisfying (2) and satisfying (H.) property such that

9(2%, 2°r)
lg(@) — @I <= lim max {—} (5)

| | w—00 0<KA<w |21|

)

Forany r € Q. Then mapping £ (t) is defined by f(r) = llm ,foranyr € Q.  is unique if

1 i 1 92, Zﬂr) 3 6
2piim lim max T2 | T (6)
Proof. Putting r = fin (2) we have
g2r)
H 22— 90| < 79D 7)
Replacing r by 2”r and driving all side by 2® we get
(2m+1 g(zmr) 1
|| 2w+l 2w = |2m+1| 19(1‘, I‘) (8)

g(2%1)

When w — oo then the sequence {9(2 )} is Cauchy. Since Q is (C.) we conclude that {

g(2%1)
—= > wecan show that

} is convergent.

Set (x) = lim £

w—00
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g2°r) T (g(2%) g2
2w ()_Z< 23+1 - 23 )

HQ(Z"’I)_Q(Q <max{ g(2r) ()” HQ(Z 1) e}(Zr) Hg(Zmr) 9(2“’_1 1)) }
{19(r,r) 9(2t, 21) ﬁ(Zm‘lr,Zm‘lr)}
Ul e T 2P
9(2%, 2*)
Zo‘é&i’é{ 23] }
g% 1 9(2%, 2°r)
#5200 = e (o)

Whenw — oo, we get

9(2'r, 2'7)
le@ - ¢l s— lim max {_}

| | w—00 0<I<w |21|

Replacing r by 2®r, s by 2°# and driving all side by 2® in (2) we get

|2‘”| |D, (. 1) < |2w 19(2”’ 2%h)

Taking the limit as w — oo we get

. 9(2%1,2"h)
106 (e || < am e
Then g satisfy the (F.P.) and g is an (A.) mapping.

”9(2‘%2’”?1) g(2%1) Q(mel)H
21):)

lpCh) — p@p@I = lim

1
= iggow llg(2¥x2"h) — g(2"0)g (2" Rl

< lim —9(2°r2%h) = 0
mw—

oo |2 41’”I
Then p(th) = p(1)p ().
To prove  is unique, §: Q — R satisfies the (F.E.) and (3):

@) — I < max{llp®) — g®IL g — HOI}

- 1 I 9(2%,2%)) 1 i 9(2°r, 2*r)
= M D ens 00de | 12 ) [2]womosee | 12

1 i 9(2%r, 2°r)
T 2] wamonen | (2]

1] i 9(20, 20
|2| Jgg ml—r>r010 Jsrj]n<?n)il [27] -

Therefor g = . This complete the proof of uniqueness of .
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Theorem 3.2. Let Q, R betwo (N.A.)(B.A.).Let9: @ — [0, ) be a function such that

Z;ﬁ’ﬂ% < oo and limg,_, % =0foranyr, i € Q.
Let g: @ — R be a function satisfies the inequality
1D, W), < 9@ ) 9)
and
llg(h) — hg(rg(Mllz < 9(x, h) (10)

For any r, A € Q. Then there is an (A.) mapping g: Q — R satisfying (3.6) and satisfying derivation property such
that
- 1 i 9(2%, 2°r) 1
llg(® = p@Il < 7 lim max ) —57— (11)
g(2%y)
2w

For any r € Q. Then mapping £ (r) is defined by (r) = lim , forany r €
w—00

Q. f is unique if
1 {19(2]%, 2”r)} “o

—lim lim max
|2| 300 w00 AsJ<w+ |2]]|

Proof. We proceed as in the proof of theorem (2), except for the additional step described below:

g(2%2%h) 2%rg(2®h) 2%hg(2%r)
22m - 22m - 22m

lim
mw—00

llgo(eh) — xg0(R) — A (Mllg

= lim o (192727 h) — 2°1g(2°h) — 2"hg (2"l (12)

w

1
3 w ™ —
t})l_r}rc}o|22m|19(2 2°h) =0

then

ph) = rp(h) + hp(r)

This complete the proof. |
Corollary 3.3.If [3] < 1.Suppose that a mapping g: 9 — R satisfies

lIell® + lI7l1°, 9> 1;
lIelPlAI°, 0>1
Izl
Ial°’
llxllll7ll
lIll° + N1Al°°
1
lIll° + 11Al°°

0<0;
1D, |, < (13)

0<1;

0>1

and
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”rllb + ”hllb, 6 > 1;
RTEATES 621
Izl :
W' 0<0;
lgCch) = gl <4 "yl
—— 0<1;
I|x]|o + ||A]|°
1 3>1
TR

Foranyr, A € Q.

Then there is a unique (H.) mapping g: @ — R such that

21227 |Jxl|®
|21|(26—1)”r”26
) 12272 e
llg() — @Il < 2 Jlim max e llxl|? (14)
2[|x|f?
op 2l
23]
Foranyr € Q.
Proof. The proof is straightforward from the assumptions. ]

Theorem 3.4. Let 9, R be two (N.A.)(B.A.). Let 9: Q — [0, ) be a function such that

Yo 129 (2‘”’ w) < o and lim,_, [|2m|19 (zm’zw)] =0

Let g: @ — R be a function satisfies the inequality
1D, |, < 9, 1) (15)
and

lg@h) — g@gMllz < I h) (16)

Foranyr, h € Q. Then thereisan (A.) mapping #: 9 — R satisfying (15) and satisfy (H.) property such that

lg® = p@II < lim max {1219 (557, 557)} (17)

—00 0<I<w

For any r € Q. Then mapping §(r) is defined by g (x) = lim ng, (le) foranyr € Q. % is unique if

Yy

J

fim i 12119 (55.37) = 0 (18)
Proof. This theorem can be demonstrated using the same way as in the Theorem 3.1. |

Theorem 3.5. Let @, R be two (N.A.)(B.A.). Let 9: Q — [0, ) be a function such that

o= 1|2m|19( =, m) < o0 and limy, [|2‘°|19 (— —)] =0

2w’ w

Let g: 9 — R be a function satisfies the inequality
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D W, < 9, 1) (19)
and
lg(ch) — g(g(MWliz < I(x 1) (20)

Foranyr, i € Q. Then there is an (A.) derivation : 9 — R satisfying (19) such that

lg® - pII < lim max {1219 (57,57)} (21)

w00 0<A<w

For any r € Q. Then mapping () is defined by (r) = lim 2%g (ziw)’ foranyr € Q.  is unique if
w—00

r s
lim lim max [2!]9 (5-,-) = 0 (22)

A-oow— 00 AS]<w ZH ’ ﬁ

Proof. We proceed as in the proof of Theorem 3.4, except for the additional step described below:

o) — o) ~ hp s = im 12271 g (235) ~ 2 (35) ~ 359 (20)

< lim |2®]9 (i 2)=0

,—
w00 2w’ 2w

Then we have

ph) = p(h) + hp)

This complete the proof.
Corollary 3.6. If [3] < 1. Suppose that a mappingg @ — R
satisfies
I=l° + NIRI°, d<1;
1
lIelPlA°, 0<5;
Izl -
1D, Wz < 4 NAl°’ ' (23)
llelllI7]] 5< L.
lIxll® + llAll°” 2’
1
————, 0>0
llxll® + [|7]I°
and
llell® + lIII°, <1
1
lzlPlA°, 0<7
Izl -
lg@h) — g@aMllz <1 lal®’ '
llelllI7]l 5<l.
lIxll® + N7l 2’
1
0>0

lIll° + 11Al°°
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Foranyr, i € Q.

Then there exists a unique (H.) mapping g: Q@ — R such that
| lll &}

- (@Il
|2J|1 -0

g ()

llg@® — oI <ﬁ lim max { [2}]?°7 i

w—00 0<I<w ” ”5
29
o2l
2|Jz|
|21| |2|6+2

2[|xll°

Foranyr € Q.
Proof. The proof is straightforward from the assumptions.
Remark 3.7. The results obtained in the context of (H.) is also applicable to derivations.
4. (S.F.E.) (1) in (N.A.)(B.A.) via the (F.P.) method
We investigate the (S.F.E.) (1) in (N.A.)(B. A.) by applying the (F.P.) method. Let
Dy(r,h) = ¢(g(®) + ¢(h) — gt + 1) — gt — h) + ¢ () + g(A)
Theorem 4.1. Suppose that9: @ X Q — [0, 0) is a (F.) such that there is a constant £ < 1 with
(W2x,2h) < €9(x, h)
Forallr, 7 € Q. Consider a mapping g: Q — M for which
(92r,2h) < £9(x, h)

Foranyr,h € Q.Thereis aunique (A.) mapping C: 9 — M satisfying

9(x, 1)

1
lg() — COIl < a=one

Foranyr € Q

Proof. putting r = # in (25), we get

gr)
|72 - 00 < oo

Forany r € Q . We operate within the class
M= {d:Q — R}
In addition, we define (G. M.) by:
d(g,d) =inf{oc € R*:||g(¥) —d@)|lz < 09(x,1),Vr € Q}

It is immediate that (M, d) (C.M.) space. A linear mapping is defined as follows J: M — M such that

(24)

(25)

(26)
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Then

Letg, X € M

Then

Then J is contraction.
By applying Theorem 2.6, then we have

1. Jisunique (F.P.) of X

P(2
J(P@®) = %,Vr €Q

g @) =gl < 2] 19(r 1)

a(Jg. ¢) < 2
d(g,H) =0
lg(®) — H®I < od(x,1)

g(2r)  H(2r)

g — 1€l = || >
|2| llg(2x) — H 2ol
< i019(2r, 21)
2]
1
< H —af|2|9(x,1)
< afd(r,1)

a(Jg,JH) < ot

d(Jg,JH) < £d(g,H)

J(K@) = K (x)

K (21)
2

=K ()

F(2r) = 2K (v)

Foranyr € Q,then XK is unique (F.P.) of ] in the set

There is 0 € (0,) suchthatd(J,¢) < o

0={F € M:(g,d) < o}

1K@ —g@Il < |2|19(r 1)

2. d(Jg® K) — 0asw — oo, this gives that, forany r € Q

lim

w— 0o

g(2%x)
o =K@
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3. d(g,%) < 5d(g,]9), then

1
90 =pia—o
1
lg@) —K®I < mﬁ(r, )
This complete the proof. |

Corollary 4.2.If 0 < £ < 1and 0 € R. Suppose that a mapping g: 9 — R, satisfies

llxll
llAll°
IDoCe ), < § lellliall 27)
lIll° + llAll°
1
lIxll® + [|7]I?
foranyr,i € Q, and
llll
lIAll°
lg@h) — g(MgMllz <§ izl (28)
lIxll® + (7]l
1
Clell® + (7]
foranyr, i € Q.
Then there is a unique (H.) mapping C: @ — R such that
flefl*=°
- <— 2-9 29
190 = COIl = G577 Iell* (29)
llll
Foranyr € Q.
Proof. The proof is straightforward from the assumptions. |

Remark 4.3. The results obtained in the context of (H.) is also applicable to derivations.
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