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A B S T R A C T 

This paper studies the Ulam-type stability of functional equations in non-Archimedean 
Banach algebras. Conditions are established under which approximate solutions of the 
considered functional equations are close to exact solutions. The obtained results generalize 
and extend several known stability results in non-Archimedean settings. These findings 
contribute to a deeper understanding of stability theory in the framework of non-
Archimedean Banach algebras with the functional equation: 

ℊ(ℊ(𝔯) + ℊ(ℏ)) = ℊ(𝔯 + ℏ) + ℊ(𝔯 − ℏ) − ℊ(𝔯) − ℊ(ℏ) 
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1. Introduction 

Theory of (S. F. E. ) has become an important topic in modern mathematical analysis. This field originated from a 
problem proposed by Stanisław (𝒰. ) in 1940 concerning the stability of homomorphism between metric groups. In 
particular, (𝒰. ) asked whether a mapping that approximately satisfies a (F. P. )must be close to an exact solution of 
that (E. ). This (F. E. )initiated the development of what is now known as (𝒰. )-type stability theory [1,2]. The first 
significant answer to (𝒰. )’s problem was given by Donald (ℋ. )  in 1941. (ℋ. ) proved that if a mapping 
approximately satisfies the additive  (F. E. )in Banach spaces, then there is a unique additive mapping near it [3,4]. 
Later, this result was (𝒢. ) by Themistocles. Rassias who introduced a remarkable extension allowing the control of 
the Cauchy difference by an unbounded function. This generalization, known as the (ℋ. )–(𝒰. )–Rassias stability, 
significantly expanded the theory and opened the door for many further investigations [5-7]. During the last 
decades, the stability theory of (F. E. ) has been extended to various mathematical structures, including (N. A. S. ). In 
such spaces, the norm satisfies the strong triangle inequality, which leads to analytical properties that are 
substantially different from those in classical Banach spaces. These spaces arise naturally in areas such as p-adic 
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analysis and (N. A. ) geometry, making them an important framework for studying (F. P. )and their stability 
properties [6, 8-10]. In particular, (N. A. ) (B. A. ) provide a rich structure for studying algebraic mappings such as 
homomorphisms and derivations. The stability of these mappings plays an important role in understanding whether 
approximate algebraic structures can be approximated by exact ones. Several authors have investigated the (S. ) and 
superstability of ring homomorphism, derivations, and higher derivations in (N. A. )(B. A. ) [4,11,12]. Various 
techniques have been developed to establish such stability results. Among them, the direct method and the (F. P. ) 
method are the most widely used approaches. These methods have been successfully applied to investigate the 
stability of different (F. P. )and algebraic mappings in (N. A. ) settings [1,9,10,13-18]. 

Motivated by these developments, the study of (ℋ. )-type stability in (N. A. ) (B. A) continues to attract considerable 
attention. This topic combines ideas from(F. P. ), (B. A. ) theory, and (N. A. ) analysis, providing a fruitful framework 
for exploring the relationship between approximate and exact algebraic mappings. we work in a (N. A. ) (B. A. ). This 
structure is appropriate for our study since it satisfies the multiplicative property between elements, which allows 
the use of algebraic homomorphism. We consider a sequence that forms a geometric progression in the 
(N. A. )(B. A. ). By using the (N. A. ) property of the norm, the terms of this sequence are convergent, and hence the 
limit tends to zero. Next, we apply a homomorphism that preserves the multiplicative structure of the algebra, that 
is, ℊ(𝔯ℏ)  =  ℊ(𝔯)(ℏ). This property is essential for establishing the required relations in the (B. A. ). Using these 
properties together with the convergence of the geometric sequence, we obtain the uniqueness of the mapping 
under the given conditions. Let  

ℊ(ℊ(𝔯) + ℊ(ℏ)) = ℊ(𝔯 + ℏ) + ℊ(𝔯 − ℏ) − ℊ(𝔯) − ℊ(ℏ) (1) 

2. Preliminaries  

Definition 2.1. [19]  Let  𝕂 be a (N. A. ) valued field and let 𝒬 be an algebra over 𝕂. Then is called (N. A. ) (B. A. ) if 
there exists a norm ‖. ‖: 𝒬 ⟶ [0,∞) satisfying: 

1. ‖𝔯 + ℏ‖ ≤ 𝓂𝒶𝓍{‖𝔯‖, ‖ℏ‖}; 
2. ‖𝔯ℏ‖ ≤ ‖𝔯‖‖ℏ‖; 
3. The space 𝒬 is complete with respect to the norm. 

In this case, 𝒬 is called a (N. A. )(B. A. ). 

Example 2.2.[𝟏𝟗] Let   be a non-Archimedean Banach algebras and let 𝜕 ∈  𝒬 with ‖𝜕‖  <  1. Define a mapping 
ℊ: 𝒬 ⟶  𝒬 by  

ℊ(𝔯) = 𝜕𝔯       ∀𝔯 ∈  𝒬 

Then, for all 𝔯, ℏ ∈  𝒬   

ℊ(𝔯ℏ) − ℊ(𝔯)ℊ(ℏ) = 𝜕(1 − 𝜕)𝔯ℏ 

Therefore,  

‖ℊ(𝔯ℏ) − ℊ(𝔯)ℊ(ℏ)‖ ≤ ‖𝜕‖‖1 − 𝜕‖‖𝔯ℏ‖ 

which shows that ℊ  is an approximate homomorphism. Moreover, the mapping 𝐻(𝔯) = 0 , is an exact 
homomorphism and 

‖ℊ(𝔯) − 𝐻(𝔯)‖ ≤ ‖𝜕‖‖𝔯‖ 

Which proves that ℊ is close to an exact homomorphism.  

Definition 2.3. [20] Let 𝒬,ℛ be (B. A. ). A real linear mapping 𝛿: 𝒬 → ℛ is said to be a (Η. ) if 𝛿(𝔯ℏ)  = 𝛿(𝔯)𝛿(ℏ) for 
all 𝔯, ℏ ∈  𝒬. 

Definition 2.4. [20] Let 𝒬,ℛ be (B. A. ). A real linear mapping 𝛿: 𝒬 → ℛ is called to be a derivation if 𝛿 (𝔯ℏ)  =
 𝛿 (𝔯)ℏ + 𝔯𝛿 (ℏ) for all 𝔯, ℏ ∈  𝒬. 

Definition 2.5. [1] Let 𝒬 be a set. A (F. ) 𝓉 ∶  𝒬 ×  𝒬 →  [0,∞] is said a (𝒢.ℳ. ) on 𝒬 if, 
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1. 𝓉 (𝔯, ℏ)  =  0 ⇔ 𝔯 = ℏ, 
2. 𝓉(𝔯, ℏ)  = 𝓉 (ℏ, 𝔯) for all 𝔯, ℏ ∈ 𝒬, 
3. 𝓉(𝔯, 𝔱) ≤  𝓉(𝔯, ℏ) +  𝓉(ℏ, 𝔱) for all 𝔯, ℏ, 𝔱 ∈  𝒬. 

Theorem 2.6. [1] Let (𝒬, 𝓉) be a(𝒞. ) (𝒢.ℳ. ) space, and let 𝕁: 𝒬 →  ℛ be a strictly contractive mapping with the 
Lipschitz constant 

ℓ <  1. Then, for all 𝔯 ∈  𝒬, either 

𝓉(𝕁𝔴𝔯, 𝕁𝔴+1𝔯) = +∞ for all 𝔴 ≥  0 or there is a 𝔴0 ∈ ℕ such that 

1. 𝓉(𝕁𝔴𝔯, 𝕁𝔴+1𝔯) < +∞ for all 𝔴 ≥  𝔴0, 
2. The sequence {𝕁𝔴𝔯} is convergent to a (F. P. ) ℏ∗ of 𝕁, 
3. ℏ∗ is the unique (F. P. ) of 𝕁 in the set 𝕐 = {ℏ ∈ 𝕏, 𝓉(𝕁𝔴0𝔯, ℏ) < ∞}, 

4. 𝓉(ℏ, ℏ∗) ≤
1

1−ℓ
𝑑(ℏ, 𝕁ℏ) for all ℏ ∈ 𝕐. 

3. (𝐒. 𝐅. 𝐄. ) (1) in (𝐍.𝐀. )(𝐁. 𝐀. ) 

We present several main results concerning the (S. F. E. ) (1.1) in (𝑁. 𝐴. )(B. A). Let  

𝐷ℊ(𝔯, ℏ) = ℊ(ℊ(𝔯) + ℊ(ℏ)) − ℊ(𝔯 + ℏ) − ℊ(𝔯 − ℏ) + ℊ(𝔯) + ℊ(ℏ)   
 

(2) 

Theorem 3.1. Let 𝒬,ℛ be two (N. A. )(B. A. ). Let 𝜗: 𝒬 ⟶ [0,∞) be a function such that   

∑
𝜗(2𝔴𝔯,2𝔴ℏ)

|2𝔴|
∞
𝔴=1 < ∞ and lim𝔴→∞

𝜗(2𝔴𝔯,2𝔴ℏ)

|2𝑛|
= 0 for any 𝔯, ℏ ∈ 𝒬. 

Let ℊ: 𝒬 ⟶ ℛ be a function satisfies the inequality 

‖ℊ(𝔯, ℏ)‖ℛ  ≤ 𝜗(𝔯, ℏ) (3) 

and   

‖ℊ(𝔯ℏ)  −  ℊ(𝔯)ℊ(ℏ)‖ℛ  ≤ 𝜗(𝔯, ℏ) (4) 

For any 𝔯, ℏ ∈  𝒬. Then there is an (Α. ) mapping ℘: 𝒬 ⟶ ℛ   satisfying (2) and satisfying (Η. ) property such that  

‖ℊ(𝔯) − ℘(𝔯)‖ ≤
1

|2|
lim
𝔴→∞

max
0≤ℷ<𝔴

{
𝜗(2ℷ𝔯, 2ℷ𝔯)

|2ℷ|
} (5) 

For any 𝔯 ∈  𝒬. Then mapping ℘(𝔯) is defined by  ℘(𝔯) = lim
𝔴→∞

𝑔(2𝔴𝔯)

2𝔴
, for any 𝔯 ∈  𝒬.  ℘ is unique if  

1

|2|
lim
ℷ→∞

lim
𝔴→∞

max
ℷ≤𝕁<𝔴+ℷ

{
𝜗(2𝕁𝔯, 2𝕁𝔯)

|2𝕁|
} = 0 (6) 

Proof. Putting 𝔯 = ℏ in (2) we have  

‖
ℊ(2𝔯)

2
− ℊ(𝔯)‖ ≤

1

|2|
𝜗(𝔯, 𝔯) (7) 

Replacing 𝔯 by 2𝔴𝔯 and driving all side by 2𝔴 we get 

‖
ℊ(2𝔴+1𝔯)

2𝔴+1
−
ℊ(2𝔴𝔯)

2𝔴
‖ ≤

1

|2𝔴+1|
𝜗(𝔯, 𝔯) (8) 

When 𝔴 →  ∞ then the sequence {
ℊ(2𝔴𝔯)

2𝔴
}  is Cauchy. Since 𝒬  is (𝒞. )  we conclude that {

ℊ(2𝔴𝔯)

2𝔴
}   is convergent. 

Set ℘(𝔯) = lim
𝔴→∞

ℊ(2𝔴𝔯)

2𝔴
,  we can show that  
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ℊ(2𝔴𝔯)

2𝔴
− ℊ(𝔯) = ∑(

ℊ(2ℷ+1𝔯)

2ℷ+1
−
ℊ(2ℷ𝔯)

2ℷ
)

𝔴−1

ℷ=0

  

‖
ℊ(2𝔴𝔯)

2𝔴
− ℊ(𝔯)‖ ≤ max {‖

ℊ(2𝔯)

2
− ℊ(𝔯)‖ , ‖

ℊ(22𝔯)

22
−
ℊ(2𝔯)

2
‖ ,… , ‖

ℊ(2𝔴𝔯)

2𝔴
−
ℊ(2𝔴−1𝔯)

2𝔴−1
‖}  

≤ max {
𝜗(𝔯, 𝔯)

|2|
,
𝜗(2𝔯, 2𝔯)

|2|2
, … ,

𝜗(2𝔴−1𝔯, 2𝔴−1𝔯)

|2|𝔴
 }  

= max
0≤ℷ<𝔴

{
𝜗(2ℷ𝔯, 2ℷ𝔯)

|2ℷ|
}  

‖
ℊ(2𝔴𝔯)

2𝔴
− ℊ(𝔯)‖ ≤

1

|2|
max
0≤ℷ<𝔴

{
𝜗(2ℷ𝔯, 2ℷ𝔯)

|2ℷ|
}  

When 𝔴 →  ∞, we get   

‖℘(𝔯) − ℊ(𝔯)‖ ≤
1

|2|
lim
𝔴→∞

max
0≤ℷ<𝔴

{
𝜗(2ℷ𝔯, 2ℷ𝔯)

|2ℷ|
} 

Replacing 𝔯 by 2𝔴𝔯,  𝔰 by 2𝔴ℏ  and driving all side by 2𝔴 in (2) we get  

1

|2𝔴|
‖𝐷ℊ(𝔯, ℏ)‖ ≤

1

|2𝔴|
𝜗(2𝔴𝔯, 2𝔴ℏ) 

Taking the limit as 𝔴 →  ∞ we get   

‖𝐷℘(𝔯, ℏ)‖ ≤ lim
𝔴→∞

𝜗(2𝔴𝔯, 2𝔴ℏ)

|2𝔴|
= 0 

Then ℘ satisfy the (F. P. ) and ℘ is an (Α. ) mapping.     

‖℘(𝔯ℏ) − ℘(𝔯)℘(ℏ)‖ = lim
𝔴→∞

‖
ℊ(2𝔴𝔯2𝔴ℏ)

24𝔴
−
ℊ(2𝔴𝔯)

2𝔴
ℊ(2𝔴ℏ)

2𝔴
‖  

= lim
𝔴→∞

1

|24𝔴|
‖ℊ(2𝔴𝔯2𝔴ℏ) − ℊ(2𝔴𝔯)ℊ(2𝔴ℏ)‖  

≤ lim
𝔴→∞

1

|24𝔴|
𝜗(2𝔴𝔯2𝔴ℏ) = 0   

Then ℘(𝔯ℏ)  =  ℘(𝔯)℘(ℏ).  

To prove ℘ is unique, ℘́: 𝒬 ⟶ ℛ satisfies the (𝐹. 𝐸. ) and (3): 

‖℘(𝔯)  − ℘́(𝔯)‖  ≤  max{‖℘(𝔯) −  ℊ(𝔯)‖, ‖ℊ(𝔯) − ℘́(𝔯)‖}  

≤  max {
1

|2|
lim
𝔴→∞

max
0≤ℷ<𝔴

{
𝜗(2ℷ𝔯, 2ℷ𝔯)

|2ℷ|
} ,
1

|2|
lim
𝔴→∞

max
0≤ℷ<𝔴

{
𝜗(2ℷ𝔯, 2ℷ𝔯)

|2ℷ|
}}  

=
1

|2|
lim
𝔴→∞

max
0≤ℷ<𝔴

{
𝜗(2ℷ𝔯, 2ℷ𝔯)

|2ℷ|
}  

≤
1

|2|
lim
ℷ→∞

lim
𝔴→∞

max
ℷ≤𝕁<𝔴+ℷ

{
𝜗(2𝕁𝔯, 2𝕁𝔯)

|2𝕁|
} = 0  

Therefor ℘ = ℘́. This complete the proof of uniqueness of ℘.  
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Theorem 3.2.  Let 𝒬,ℛ be two (N. A. )(B. A. ). Let 𝜗: 𝒬 ⟶ [0,∞) be a function such that   

∑
𝜗(2𝔴𝔯,2𝔴ℏ)

|2𝔴|
∞
𝔴=1 < ∞ and lim𝔴→∞

𝜗(2𝔴𝔯,2𝔴ℏ)

|2𝔴|
= 0 for any 𝔯, ℏ ∈ 𝒬. 

Let ℊ: 𝒬 ⟶ ℛ be a function satisfies the inequality  

‖𝐷ℊ(𝔯, ℏ)‖ℛ
≤ 𝜗(𝔯, ℏ) (9) 

and 

 ‖ℊ(𝔯ℏ)  −  ℏℊ(𝔯)𝔯ℊ(ℏ)‖ℛ ≤ 𝜗(𝔯, ℏ) (10) 

For any 𝔯, ℏ ∈  𝒬. Then there is an (Α. ) mapping ℘: 𝒬 ⟶ ℛ   satisfying (3.6) and satisfying derivation property such 
that  

‖ℊ(𝔯) − ℘(𝔯)‖ ≤
1

|2|
lim
𝔴→∞

max
0≤ℷ<𝔴

{
𝜗(2ℷ𝔯, 2ℷ𝔯)

|2ℷ|
} (11) 

For any 𝔯 ∈ 𝒬. Then mapping ℘(𝔯) is defined by ℘(𝔯) = lim
𝔴→∞

ℊ(2𝔴𝔯)

2𝔴
, for any 𝔯 ∈ 

𝒬.  ℘ is unique if  

1

|2|
lim
ℷ→∞

lim
𝔴→∞

max
ℷ≤𝕁<𝔴+ℷ

{
𝜗(2𝕁𝔯, 2𝕁𝔯)

|2𝕁|
} = 0 

Proof. We proceed as in the proof of theorem (2), except for the additional step described below:  

‖℘(𝔯ℏ) − 𝔯℘(ℏ) − ℏ℘(𝔯)‖𝒬 = lim
𝔴→∞

‖
ℊ(2𝔴𝔯2𝔴ℏ)

22𝔴
−
2𝔴𝔯ℊ(2𝔴ℏ)

22𝔴
−
2𝔴ℏℊ(2𝔴𝔯)

22𝔴
‖  

                 = lim
𝔴→∞

1

|22𝔴|
‖ℊ(2𝔴𝔯2𝔴ℏ) − 2𝔴𝔯ℊ(2𝔴ℏ) − 2𝑛ℏℊ(2𝑛𝔯)‖ (12) 

≤ lim
𝔴→∞

1

|22𝔴|
𝜗(2𝔴𝔯2𝔴ℏ) = 0  

then 

℘(𝔯ℏ)  =  𝔯℘(ℏ) +  ℏ℘(𝔯)  

This complete the proof.                                                                                                                              ∎ 

Corollary 3.3. If [3] <  1. Suppose that a mapping ℊ: 𝒬 ⟶ ℛ satisfies  

‖𝐷ℊ(𝔯, ℏ)‖ℛ
 ≤  

{
 
 
 
 

 
 
 
 

‖𝔯‖ð + ‖ℏ‖ð,               ð > 1;

‖𝔯‖ð‖ℏ‖ð,                   ð ≥ 1
‖𝔯‖

‖ℏ‖ð
,                              ð < 0;

‖𝔯‖‖ℏ‖

‖𝔯‖ð + ‖ℏ‖ð
,                  ð < 1;    

1

‖𝔯‖ð + ‖ℏ‖ð
,                  ð > 1

 (13) 

and 
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‖ℊ(𝔯ℏ) −  ℊ(𝔯)ℊ(ℏ)‖𝒬  ≤

{
 
 
 
 

 
 
 
 

‖𝔯‖ð + ‖ℏ‖ð,               ð > 1;

‖𝔯‖ð‖ℏ‖ð,                   ð ≥ 1
‖𝔯‖

‖ℏ‖ð
,                              ð < 0;

‖𝔯‖‖ℏ‖

‖𝔯‖ð + ‖ℏ‖ð
,                  ð < 1;    

1

‖𝔯‖ð + ‖ℏ‖ð
,                  ð > 1

   

For any 𝔯, ℏ ∈ 𝒬.  

Then there is a unique (Η. ) mapping ℘: 𝒬 ⟶ ℛ such that   

‖ℊ(𝔯) − ℘(𝔯)‖ ≤
1

|2|
lim
𝔴→∞

max
0≤ℷ<𝔴

{
 
 
 

 
 
 
2|2ℷ|ð−1‖𝔯‖ð   

|2ℷ|(2ð−1)‖𝔯‖2ð

|2ℷ|−ð‖𝔯‖1−ð   

|2ℷ|1−ð
‖𝔯‖2

2‖𝔯‖ð
     

|2ℷ|ð
2‖𝔯‖ð

|2ℷ|
         

 (14) 

For any 𝔯 ∈  𝒬.  

Proof. The proof is straightforward from the assumptions.                                                                       ∎  

Theorem 3.4. Let 𝒬,ℛ be two (N. A. )(B. A. ). Let 𝜗: 𝒬 ⟶ [0,∞) be a function such that  

∑ |2𝔴|𝜗 (
𝔯

2𝔴
,
ℏ

2𝔴
) < ∞∞

𝔴=1  and lim𝔴→∞ [|2
𝔴|𝜗 (

𝔯

2𝔴
,
ℏ

2𝔴
)] = 0 

Let ℊ: 𝒬 ⟶ ℛ be a function satisfies the inequality  

‖𝐷ℊ(𝔯, ℏ)‖ℛ
≤ 𝜗(𝔯, ℏ) (15) 

and 

‖ℊ(𝔯ℏ)  −  ℊ(𝔯)ℊ(ℏ)‖ℛ  ≤  𝜗(𝔯, ℏ)  (16) 

For any 𝔯, ℏ ∈  𝒬. Then there is an (Α. ) mapping ℘: 𝒬 ⟶ ℛ   satisfying (15) and satisfy (Η. ) property such that    

‖ℊ(𝔯) − ℘(𝔯)‖ ≤ lim
𝔴→∞

max
0≤ℷ<𝔴

{|2ℷ|𝜗 (
𝔯

2ℷ+1
,
𝔯

2ℷ+1
)} (17) 

For any 𝔯 ∈  𝒬. Then mapping ℘(𝔯) is defined by ℘(𝔯) = lim
𝔴→∞

2𝔴ℊ (
𝔯

2𝔴
) for any 𝔯 ∈ 𝒬.  ℘ is unique if  

lim
ℷ→∞

lim
𝔴→∞

max
ℷ≤𝕁<𝔴+ℷ

|2𝕁| 𝜗 (
𝑥

2𝕁
,
𝑦

2𝕁
) = 0 (18) 

Proof. This theorem can be demonstrated using the same way as in the Theorem 3.1.         ∎ 

Theorem 3.5. Let 𝒬,ℛ be two (N. A. )(B. A. ). Let 𝜗: 𝒬 ⟶ [0,∞) be a function such that  

∑ |2𝔴|𝜗 (
𝔯

2𝔴
,
ℏ

2𝔴
) < ∞∞

𝔴=1  and lim𝔴→∞ [|2
𝔴|𝜗 (

𝔯

2𝔴
,
ℏ

2𝔴
)] = 0 

Let ℊ: 𝒬 ⟶  ℛ be a function satisfies the inequality  
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‖𝐷ℊ(𝔯, ℏ)‖ℛ
≤ 𝜗(𝔯, ℏ) (19) 

and 

 ‖ℊ(𝔯ℏ)  −  ℊ(𝔯)ℊ(ℏ)‖ℛ  ≤  𝜗(𝔯, ℏ)  (20) 

For any 𝔯, ℏ ∈  𝒬. Then there is an (Α. ) derivation ℘: 𝒬 ⟶ ℛ   satisfying (19) such that  

‖ℊ(𝔯) − ℘(𝔯)‖ ≤ lim
𝔴→∞

max
0≤ℷ<𝔴

{|2ℷ|𝜗 (
𝔯

2ℷ+1
,
𝔯

2ℷ+1
)} (21) 

For any 𝔯 ∈  𝒬. Then mapping ℘(𝔯) is defined by  ℘(𝔯) = lim
𝔴→∞

2𝔴ℊ (
𝔯

2𝔴
), for any 𝔯 ∈ 𝒬.  ℘ is unique if  

lim
ℷ→∞

lim
𝔴→∞

max
ℷ≤𝕁<𝔴

|2𝕁| 𝜗 (
𝔯

2𝕁
,
𝔰

2𝕁
) = 0 (22) 

Proof. We proceed as in the proof of Theorem 3.4, except for the additional step described below:  

‖℘(𝔯ℏ) − 𝔯℘(ℏ) − ℏ℘(𝔯)‖𝒮 = lim
𝔴→∞

|22𝔴| ‖ℊ (
𝔯ℏ

22𝔴
) −

𝔯

2𝔴
ℊ (

ℏ

2𝔴
) −

ℏ

2𝔴
ℊ (

𝔯

2𝔰
)‖  

≤ lim
𝔴→∞

|2𝔴|𝜗 (
𝔯

2𝔴
,
ℏ

2𝔴
) = 0   

Then we have 

℘(𝔯ℏ)  =  𝔯℘(ℏ)  +  ℏ℘(𝔯)  

This complete the proof.                                                                                                                              ∎ 

Corollary 3.6.  If [3] <  1. Suppose that a mapping ℊ 𝒬 ⟶ ℛ  

satisfies  

‖𝐷𝑣(𝔯, ℏ)‖ℛ  ≤  

{
 
 
 
 

 
 
 
 

‖𝔯‖ð + ‖ℏ‖ð,               ð < 1; 

‖𝔯‖ð‖ℏ‖ð,                   ð <
1

2
;  

‖𝔯‖

‖ℏ‖ð
,                              ð > 0;   

‖𝔯‖‖ℏ‖

‖𝔯‖ð + ‖ℏ‖ð
,                  ð <

1

2
;  

1

‖𝔯‖ð + ‖ℏ‖ð
,                  ð > 0     

 (23) 

and 

‖ℊ(𝔯ℏ) −  ℊ(𝔯)ℊ(ℏ)‖ℛ  ≤

{
 
 
 
 

 
 
 
 

‖𝔯‖𝜕 + ‖ℏ‖𝜕 ,               𝜕 < 1;

‖𝔯‖ð‖ℏ‖ð,                   ð <
1

2
‖𝔯‖

‖ℏ‖ð
,                              ð > 0;

‖𝔯‖‖ℏ‖

‖𝔯‖ð + ‖ℏ‖ð
,                  ð <

1

2
;    

1

‖𝔯‖ð + ‖ℏ‖ð
,                  ð > 0
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For any 𝔯, ℏ ∈  𝒬.  

Then there exists a unique (Η. ) mapping ℘: 𝒬 ⟶ ℛ such that   

‖ℊ(𝔯) − ℘(𝔯)‖ ≤
1

|2|
lim
𝔴→∞

max
0≤ℷ<𝔴

{
 
 
 
 
 

 
 
 
 
 
|2ℷ|1−ð

|2|ð
(2‖𝔯‖ð)   

|2ℷ|1−ð

|2|ð
(‖𝔯‖2ð)   

|2ℷ|2ð−1
‖𝔯‖

‖𝔯‖ð
       

|2ℷ|ð−2
‖𝔯‖2ð

2‖𝔯‖
       

|2ℷ||2|ð+2

2‖𝔯‖ð
            

    

For any 𝔯 ∈  𝒬.  

Proof. The proof is straightforward from the assumptions.        ∎ 

Remark 3.7.  The results obtained in the context of (Η. ) is also applicable to derivations.  

4. (𝐒. 𝐅. 𝐄. ) (1) in (𝐍.𝐀. )(𝐁. 𝐀. ) via the (𝐅. 𝐏. ) method 

We investigate the (S. F. E. ) (1) in (N. A. )(B. A. ) by applying the (F. P. ) method. Let 

𝐷ℊ(𝔯, ℏ) = ℊ(ℊ(𝔯) + ℊ(ℏ)) − ℊ(𝔯 + ℏ) − ℊ(𝔯 − ℏ) + ℊ(𝔯) + ℊ(ℏ) 

Theorem 4.1. Suppose that 𝜗: 𝒬 × 𝒬 ⟶ [0,∞) is a (F. ) such that there is a constant  ℓ <  1 with   

(𝜗2𝔯, 2ℏ)  ≤  ℓ𝜗(𝔯, ℏ) (24) 

For all 𝔯, ℏ ∈  𝒬. Consider a mapping ℊ: 𝒬 ⟶  ℳ for which    

(𝜗2𝔯, 2ℏ)  ≤  ℓ𝜗(𝔯, ℏ) (25) 

For any 𝔯, ℏ ∈  𝒬. There is a unique (Α. ) mapping  ∁: 𝒬 ⟶  ℳ satisfying 

‖ℊ(𝔯) − ∁(𝔯)‖ ≤
1

(1 − ℓ )|2|
𝜗(𝔯, 𝔯) (26) 

For any 𝔯 ∈  𝒬  

Proof. putting 𝔯 = ℏ in (25), we get  

‖
ℊ(2𝔯)

2
− ℊ(𝔯)‖ ≤

1

|2|
𝜗(𝔯, 𝔯) 

For any  𝔯 ∈ 𝒬 . We operate within the class  

ℳ = {𝒹: 𝒬 ⟶  ℛ} 

In addition, we define (𝒢.ℳ. ) by:  

𝒹(ℊ, 𝒹) = inf {𝜎 ∈  ℛ+: ‖ℊ(𝔯) − 𝒹(𝔯)‖ℛ  ≤  𝜎𝜗(𝔯, 𝔯), ∀𝔯 ∈  𝒬}  

It is immediate that (ℳ,𝒹) (𝒞.ℳ. ) space. A linear mapping is defined as follows 𝕁: ℳ ⟶  ℳ such that   
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𝕁(𝒫(𝔯)) =
𝒫(2𝔯)

2
, ∀𝔯 ∈ 𝒬 

Then   

‖𝕁ℊ(𝔯) − ℊ(𝔯)‖ ≤
1

|2|
𝜗(𝔯, 𝔯) 

𝒹(𝕁ℊ, ℊ) ≤
1

|2|
 

Let ℊ,ℋ ∈  ℳ   

𝒹(ℊ,ℋ) = 𝜎  

‖ℊ(𝔯) − ℋ(𝔯)‖ ≤ 𝜎𝜗(𝔯, 𝔯)  

‖𝕁ℊ − 𝕁ℋ‖ = ‖
ℊ(2𝔯)

2
−
ℋ(2𝔯)

2
‖  

=
1

|2|
‖ℊ(2𝔯) − ℋ(2𝔯)‖  

≤
1

|2|
𝜎𝜗(2𝔯, 2𝔯)  

≤
1

|2|
𝜎ℓ|2|𝜗(𝔯, 𝔯)     

≤ 𝜎ℓ𝜗(𝔯, 𝔯)    

Then 

𝒹(𝕁ℊ, 𝕁ℋ) ≤ 𝜎ℓ    

𝒹(𝕁ℊ, 𝕁ℋ) ≤ ℓ 𝒹(ℊ,ℋ)  

Then 𝕁 is contraction.  
By applying Theorem 2.6, then we have  

1. 𝕁 is unique (F. P. ) of 𝒦 

𝕁(𝒦(𝔯)) = 𝒦(𝔯) 

𝒦(2𝔯)

2
= 𝒦(𝔯) 

𝒦(2𝔯) = 2𝒦(𝔯) 

For any 𝔯 ∈  𝒬, then 𝒦 is unique (F. P. ) of 𝕁 in the set   

𝛺 = {ℱ ∈  ℳ: (ℊ, 𝒹) <  ∞}  

There is 𝜎 ∈ (0,∞) such that 𝒹(𝕁, ℊ) < 𝜎  

‖𝒦(𝔯) − ℊ(𝔯)‖ ≤
𝜎

|2|
𝜗(𝔯, 𝔯) 

2. 𝒹(𝕁ℊ𝔴,𝒦) ⟶ 0 as 𝔴 ⟶ ∞, this gives that, for any 𝔯 ∈  𝒬   

lim
𝔴→∞

ℊ(2𝔴𝑥)

2𝔴
= 𝒦(𝔯) 
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3. 𝒹(ℊ,𝒦) ≤
1

1−ℓ
𝒹(ℊ, 𝕁ℊ), then  

𝒹(ℊ,𝒦) ≤
1

|2|(1 − ℓ)
 

‖ℊ(𝔯) −𝒦(𝔯)‖ ≤
1

(1 − ℓ )|2|
𝜗(𝔯, 𝔯) 

This complete the proof.                                                                                                                              ∎ 

Corollary 4.2. If 0 ≤ ℓ <  1 and ð ∈ ℝ. Suppose that a mapping ℊ: 𝒬 ⟶  ℛ, satisfies  

‖𝐷𝒬(𝔯, ℏ)‖ℛ  ≤  

{
 
 
 

 
 
 

 
  

‖𝔯‖

‖ℏ‖ð
                               

‖𝔯‖‖ℏ‖

‖𝔯‖ð + ‖ℏ‖ð
                       

1

‖𝔯‖ð + ‖ℏ‖ð
                      

 (27) 

for any 𝔯, ℏ ∈  𝒬,  and  

‖ℊ(𝔯ℏ) −  ℊ(𝔯)ℊ(ℏ)‖ℛ  ≤

{
 
 
 

 
 
 

 
  

‖𝔯‖

‖ℏ‖ð
                               

‖𝔯‖‖ℏ‖

‖𝔯‖ð + ‖ℏ‖ð
                      

1

‖𝔯‖ð + ‖ℏ‖ð
                     

 (28) 

for any 𝔯, ℏ ∈  𝒬.  

Then there is a unique (Η. ) mapping ∁: 𝒬 ⟶  ℛ such that 

‖ℊ(𝔯) − ∁(𝔯)‖ ≤
1

(1 − ℓ)|2|
{

‖𝔯‖1−ð

‖𝔯‖2−ð

‖𝔯‖−ð
 (29) 

For any 𝔯 ∈  𝒬.  

Proof. The proof is straightforward from the assumptions.        ∎ 

Remark 4.3.  The results obtained in the context of (Η. ) is also applicable to derivations.  
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