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A B S T R A C T 

The closure operator is the central idea of this paper, which depended on the mixture path 
system and used to introduce and investigate the new space called Ṁẋ -closed and Ṁẋ- 
closure . The essential foundation for the concepts of Ṁẋ -space is presented, and we 
investigate the ideas and discover certain features of mixing path systems that are connected 
to certain graphs. 
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1. Introduction and Preliminaries: 

     Two main reasons exist for why graph theory is an important idea in many different academic domains and an 
helpful  tool in many other mathematic subjects. Let's now examine the mathematical process that is utilized to 
construct graphs. selected according to cognitive capacity. Second, given in a graph structure, some topics are 
simpler to comprehend. change into a more rational individual. One tool used to depict the graph is topological 
concepts, such as turning a set of vertices or edges into topological space, in relation to the relationship between 
topology and graph theory. These earlier studies on mixed structure graphs are included below. Kh. Sh. Al'Dzhɑbri 
et al. in [1-5] proposed a groundbreaking idea about directed and undirected graphs created by a unique mixture 
set. They used a variety of mixture structures to study various aspects of this idea, including the closed link between 
topology and graph. Another articles which details new approach of mixture structure by using approximation 
spaces and domination sets see[7-10].  A graph is defined by an ordered pair (ɣ (ϣ),£(ϣ) ) , where(ɣ (ϣ))  is a 
nonempty set whose  elements are called points or vertices and(£(ϣ) ) is a set of unordered pairs of distinct  
elements of  (£(ϣ)). The elements of  are called lines or edges of the graph[6]. A path of length n-1 , denoted by 𝑝𝑛 , is 
a sequence of distinct edges[11] .A closed path, a path with ɤ1 = ɤ𝑛 is called a cycle. A cycle with  n vertices is  
denoted by 𝑐𝑛[11]. 
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2. Mixture Path system and Ṁẋ-space   

Definition 2.1: Let ϣ = (ɣ(ϣ), £(ϣ)) be a graph and a vertex ɤ ∈ ɣ(ϣ)  

(1) The shortest even path set of ɤ is denoted by 𝐸𝑃(ɤ) and defined by:  

𝐸𝑃(ɤ) = {𝓋 ∈ ɣ(ϣ): 𝒹𝑃(ɤ, 𝓋) is shortest even path }.  

 (2) The shortest odd path set of ɤ is denoted by 𝑂𝑃(ɤ) and defined by:  

𝑂𝑃(ɤ) = {𝓋 ∈ ɣ(ϣ): 𝒹𝑃(ɤ, 𝓋) is shortest odd path }.  

Definition 2.2: Let ϣ = (ɣ(ϣ), £(ϣ)) be a graph, then the even path  system (resp. odd path system) of a vertex 

ɤ ∈ ɣ(ϣ) is denoted by 𝐸𝑃S(ɤ) (resp.𝑂𝑃S(ɤ)) and defined by: 𝐸𝑃S(ɤ) = {𝐸𝑃(ɤ)} (resp. 𝑂𝑃S(ɤ) = {𝑂𝑃(ɤ)}). 

Example 2.3: Let ϣ = (ɣ(ϣ), £(ϣ)) be a graph such that:  

ɣ(ϣ) = {ɤ1, ɤ2, ɤ3, ɤ4, ɤ5, ɤ6, ɤ7, ɤ8, ɤ9} £(ϣ) = {ɐ1, ɐ2, ɐ3, ɐ4, ɐ5, ɐ6, ɐ7, ɐ8, ɐ9, ɐ10, ɐ11} 

 

 

     

 

              

 

 

Figure 2.1 graph given in example 2.3 

Then:  𝐸𝑃(ɤ1) = {ɤ3, ɤ5,ɤ6},  𝐸𝑃(ɤ2) = {ɤ4, ɤ7, ɤ8, ɤ9}, 𝐸𝑃(ɤ3)={ɤ1, ɤ5, ɤ6}, 

EP( ɤ4) = {ɤ2, ɤ7, ɤ8, ɤ9}   ,EP( ɤ5) = {ɤ1, ɤ3, ɤ6}  , 𝐸𝑃(ɤ6) = {ɤ1, ɤ3, ɤ5} 𝐸𝑃(ɤ7) = {ɤ2, ɤ4, ɤ8, ɤ9}  𝐸𝑃(ɤ8) =
{ɤ2, ɤ4, ɤ7, ɤ9} , 𝐸𝑃(ɤ9) = {ɤ2, ɤ4, ɤ7, ɤ8} 

𝑂𝑃 ( ɤ1) = {ɤ2, ɤ4, ɤ7, ɤ8, ɤ9}, 𝑂𝑃(ɤ2) = {ɤ1, ɤ3, ɤ5, ɤ6}, 𝑂𝑃(ɤ3) = {ɤ2, ɤ4, ɤ7, ɤ8, ɤ9}, 𝑂𝑃(ɤ4) =
{ɤ1, ɤ3, ɤ5, ɤ6}, 𝑂𝑃(ɤ5) = {ɤ2, ɤ4, ɤ7, ɤ8, ɤ9}, 𝑂𝑃(ɤ6) = {ɤ2, ɤ4, ɤ7, ɤ8, ɤ9}, 𝑂𝑃(ɤ7) = { ɤ1, ɤ3, ɤ5, ɤ6} , 𝑂𝑃(ɤ8) =
{ɤ1, ɤ3, ɤ5, ɤ6}, 𝑂𝑃(ɤ9) = {ɤ1, ɤ3, ɤ5, ɤ6} 

Theorem 2.6:let (𝐶𝑛, Ƕ𝑚1
)and (𝑃𝑛 , Ƕ𝑚2

) be two Ṁẋ-space if n is even then Ƕ𝑚1
= Ƕ𝑚2

 

Proof:since М𝒫(𝐶𝑛) = М𝒫(𝑃𝑛) when n is even thus Ƕ𝑚1
= Ƕ𝑚2

 

Theorem 2.7:let (ϣ1, Ƕ𝑚1
) and (ϣ2, Ƕ𝑚1

) be  two Ṁẋ-space if ϣ1 ≅ ϣ2 then М𝒫(ϣ1) = М𝒫(ϣ2) 

Proof:  ϣ1 = (ɣ(ϣ1), £(ϣ1)), ϣ2 = (ɣ(ϣ1), £(ϣ1))  be a two isomorphic graphs i-e ϣ1 ≅ ϣ2 hence |ɣ(ϣ1)| =

|ɣ(ϣ2)|𝑎𝑛𝑑 |£(ϣ1)| = |£(ϣ2)|and there exises bijective map 𝜗 ⋮ ɣ(ϣ1) → ɣ(ϣ2) such that for any 𝑑𝑝(𝑤, 𝑣) ∈

𝐸𝑃(𝑤) in ɣ(ϣ𝟏)  iff𝑑𝑝 (𝜗(𝑤) ∙ 𝜗(𝑣)) ∈ 𝐸𝑃(𝜗(𝑤))in ɣ (ϣ2) incidence on 𝑤 in ϣ1 there exist the same path 𝑑𝑝(𝑤, 𝑣) ∈

ɣ(ϣ2)incidence on 𝜗(𝑤) in ϣ2 and 𝑑𝑝(𝑤, 𝑣) ∈ 𝑂𝑃(𝑤) in ɣ(ϣ𝟏) iff 𝑑𝑝 (𝜗(𝑤) ∙ 𝜗(𝑣)) ∈

 𝑂𝑃(𝜗(𝑤))in  ɣ(ϣ2) then 𝐸𝑃(𝑤) in ɣ(ϣ𝟏)  equal to  𝐸𝑃(𝜗(𝑤)) in ɣ(ϣ2) also  

𝑂𝑃(𝑤) in ɣ(ϣ1) equal to 𝑂𝑃(𝜗(𝑤)) in ɣ(ϣ2) since Ƕ𝑚1
(𝑤) = {𝐸𝑃(𝑤), 𝑂𝑃(𝑤)} 
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And Ƕ𝑚2
 (𝜗(𝑤)) = {𝐸𝑃(𝜗(𝑤)), 𝑂𝑃(𝜗(𝑤))}  𝑠𝑜 Ƕ𝑚1

= Ƕ𝑚1
 then by theorem (3.6) whe have М𝒫(ϣ1) = М𝒫(ϣ2) 

Definition 2.8: Let ϣ = (ɣ(ϣ), £(ϣ)) be a graph the mixture path system of a vertex ɤ ∈ ɣ(ϣ) is denoted by 

ṀẋPS(ɤ) and defined by:  ṀẋPS(ɤ) = {𝐸𝑃S(ɤ) , 𝑂𝑃S(ɤ)}.    

Definition 2.9: Let ϣ = (ɣ(ϣ), £(ϣ)) be a graph the mixture path of a vertex ɤ ∈ ɣ(ϣ)  is denoted by ṀẋP(ɤ)  such t 

hat ṀẋP(ɤ) ∈ ṀẋPS(ɤ). 

Example 2.10: Accordng to example(2.3) , the mixture path sytems are given by: 

ṀẋPS(ɤ1) = {{ɤ3, ɤ5, ɤ6}, {ɤ2, ɤ4, ɤ7, ɤ8, ɤ9}}   

ṀẋPS (ɤ2) ={{ɤ4, ɤ7, ɤ8, ɤ9}, {ɤ1, ɤ3, ɤ5, ɤ6}} 

ṀẋPS(ɤ3)={{ɤ1, ɤ5, ɤ6}, {ɤ2, ɤ4, ɤ7, ɤ8, ɤ9}} 

ṀẋPS(ɤ4)={{ɤ2, ɤ7, ɤ8, ɤ9}, {ɤ1, ɤ3, ɤ5, ɤ6}} 

ṀẋPS(ɤ5)={{ɤ1, ɤ3, ɤ6}, {ɤ2, ɤ4, ɤ7, ɤ8, ɤ9}} 

ṀẋPS(ɤ6)={{ɤ1, ɤ3, ɤ5}, {ɤ2, ɤ4, ɤ7, ɤ8, ɤ9}} 

ṀẋPS(ɤ7)={{ɤ2, ɤ4, ɤ8, ɤ9}, {ɤ1, ɤ3, ɤ5, ɤ6}} 

ṀẋPS(ɤ8)={{ɤ2, ɤ4, ɤ7, ɤ9}, {ɤ1, ɤ3, ɤ5, ɤ6}} 

ṀẋPS(ɤ9)={{ɤ2, ɤ4, ɤ7, ɤ8}, {ɤ1, ɤ3, ɤ5, ɤ6}} 

Definition 2.11: Let ϣ = (ɣ(ϣ), £(ϣ)) be a graph and suppose that Ƕ𝒎: ɣ(ϣ) ⟶ P(P(ɣ(ϣ))) is a mapping which 

assigns for each ɤ in ɣ(ϣ) it's mixture path system in P(P(ɣ(ϣ))).The pair (ϣ, Ƕ𝒎) is called the Ṁẋ-space.  

Example 2.12: Accordng to example (3.3), the mapping Ƕ𝒎 is given by: 

 Ƕ𝒎(ɤ1) = {{ɤ3, ɤ5, ɤ6}, {ɤ2, ɤ4, ɤ7, ɤ8, ɤ9}} 

Ƕ𝒎(ɤ2)={{ɤ4, ɤ7, ɤ8, ɤ9}, {ɤ1, ɤ3, ɤ5, ɤ6}}  

 Ƕ𝒎(ɤ3)={{ɤ1, ɤ5, ɤ6}, {ɤ2, ɤ4, ɤ7, ɤ8, ɤ9}} 

 Ƕ𝒎(ɤ4)={{ɤ2, ɤ7, ɤ8, ɤ9}, {ɤ1,, ɤ3, ɤ5, ɤ6}} 

Ƕ𝒎(ɤ5)={{ɤ1, ɤ3, ɤ6}, {ɤ2, ɤ4, ɤ7, ɤ8, ɤ9}} 

Ƕ𝒎(ɤ6)={{ɤ1, ɤ3, ɤ5}, {ɤ2, ɤ4, ɤ7, ɤ8, ɤ9}} 

 Ƕ𝒎(ɤ7)={{ɤ2, ɤ4, ɤ8, ɤ9}, {ɤ1, ɤ3, ɤ5, ɤ6}} 

Ƕ𝒎(ɤ8)={{ɤ2, ɤ4, ɤ7, ɤ9}, {ɤ1, ɤ3, ɤ5, ɤ6}} 

Ƕ𝒎(ɤ9)={{ɤ2, ɤ4, ɤ7, ɤ8}, {ɤ1, ɤ3, ɤ5, ɤ6}} 

3. Limit Mixture Path System 

      In this section, we introduced new concept called the   mx́́ -derived  of a subgraph  H of a graph ϣ and is denoted 

by [ɣ(H)]Mx́́
`  which depended on mixture path. Some properties and examples are investigated. Й 
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Definition 3.1: Let  (ϣ, Ƕ𝒎)  be a 𝑀𝑥́́ − space. A vertex ɤ in ɣ(ϣ) is called a limit mixture vertex path  of a graph 

Й ⊆ ϣ if every  mixture path of  ɤ contains at least one vertex of H different from ɤ The set of all limit vertiices of a 

Й ⊆ ϣ is called the   𝑚𝑥́́ -derived  of  Й and is denoted by [ɣ(Й)]𝑀𝑥́́
`  and  

[ɣ(Й)]𝑀𝑥́́
` = {ɤ ∈ ɣ(ϣ); ∀ 𝑀𝑥́́ P(ɤ), 𝑀𝑥́́ P (ɤ) ∩ (ɣ(Й) − {ɤ}) ≠ 𝜙} .  

 Example 3.2:  in example (3.2)  Й ⊆ ϣ  where ɣ(Й) ={ɤ3, ɤ4, ɤ5, ɤ6} and £(H)={ɐ3, ɐ4, ɐ5} then we note that 

[ɣ(Й)]𝑀𝑥́́
` ={ɤ1, ɤ2, ɤ3, ɤ5, ɤ6, ɤ7, ɤ8, ɤ9} 

Proposition  3.3: : Let  (ϣ, Ƕ𝒎)  be a Ṁẋ − space and  if   ϣ is null graph then for every a subgraph H of ϣ  the 𝑚𝑥́́ -

derived of H is empty   

Proof: ϣ = (ɣ(ϣ), £(ϣ)) be a null graph then Ƕ𝒎(ɤ) = {∅, ∅} ∀ ɤ ∈ ɣ(ϣ)  so 𝐸𝑃(ɤ) = ∅ and 𝑂𝑃(ɤ) = ∅   ∀ ɤ ∈ ɣ(ϣ) 

thus every mixture path of ɤ it dose not contain any vertex of Й where Й ⊆ ϣ  ie.  [ɣ(Й)]𝑀𝑥́́
` =∅ for all Й ⊆ ϣ   

Theorem 3.4: Every singleton sub graph  Й of ϣ then the 𝑚𝑥́́ -derived  of Й is empty set.   

Proof: Let  ϣ = (ɣ(ϣ), £(ϣ)) be a   graph  and Й ⊆ ϣ  such that ɣ(Й) = {ɤ𝑖} .Now to prove that [ɣ(Й)]𝑀𝑥́́
` = 𝜙 , we 

will prove that bycontradiction .Suppose  that [ɣ(Й)]𝑀𝑥́́
` ≠ 𝜙 ⟹ ∃ ɤ ∈ ɣ(ϣ) such that 

 ɤ ∈ [ɣ(Й)]𝑀𝑥́́
`  ⟹ 𝑀𝑥́́ 𝑃(ɤ) ∩ ({ɣ(Й)} − {ɤ}) ≠ 𝜙 , ∀ 𝑀𝑥́́ 𝑃(ɤ)  ⟹ ɤ ≠ ɣ(Й) and ɣ(Й) ∈ 𝑀𝑥́́ 𝑃(ɤ)  , ∀ 𝑀𝑥́́ 𝑃(ɤ) 

⟹ ɣ(Й) ∈ 𝑂𝑃(ɤ) and ɣ(Й) ∈ 𝐸𝑃(ɤ) and this a contradiction then ɤ ∉ [ɣ(Й)]𝑀𝑥́́
`  ⟹ [ɣ(Й)]𝑀𝑥́́

` = 𝜙.  

Theorem 3.5: If ϣ is complete  graph . then for everysub  graph  H of ϣ the 𝑚𝑥́́ -derived . of H is empty set. i.e. 

[ɣ(Ħ)]𝑀𝑥́́
` = 𝜙.  

Proof: Let ϣ  be complete  graph . and Й ⊆ ϣ To prove that [ɣ(Ħ)]Ṁẋ
` = 𝜙,  in complete graph EP(ɤ)=∅  ∀ ɤ ∈ ɣ(ϣ) 

Hence [ɣ(Ħ)]𝑀𝑥́́
` = 𝜙.  

Theorem 3.6: Let ϣ = 𝐾𝑚,𝑛 be a complete bipartite graph having bipartition (ɣ1, ɣ2) then every sub  graph. Й of ϣ 

we have If ɣ(Й) ⊆ ɣ1 or ɣ(Й) ⊆ ɣ2 then [ɣ(Й)]𝑀𝑥́́
` = 𝜙. 

Proof: Let ϣ = 𝐾𝑚,𝑛 be a complete  bipartite graph . and Й ⊆ ϣ such that ɣ(Й) ⊆ ɣ1. To prove that [ɣ(Й)]
𝑀𝑥́́
` = 𝜙. 

Assume that [ɣ(Й)]𝑀𝑥́́
` ≠ 𝜙 Let ɤ ∈ ɣ(ϣ) then  ɤ ∈ [ɣ(Й)]𝑀𝑥́́

`  ⟹ 𝑀𝑥́́ 𝑃(ɤ) ∩ ({ɣ(Й)} − {ɤ}) ≠ 𝜙 , ∀ 𝑀𝑥́́ 𝑃(ɤ)  if ɤ ∈ ɣ1. 

⟹ 𝐸𝑃(ɤ) = ɣ1  and OP(ɤ) = ɣ2  thus contradiction if ɤ ∈ ɣ2. ⟹ 𝐸𝑃(ɤ) = ɣ2  and OP(ɤ) = ɣ1 thus a contradiction ⟹

 [ɣ(Й)]
𝑀𝑥́́
` = 𝜙. And we can prove by the same way if ɣ(Й) ⊆ ɣ2. 

Theorem 3.7: Let  (ϣ, Ƕm) be a Ṁẋ -space, and His every subgraph of ϣ. If Hhas only two vertix then these two 

vertix are not limit mixture path  of  H.  

Proof : Let ϣ = (ɣ(ϣ), £(ϣ))  be a graph, and let H ⊆ ϣ suppose that ɣ(Ħ) = {ɤ 1, ɤ 2}, to prove ɤ 1, ɤ2 ∉  [ɣ(Ħ)]
Mx́́
`   

we will prove that by a contradiction. Now If  ɤ 1 ∈ [ɣ(Ħ)]
Mx́́
`  

then,  Mx́́ P(ɤ1) ∩ (ɣ(Ħ) − {ɤ 1}) ≠ ϕ, ∀Mx́́ P(ɤ1) sinceɣ(Ħ) − {ɤ 1} = {ɤ 2}  this means Mx́́ P(ɤ1) ∩ {ɤ 2} ≠ ϕ it's means 
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ɤ 2 ∈ EP(ɤ1) and  ɤ 2 ∈ OP(ɤ1) and this contradiction. Hence ɤ1 ∉  [ɣ(Ħ)]
Mx́́
`  In the same way we can prove that 

ɤ 2 ∉  [ɣ(Ħ)]
Mx́́
`  

Corollary 3.8: Let( ϣ, Ƕm) be a  Ṁẋ -space, if |ɣ(ϣ)| = 2 then for every subgraph Ħ of  ϣ the mx́́ -derived of Ħ is 

empty. 

Proof: The proof it's clear from theorem(3.7) 

Proposition 4.9: Let  ( ϣ, Ƕm) be a  Ṁẋ -space, for every Ħ subgraph of ₢ if  ɤ ∈ [ɣ(Ħ)]
Mx́́
`   then   ɤ ∈ [ɣ( Ħ −  ɤ )]

Mx́́
`    

Proof: Let  ϣ = (ɣ( ϣ), £( ϣ))  be a graph and let Ħ is a subgraph of  ϣ, suppos that  ɤ ∈ [ɣ( Ħ)]
𝑀𝑥́́
`  then 𝑀𝑥́́ 𝑃( ɤ) ∩

(ɣ(Ħ) − { ɤ }) ≠ ∅, ∀ 𝑀𝑥́́ 𝑃( ɤ) then  𝑀𝑥́́ 𝑃( ɤ) ∩ (ɣ(Ħ) ∩ {ɤ}c) ≠ ϕ ⟹  𝑀𝑥́́ 𝑃( ɤ) ∩ (ɣ( Ħ −  ɤ ) ∩ { ɤ }c) ≠ ϕ  ⟹

  𝑀𝑥́́ 𝑃( ɤ) ∩ (ɣ( Ħ −  ɤ) − { ɤ }) ≠ ϕthus  ɤ ∈ [ɣ( Ħ −  ɤ )]
𝑀𝑥́́
`  

Proposition 3.10:  Let  (ϣ, Ƕ𝒎)  be a Ṁẋ − space  for all   Ħ , Ƙ ⊆ ϣ then  

(i) [ɣ( Ħ)]
𝑀𝑥́́
` ∪ [ɣ( Ƙ)]

𝑀𝑥́́
` ⊆  [ɣ( Ħ ∪ Ƙ)]

𝑀𝑥́́
`  

(ii) [ɣ( Ħ ∩ Ƙ)]𝑀𝑥́
` ⊆  [ɣ( Ħ)]

𝑀𝑥́́
` ∩ [ɣ( Ƙ)]

𝑀𝑥́́
`  

Proof :  

(i)  Let ϣ = (ɣ(ϣ), £(ϣ))  be a graph and Ħ, Ƙ ⊆ ϣ. to prove that  [ɣ( Ħ)]
𝑀𝑥́́
` ∪ [ɣ( Ƙ)]

𝑀𝑥́́
` ⊆  [ɣ( Ħ ∪ Ƙ)]

𝑀𝑥́́
`   Since 

ɣ(Ħ) ⊆ ɣ(Ħ ∪ Ƙ)  by propósition (3.9)  we get [ɣ( Ħ)]
𝑀𝑥́́
` ⊆ [ɣ( Ħ ∪ Ƙ)]

𝑀𝑥́́
` − − − (1).  And  ɣ(Ƙ) ⊆ ɣ(Ħ ∪ Ƙ)  by 

próposition(3.9) we get [ɣ( Ƙ)]
𝑀𝑥́́
` ⊆ [ɣ(Ħ ∪ Ƙ)]

𝑀𝑥́́
` − − − (2).Fróm(1) and (2) we get [ɣ( Ħ)]

𝑀𝑥́́
` ∪ [ɣ( Ƙ)]

𝑀𝑥́́
` ⊆

 [ɣ( Ħ ∪ Ƙ)]
𝑀𝑥́́
`   

(ii) Let ϣ = (ɣ(ϣ), £(ϣ)) be a graph and Ħ, Ƙ ⊆ ϣ .to prove [ɣ( Ħ ∩ Ƙ)]
𝑀𝑥́́
` ⊆  [ɣ(Ħ)]

𝑀𝑥́́
` ∩ [ɣ( Ƙ)]

𝑀𝑥́́
`   

Since ɣ(Ħ ∩ Ƙ) ⊆ ɣ(Ħ) by proposition ( 3.9)  

  we get [ɣ(Ħ ∩ Ƙ)]
𝑀𝑥́́
` ⊆ [ɣ( Ħ)]

𝑀𝑥́́
` − − − (1).  and ɣ(Ħ ∩ Ƙ) ⊆ ɣ(Ƙ)  proposition (3.8) we get [ɣ( Ħ ∩ Ƙ)]

𝑀𝑥́́
` ⊆

[ɣ(Ƙ)]
𝑀𝑥́́
` − − − (2).  From (1) and(2)   we  get [ɣ( Ħ ∩ Ƙ)]

𝑀𝑥́́
` ⊆  [ɣ( Ħ)]

𝑀𝑥́́
` ∩ [ɣ( Ƙ)]

𝑀𝑥́́
` . [ɣ( Ħ)]

𝑀𝑥́́
` ∩ [ɣ( Ƙ)]

𝑀𝑥́́
` ⊆

[ɣ( Ħ ∩ Ƙ)]
𝑀𝑥́́
`  

4. Ṁẋ -closed  and Ṁẋ -closure operators 

     In this section we intróduce the notións of Ṁẋ -closed   and Ṁẋ -clósure operators and we sttudy sóme of their 

próperties. 

Definition 4.1: Given an Ṁẋ -space (ϣ, Ƕ𝒎) , a subgraph Й ⊆ ϣ which cóntains all  its limit mixture path  is called 

Ṁẋ -closed. The family ℱǶ𝒎
 of all Ṁẋ -closed  of an Ṁẋ -space is defined by: 

ℱǶ𝒎
= {ɣ(Й) ⊆ ɣ(ϣ); [ɣ(Й)]Ṁẋ

` ⊆ ɣ(Й)}. 

Theorem 4.2: Let (ϣ, Ƕm) be an Ṁẋ -space and let ℱǶm
 be a family of all Ṁẋ -closed subgraphs of ϣ , then : 

1. ∅ and ϣ ∈ ℱǶm
. 

2. For any subfamily {Hi}i∈I ⊆ ℱǶm
 then ⋂ {Hi}i∈I ∈ ℱǶm

 

Proof: 1. Its clear since ∅ and ϣ  are Ṁẋ -closed. 
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2. Let (ϣ, Ƕ𝒎) be an Ṁẋ -space such that 𝐾 ⊆ ϣ and ɣ(𝐾) =∩𝑖 ɣ(Й𝑖); 𝑖 ∈ 𝐼, the intersection of the Ṁẋ -closed  

Й𝑖 ⊆ ϣ, 𝑖 ∈ 𝐼. Hence ɣ(𝐾) ⊆ ɣ(Й𝑖) for all 𝑖 ∈ 𝐼 which implies [ɣ(𝐾)]Ṁẋ
` ⊆ [ɣ(Й𝑖)]Ṁẋ

`  for all 𝑖 ∈ 𝐼. But [ɣ(Й𝑖)]Ṁẋ
` ⊆

ɣ(Й𝑖) for all 𝑖 ∈ 𝐼 since Й𝑖  is Ṁẋ-closed and so [ɣ(𝐾)]Ṁẋ
` ⊆ ɣ(Й𝑖) for all 𝑖 ∈ 𝐼 thus, [ɣ(𝐾)]Ṁẋ

` ⊆∩𝑖 (ɣ(Й𝑖)) = ɣ(𝐾), 

hence 𝐾 is Ṁẋ -closed. 

If ∩𝑖 (ɣ(Й𝑖)) =∅ by (1) above  we get ∩𝑖 (ɣ(Й𝑖)) is Ṁẋ -closed.   

If ∩𝑖 (ɣ(Й𝑖)) =ϣ by (1) above we get ∩𝑖 (ɣ(Й𝑖)) is Ṁẋ -closed.  

Remark 4.3:. The unión of two Ṁẋ -closed cóntained in an Ṁẋ -space do not need to be Ṁẋ -clósed as shówn in the 
follówing example. 

Example 4.4: Let   ϣ = (ɣ(ϣ), £(ϣ))  be an graph shown in figure (2.1) such that  ɣ(ϣ) =  {ɤ1, ɤ2, ɤ3, ɤ4},  

 

Figure 4.1:  given in Example (4.4). 

Ṁẋ𝑃𝑆(ɤ1)={{ ɤ4, ɤ5},{ɤ1, ɤ2, ɤ3}} 

Ṁẋ𝑃𝑆(ɤ2)={{ ɤ3},{ ɤ1, ɤ4, ɤ5}} 

Ṁẋ𝑃𝑆(ɤ3)={{ɤ2},{ ɤ5, ɤ1, ɤ4}} 

Ṁẋ𝑃𝑆(ɤ4)={{ ɤ1},{ ɤ3, ɤ2, ɤ5} 

Ṁẋ𝑃𝑆(ɤ5)={∅,{ ɤ1, ɤ3, ɤ2, ɤ4}} 

Accórdingly, the family ℱǶ𝒎
 of all Ṁẋ -clósed graphs of this Ṁẋ -space is given by:  

ℱǶ𝒎
= {ɣ(ϣ), ϕ, {ɤ 1}, {ɤ 2}, {ɤ 3}, {ɤ 4}, {ɤ 5}, {ɤ 1, ɤ 4}{ɤ 3, ɤ 2}, {ɤ 5, ɤ 4}, {ɤ 1, ɤ 2, ɤ 3, ɤ 4}} 

Obviously, the graphs H = (ɣ(Й), £(H)) such that ɣ(H) = {ɤ1, ɤ4}, and Ƙ = (ɣ(Ƙ), £(Ƙ)) such that ɣ(Ƙ) = {ɤ5}, are 

Ṁẋ -closed, but their union Ħ ∪ Ƙ = (ɣ(H ∪ Ƙ), £(H ∪ Ƙ)) such that ɣ(H ∪ Ƙ) = {ɤ1, ɤ4, ɤ5} is not Ṁẋ -closed, because 

[ɣ(H ∪ Ƙ)]Ṁẋ
` = {ɤ1, ɤ4, ɤ5} and this leads to  [ɣ(H ∪ Ƙ)]Ṁẋ

`  ⊈ ɣ(H ∪ Ƙ) 

Theorem 4.5: Let (ϣ, Ƕ𝒎)  be an Ṁẋ -space then 

(i) Every singleton sub graph H of ϣ is Ṁẋ -clósed. 

(ii) If ϣ is cómplete  then every sub graph   H of ϣ is Ṁẋ -clósed. 
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Proof: 

(i) Let Й ⊆ ϣ  be singleton sub  i.e. ɣ(Й) = {ɤ}, ɤ ∈ ɣ(ϣ)  by (theórem(3.4), we get [ɣ(Й)]
Ṁẋ

`
= 𝜙 . And 

hence [ɣ(Й)]Ṁẋ
` ⊆ ɣ(Й). Therefóre Й is Ṁẋ -closed. 

(ii) Let ϣ be a complete  and let Й ⊆ ϣ be any subgraph  by (theorem(3.4), we get [ɣ(Й)]Ṁẋ
` = 𝜙. And hence 

 [ɣ(Й)]Ṁẋ
` ⊆ ɣ(Й). Therefore H is Ṁẋ -closed. 

Corollary 4.6: Let (ϣ, Ƕ𝒎)   be an Ṁẋ -space  If ϣ is complete graph then ℱǶ𝒎
= P (ɣ(Й)). 

Proof: The proof its obvoisly from theorem (4.5) 

Proposition 4.7:  Let ϣ = 𝐾𝑚,𝑛 be a complete bipartite graph having bipartition (ɣ1, ɣ2) then every subgraph Й  of 

ϣ if Й ⊆ ɣ1 or Й ⊆ ɣ2 is Ṁẋ -closed. 

Proof : By (theorem 3.6) we get [ɣ(Й)]Ṁẋ
` = 𝜙. And hence  [ɣ(Й)]Ṁẋ

` ⊆ ɣ(Й). Therefore H is Ṁẋ -closed. 

Proposition 4.8: Let (ϣ, Ƕ𝒎)   be an Ṁẋ -space if H ⊆ ϣ is Ṁẋ -closed then every sub graph contained in Й 

andcontaining [ɣ(Й)]Ṁẋ
`  is Ṁẋ -closed. 

Proof : Let (ϣ, Ƕ𝒎)  be an Ṁẋ -space and H, Ƙ ⊆ ϣ such that Й is Ṁẋ -closedand [ɣ(Й)]Ṁẋ
` ⊆ ɣ(Ƙ) ⊆ ɣ(Ħ).  Since 

ɣ(Ƙ) ⊆ ɣ(H) then [ɣ(𝐾)]Ṁẋ
` ⊆ [ɣ(Й)]Ṁẋ

`  and so [ɣ(𝐾)]Ṁẋ
` ⊆ ɣ(Ƙ), thus Ƙ is Ṁẋ -closed. 

Corollary 4.9: Let (ϣ, Ƕ𝒎) be an Ṁẋ -space, if H ⊆ ϣ is Ṁẋ -closed then [ɣ(Й)]Ṁẋ 
`  it's also Ṁẋ -closed.  

Proof : Let H ⊆ ϣ  and Ṁẋ -closed ⟹ [ɣ(Й)]Ṁẋ
` ⊆ ɣ(Й) by propósition (3.10) we get [[ɣ(Й)]Ṁẋ

` ]Ṁẋ
` ⊆ [ɣ(Й)]Ṁẋ

`  

⟹  [ɣ(Й)]
Ṁẋ

`
 is Ṁẋ -closed. 

Remark 4.10: The converse of  the corollary (3.9)  above does not holdin general. This will be shown by the 

following example. 

Example 4.11: Let  ϣ = P5, such that ɣ(ϣ) = {ɤ1, ɤ2, ɤ3, ɤ4, ɤ5}  let us take  H a sub graph of  ϣ such that  ɣ(H ) =

{ɤ1, ɤ2, ɤ3, ɤ4} then [ɣ(H)]Ṁẋ
` = ɣ(ϣ),  we note that ɣ(ϣ) is Ṁẋ -closed but H is not Ṁẋ -closed 

Proposition 4.12: Let (ϣ, Ƕ𝒎)  be an Ṁẋ -space, and H ⊆ ϣ is Ṁẋ -closed if  Ƙ ⊆ H then [ɣ(𝐾)]Ṁẋ
` ⊆ ɣ(H).  

Proof: Let (ϣ, Ƕ𝒎)   be an Ṁẋ -space and ɣ(H) ⊆ ɣϣ) is Ṁẋ -closed, Ƙ ⊆ H by proposition (3.10) then [ɣ(𝐾)]Ṁẋ
` ⊆

[ɣ(Й)]Ṁẋ
` , since Й is Ṁẋ -clósed then [ɣ(Й)]Ṁẋ

` ⊆ ɣ(H) and thus [ɣ(Ƙ)]Ṁẋ
` ⊆ ɣ(H).  

Remark 4.13: The converse of  proposition (4.12)  above does not hold in general. This will be shown by the 

following example. 

Example 4.14: In example(2.4), let us take  H, Ƙ  are sub graphs of ϣ such that ɣ(Й) = {ɤ1, ɤ2, ɤ3, ɤ4} is Ṁẋ -closed, 

and  ɣ(Ƙ ) = {ɤ1, ɤ2, ɤ3, ɤ5} we note that [ɣ(Ƙ)]Ṁẋ
` = {ɤ1, ɤ2, ɤ3, ɤ4} ⊆ H, but Ƙ ⊈ H.  

Definition 4.15: Let Й be an subgraph of an Ṁẋ -space (ϣ, Ƕ𝒎) .The intersection of all Ṁẋ -closed containing Й 

iscalled Ṁẋ -closure of Й and is denoted by ClṀẋ(ɣ(H)),  i.e.": ClṀẋ(ɣ(H)) =∩ {ɣ(ƙ) ∈ ℱǶ𝒎
 ; ɣ(H) ⊆ ɣ(ƙ)}. 
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Remark 4.16: From theorem(4.2 (2)), ClṀẋ(ɣ(H)) is a-closed for all Й ⊆ ϣ Moreover, it is the smallest Ṁẋ -closed 

containing Й.  

Example 4.17: let ϣ = (ɣ(ϣ), £(ϣ)) be an graph shown in the following figure (4.2) and H ⊆ ϣ,  such that 

ɣ(H) =  {ɤ1, ɤ3, ɤ4},  

Of this Ṁẋ -space is given by:  

 

 

 

 

Ṁẋ𝑃𝑆(ɤ1)={{ ɤ3}, {ɤ1, ɤ2, ɤ4}} 

Ṁẋ𝑃𝑆(ɤ2)={{ ɤ4}, {ɤ1, ɤ3,}} 

Ṁẋ𝑃𝑆(ɤ3)= {{ ɤ1}, {ɤ3, ɤ2, ɤ4}} 

Ṁẋ𝑃𝑆(ɤ4)= {{ ɤ2}, {ɤ1, ɤ3,}} 

ℱǶ𝒎
= {ɣ(ϣ), ϕ, {ɤ 1}, {ɤ 2}, {ɤ 3}, {ɤ 4}, {ɤ 1, ɤ 3}{ɤ 4, ɤ 2}} 

So ClṀẋ(ɣ(H))={ɤ1, ɤ2, ɤ3, ɤ 4} 

Theorem 4.18: Let (ϣ, Ƕ𝒎) be an Ṁẋ -space and let H ⊆ ϣ then: 

(1) ɣ(H) ⊆ ClṀẋ(ɣ(H)).   

(2) ClṀẋ(ɣ(H)) = ɣ(H)  ⟺  ɣ(H)"is Ṁẋ -closed.  

Proof: 

(1) By Definition  (4.15) we get ɣ(H) ⊆ ClṀẋ(ɣ(H)).  

(2) Let (ϣ, Ƕ𝒎)be an Ṁẋ -space and let H ⊆ ϣ Suppos that ClṀẋ(ɣ(H)) = ɣ(H)  to prove Й is Ṁẋ -closed  from 

definition (4.15)  such that ClṀẋ(ɣ(H)) =∩ {ɣ(ƙ) ∈ ℱǶ𝒎
 ; ɣ(H) ⊆ ɣ(ƙ)}  and from theoem (4.2 , (2)) hence 

ɣ(H) 𝑖𝑠 Ṁẋ − closed . Now suppose that ɣ(H) is Ṁẋ − closed to prove that  ClṀẋ(ɣ(H)) = ɣ(H) fome the 

remark(4.16) we can get the results.  

Proposition 4.19 : Let (ϣ, Ƕ𝒎) be an Ṁẋ-space and H ⊆ ϣ then ɣ(H) ∪ [ɣ(H)]Ṁẋ
` ⊆ ClṀẋ(ɣ(H)). 

ɐ4 
ɐ3 

ɤ1 ɤ2 

ɤ4 

Figure 4.2:  given in Example (4.17). 

ɤ3 

ɐ2 

ɐ1 
ɐ5 

ɐ6 
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Proof: Let (ϣ, Ƕ𝒎)  be an Ṁẋ -space and H ⊆ ϣ   Since ɣ(H) ⊆ ClṀẋ(ɣ(H))  then [ɣ(H)]Ṁẋ
` ⊆ [ClṀẋ(ɣ(H))]Ṁẋ

`  but 

[ClṀẋ(ɣ(H))]Ṁẋ
` ⊆ ClṀẋ(ɣ(H))  because ClṀẋ(ɣ(H))  is Ṁẋ  -closed and so [ɣ(H)]Ṁẋ

` ⊆ ClṀẋ(ɣ(H))   Accordingly  

ɣ(H) ∪ [ɣ(H)]Ṁẋ
` ⊆ ClṀẋ(ɣ(H)) 

Remark 4.20: If (ϣ, Ƕ𝒎)  is an Ṁẋ-space and H ⊆ ϣ , then the relation ɣ(H) ∪ [ɣ(H)]Ṁẋ
` = ClṀẋ(ɣ(H))  is nót 

necessarily true in general. The next exɑmple is emplóyed as a cóunter example to shów the 

aboveremark. [ɣ(H)]Ṁẋ
` ⊆ [ClṀẋ(ɣ(H))]Ṁẋ

` , 

Example 4.21: In Example (4.17),  Let H ⊆ ϣ , H = (ɣ(H), £(H)) such that ɣ(H) = {ɤ1, ɤ3}, £(H) = {ɐ3, ɐ2} then 

[ɣ(H)]Ṁẋ
` = {ɤ3} and ClṀẋ(ɣ(H)) = {ɤ3}  Obviously, ɣ(H) ∪ [ɣ(H)]Ṁẋ

` ≠ ClṀẋ(ɣ(H)). 

Proposition 4.22: Let (ϣ, Ƕ𝒎)  be an Ṁẋ-spɑce and H ⊆ ϣ if Й is Ṁẋ-closed  then ɣ(H) ∪ [ɣ(H)]Ṁẋ
` = ClṀẋ(ɣ(H)).  

Proof: Let (ϣ, Ƕ𝒎)   be an Ṁẋ-spɑce and H ⊆ ϣ since Й is Ṁẋ-closed from  definition(4.1) [ɣ(H)]Ṁẋ
` ⊆ ɣ(H) thus 

ɣ(H) ∪ [ɣ(H)]Ṁẋ
` = ɣ(H) and from theorem (4.15 (2)). Hence ɣ(H) ∪ [ɣ(H)]Ṁẋ

` = ϹƖṀẋ(ɣ(H)). 

Proposition 4.23: If  (ϣ, Ƕ𝒎)   be an Ṁẋ − space  then: 

(1) ClṀẋ(ϕ) = ϕ.   

(2) ClṀẋ(ϣ) = ϣ.  

Proof: Let (ϣ, Ƕ𝒎)   be an Ṁẋ-space 

(1) By Remark (4.2) we get ϕ is Ṁẋ-clósed and by theorem (4.18 (2)) we get ClṀẋ(ϕ) = ϕ. 

(2) By Remark (4.2) we get ϣ is Ṁẋ-closed and by Theorem (4.18 (2)) we get ClṀẋ(ϣ) = ϣ 

Proposition 4.24: If (ϣ, Ƕ𝒎) is an Ṁẋ -space and let Й ⊆ ϣ then: 

(1) ClṀẋ (ClṀẋ(Й)) = ClṀẋ(Й).  

(2) If ƙ ⊆ Й then ClṀẋ(ƙ) ⊆ ClṀẋ(Й). 

(3) ClṀẋ(Й ∩ ƙ) ⊆ ClṀẋ(Й) ∩ ClṀẋ(K).  

(4) ClṀẋ(Й) ∪ ClṀẋ(ƙ) ⊆ ClṀẋ(Й ∪ ƙ). 

Proof: 

Let (ϣ, Ƕ𝒎)  be an Ṁẋ -space and let Й ⊆ ϣ. 

(1) By Definition (4.15) and theorem (4.2) and (4.18 (2)) we get ClṀẋ (ClṀẋ(Й)) = ClṀẋ(Й).  
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(2)  Let ƙ ⊆ Й ⊆ ϣ  and let ɤ ∉ ClṀẋ(Й)  ⟹ ɤ ∉ ∩ {ɣ(𝒜) ∈ ℱǶ𝒎
; ɣ(Й) ⊆ ɣ(𝒜)}  ⟹ ɤ ∉ ∩ {ɣ(𝒜) ∈ ℱǶ𝒎Ṁẋ

; ɣ(ƙ) ⊆

ɣ(Й) ⊆ ɣ(𝒜)} ⟹ ɤ ∉ ∩ {ɣ(𝒜) ∈ ℱǶ𝒎
; ɣ(ƙ) ⊆ ɣ(𝒜)} ⟹ ɤ ∉  ClṀẋ(ƙ). Thus ClṀẋ(ƙ) ⊆ ClṀẋ(H). 

(3)  Let ƙ, Й ⊆ ϣ  since H ∩ ƙ ⊆ Й  by (2)  above we get ClṀẋ(Й ∩ ƙ) ⊆ ClṀẋ(Й) − − − (1).  Since Й ∩ ƙ ⊆ ƙ  by (2) 

above we get ClṀẋ(Й ∩ ƙ) ⊆ ClṀẋ(ƙ) − − − (2). From (1) and (2) we get  ClṀẋ(Й ∩ ƙ) ⊆ ClṀẋ(Й) ∩ ClṀẋ(ƙ). 

(4)  Let ƙ, Й ⊆ ϣ  since Й ⊆ Й ∪ ƙ  by (2)  above we get ClṀẋ(Й) ⊆ ClṀẋ(Й ∪ ƙ) − − − (1).  Since ƙ ⊆ Й ∪ ƙ  by (2) 

above we get ClṀẋ(ƙ) ⊆ ClṀẋ(Й ∪ ƙ) − − − (2). From (1) and (2) we get  ClṀẋ(Й) ∪ ClṀẋ(ƙ) ⊆ ClṀẋ(Й ∪ ƙ) 

Remark 4.25: In above proposition we not that: 

(1) ClṀẋ(Й) ∩ ClṀẋ(ƙ) ⊈ ClṀẋ(Й ∩ ƙ).  

(2) ClṀẋ(Й ∪ ƙ) ⊈ ClṀẋ(Й) ∪ ClṀẋ(ƙ). 

The following examples shows the remark above. 

Example 4.26:(1) 

In example  (4.17) let  H = (ɣ(H), £(H)) such that  ɣ(H) =  {ɤ1, ɤ2, ɤ3},  and ƙ = (ɣ(ƙ), £(ƙ))  such that ɣ(ƙ) =

{ɤ1, ɤ3, ɤ4}, .then we note that ClṀẋ(H)=ϣ    , ClṀẋ(ƙ) =ϣ         ClṀẋ(H ∩ ƙ) ={ɤ3}      ClṀẋ(H) ∩ ClṀẋ(ƙ) = ϣ and hence  

ClṀẋ(H) ∩ ClṀẋ(ƙ) ⊈ ClṀẋ(H ∩ ƙ) 

(2) In example (4.17) let H = (ɣ(H), £(H))such that ɣ(H) =  {ɤ1},  and ƙ = (ɣ(ƙ), £(ƙ)) such that ɣ(ƙ) = {ɤ3}, then 

we note that ClṀẋ(H) = ∅  

ClṀẋ(ƙ)=∅ , ClṀẋ(H ∪ ƙ)={ɤ3}, ClṀẋ(H) ∪ ClṀẋ(ƙ)=∅  and hence ClṀẋ(H ∪ ƙ) ⊈ ClṀẋ(H) ∪ ClṀẋ(ƙ). 

Conclusion: In this work, we established an unusual approach to closure operator structure, known as the mixture 
route system, and associated it to certain graphs in order to obtain additional concepts and results .We also provide 
some rationales about specific connections. 

 

References  

[1] Al’Dzhabri Kh. and Rodionov V.I.  On support sets of acyclic and transitive digraphs. Vestnik Udmurtskogo Universiteta. Matematika. Mekhanika. 

Komp'yuternye Nauki, 2017, Volume 27, Issue 2, Pages 153–161 DOI: https://doi.org/10.20537/vm170201. 

[2]  AL’DZHABRI KH. AND RODIONOV V.I.  ON ENUMERATION OF LABELED CONNECTED TR ANSITIVE DIGRAPHS. 

JOURNAL OF INTERDISC IPLINARY MATHEMATICS 2023. DOI:  10.47974/JIM-1631. 

[3]  AL’DZHABRI KH. AND AL-BASRI, F.  KAMIL. ON BORNOLOGICAL TOPOLOGICAL SPACE AND DIGRAPHS.  AIP 

CONFERENCE PROCEEDINGSCONFERENCE PAPER2023  DOI:  10.1063/5.0115082.  

[4] Hazem, Samer Abdul Zahra and Al'Dzhabr, Khalid Sh. Some Topological Concepts Associated with Graphs AIP Conference ProceedingsConference 

Paper2023 DOI: 10.1063/5.0114854 K. S. Al’Dzhabri and M. F. Hani, On Certain Types of Topological Spaces   Associated with Digraphs .Journal of 

Physics:Conference Series 1591(2020)012055.  

 [5] Al’Dzhabri Kh. and Rodionov V.I. On some formulas in the problem of enumeration of finite labeled topologies. Discrete Mathematics, Algorithms 

and Applications 2023 DOI: 10.1142/S1793830922500756 

[6] F. Harary, Graph Theory (Addison-Wesley, Reading Mass, (1969). 

[7] Abdlhusein . M.A. Stability of inverse pitchfork domination. International Journal of Nonlinear Analysis and Applications, 2021, 12(1),pp.1009-1016. 

[8] Jwair. Z.N,, Abdlhusein M.A. Constructing New Topological Graph with Several Properties. Iraqi Journal of Science , 2023, 64(6), pp.2991-2999. 

http://www.mathnet.ru/php/person.phtml?option_lang=eng&personid=89499
https://www.mathnet.ru/php/archive.phtml?wshow=contents&option_lang=eng&jrnid=vuu&yl=2017&vl=27&series=0#showvolume
https://www.mathnet.ru/php/contents.phtml?wshow=issue&jrnid=vuu&year=2017&volume=27&issue=2&series=0&option_lang=eng
https://doi.org/10.20537/vm170201
http://www.mathnet.ru/php/person.phtml?option_lang=eng&personid=89499
https://www.scopus.com/pages/publications/85175985319
http://www.mathnet.ru/php/person.phtml?option_lang=eng&personid=89499
https://www.scopus.com/pages/publications/85148904794
https://www.scopus.com/pages/publications/85148904794
https://www.scopus.com/pages/publications/85148907040
http://www.mathnet.ru/php/person.phtml?option_lang=eng&personid=89499
http://www.mathnet.ru/php/person.phtml?option_lang=eng&personid=89499
https://www.scopus.com/pages/publications/85129037324
https://www.scopus.com/pages/publications/85129037324


28 Shafaa K. Dakeel, Khalid Sh. Al’Dzhabri, Journal of Al-Qadisiyah for Computer Science and Mathematics Vol.18.(3) 2026,pp.Math 18–28

 

[9] AL-Sada,N.Z.A."Copositive Spline Approximation in Weighted Space",Journal of Interdisciplinary Mathematics,ISS:0972-0502(print),ISSN:2169-

012X(Online),Vol.25(2022),No.4,pp,1171-1186,DOI:10.1080/09720502.2022.2060611. 

[10] Mthawer ,J.G.,AL-Sada,N.Z.A."On the Error of two- Sided Comonotonic Approximation",Nonlinear Functional Analysis and Applications 

,Vol.29,No.4(2024),pp.000-000,ISSN:1229-1595(print),2466-0973(online),http://nfaa.kyungname.ac.kr/journal-nfaa. 

[11] S.S. Ray, Ǥraph  Theory with algorithms and its applications: In applied Sciences and Technology, Springer, New Delhi, 2013. 


