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1. Introduction and Preliminaries:

Two main reasons exist for why graph theory is an important idea in many different academic domains and an
helpful tool in many other mathematic subjects. Let's now examine the mathematical process that is utilized to
construct graphs. selected according to cognitive capacity. Second, given in a graph structure, some topics are
simpler to comprehend. change into a more rational individual. One tool used to depict the graph is topological
concepts, such as turning a set of vertices or edges into topological space, in relation to the relationship between
topology and graph theory. These earlier studies on mixed structure graphs are included below. Kh. Sh. Al'Dzhabri
et al. in [1-5] proposed a groundbreaking idea about directed and undirected graphs created by a unique mixture
set. They used a variety of mixture structures to study various aspects of this idea, including the closed link between
topology and graph. Another articles which details new approach of mixture structure by using approximation
spaces and domination sets see[7-10]. A graph is defined by an ordered pair (y (w),£(w) ) , where(y (w)) is a
nonempty set whose elements are called points or vertices and(£(w) ) is a set of unordered pairs of distinct
elements of (£(w)). The elements of are called lines or edges of the graph[6]. A path of length n-1, denoted by p,, , is
a sequence of distinct edges[11] .A closed path, a path with w; = ¥, is called a cycle. A cycle with n vertices is

denoted by ¢, [11].
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2. Mixture Path system and Mx-space

Definition 2.1: Let @ = (Y(u)), £(og)) be a graph and a vertex ¥ € y(w)
(1) The shortest even path set of ¥ is denoted by EP(¥) and defined by:

EP(¥x) = {v € y(w): dp(¥, 1) is shortest even path }.
(2) The shortest odd path set of ¥ is denoted by OP (¥) and defined by:

OP(¥) = {v € y(w): dp(¥,v) is shortest odd path }.
Definition 2.2: Let @) = (y(o)),E(u))) be a graph, then the even path system (resp. odd path system) of a vertex
¥ € y(w) is denoted by EPS(¥) (resp.OPS(¥)) and defined by: EPS(¥) = {EP(¥)} (resp. OPS(¥) = {OP(¥)}).
Example 2.3: Let ) = (y(w), £(®y)) be a graph such that:

V(@) = {¥1,%2,%3,%4, 5, %6, %7, %3, ¥} £(w) = {1, By, B3, By, 5, B, By, Bg, By, By, B 1}

Figure 2.1 graph given in example 2.3
Then: EP(¥,) = {XS’XS,XG}’ EP(%;) = {¥4,%7,%s, %0}, EP(¥3)={¥1,%s5, %6},

EP( ¥4) = {¥2, %7, ¥, ¥o} JEP( ¥s) = {¥1,%3, %6} , EP(¥6) = {31,%3, %5} EP(¥7) = {¥2,%4,%s, %9} EP(¥g) =
(v, %0, %7,%0}, EP(¥9) = {¥2,%4,%7, %3}

or ( ¥) = {'3”2;'3”4,'0”7,'58; ¥}, OP (%) = {¥1,%3,%5, %6}, OP(¥3) = {¥3,%4,%7, %5, %9}, OP(¥4) =
{r1,%3,%5, %6}, OP(¥5) = {¥2, %4, %7, %8, %9}, OP (%) = {¥3,%4,%7, %5, %9}, OP(¥7) = { ¥1,%3, %5, %6}, OP (%) =
{r1,%3,%5, %6}, OP(¥9) = {¥1,%3,%5, %6}

Theorem 2.6:let (C,, H,,,)and (B, Fo,,,) be two Mx-space if n is even then Hp,, =By,

2

Proof:since M5 (C,) = My (B,) when n is even thus H,,,, = Fo,,
Theorem 2.7:let (w4, Hy, ) and (0,, Fop,, ) be two Mx-space if wy; = w, then M (0);) = Mp(w,)

Proof: ; = (y(w:), 1)), 0, = (¥(91),£(;)) be a two isomorphic graphs i-e @y = w, hence |y(wy)] =
ly(wz)land |£(w,)| = |£(w,)|and there exises bijective map ¥ : y(w;) = y(w,) such that for any d,(w,v) €

EP(w) iny(w,) iffd, (ﬁ(w) . 19(17)) € EP(ﬁ(w))in y (®,) incidence on w in w), there exist the same path d,,(w,v) €
y(w,)incidence on 9(w) in 0, and d,(w, v) € OP(w) in y(w,) iffd, (d(w) - 9()) €
0P(19(W))in y(w,) then EP(w) in y(w,) equal to EP(19(W)) in y(w,) also

OP(w) in y(w,) equal to 0P(19(w)) in y(w,) since H,,, (w) = {EP(w), OP(w)}
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And R, W (W)) = {EP(19(W)), OP(¥(w))} so H,,, = Hy,, then by theorem (3.6) whe have My (w;) = M»(w,)

Definition 2.8: Letw = (y(w),£(w))be a graph the mixture path system of a vertex ¥ € y(w) is denoted by
MxPS(¥) and defined by: MxPS(¥) = {EPS(¥) , OPS(¥)}.

Definition 2.9: Let = (y(), £(w)) be a graph the mixture path of a vertex ¥ € y() is denoted by MxP(x) such t
hat MxP(¥) € MXPS(¥).
Example 2.10: Accordng to example(2.3), the mixture path sytems are given by:

M&PS(x,) = {{x3,%5, %6}, (32, %4 57, %5, %5} )
MXPS (%) ={{x4, ¥7, %8, %o}, {¥1, %3, %5, %6} }
MXPS(B”3)={{X1, ¥s, %6}, {¥2, ¥4, 7, ¥, 7r9}}
MXPS(x,)={{>2, ¥7, %5, %o}, {¥1, %3, %5, %6 }}
MXPS(X5)={{X1, ¥3, %6} {2, ¥4, %7, ¥g, T9}}
MXPS(Y’”B):{{M' ¥3, %5}, {¥2, ¥4, 7, ¥, 7r9}}
MXPS(x,)={{¥2, ¥4, ¥5, %o}, {¥1, %3, %5, ¥ }}
MXPS(xg)={{¥2, ¥4, %7, %o}, {¥1, %3, %5, %6 }}
MXPS(x9)={{2, ¥4, ¥7, %}, {¥1, %3, %5, %6} }

Definition 2.11: Let = (y(®), £(w)) be a graph and suppose that F,,: y(9) — P(P(y(w))) is a mapping which
assigns for each ¥ in y(w) it's mixture path system in P(P(y(w))).The pair (o, Fo,,) is called the Mx-space.

Example 2.12: Accordng to example (3.3), the mapping H,, is given by:
o, (¥q) = {{T3' ¥s, %6} {¥2, ¥4, %7, ¥, 7r9}}
H)m(wz)={{7f4’ ¥7, %8 o), {¥1,¥3, s, "6}}
oy, (7’”3)={{T1, ¥s, %6} (%2, %4, %7, %g, “‘9}}
oy, (T4)={{X2' ¥7, %5, ¥o}, {TL' ¥3, %5, Ta}}
H)m(“'fs)={{7f1, ¥3, %6} (%2, %4, %7, %5, “0”9}}
H)m(r6)={{3‘1, ¥3, %5} {32, %4, %7, %, 7”9}}
Hp, (T7)={{T2' ¥4, %5, %o}, {¥1, %3, s, 75.6}}
H)m(ws)={{"°”2' ¥4, %7, %o}, {¥1, %3, %5, Xe}}
Pbm(i‘”'a)={{"°”z' ¥4, %7, %} {¥1, %3, s, Xe}}
3. Limit Mixture Path System

In this section, we introduced new concept called the mx-derived of a subgraph H of a graph w and is denoted
by [Y(H)]W which depended on mixture path. Some properties and examples are investigated. i
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Definition 3.1: Let (), H,,) be a Mx — space. A vertex ¥ in y(®) is called a limit mixture vertex path of a graph
M € o if every mixture path of ¥ contains at least one vertex of H different from x The set of all limit vertiices of a
1l € g is called the mi-derived of 1 and is denoted by [y(¥)],;, and

(D)1, = {v € v(w); V M£P (), MP () n (v(#) — () # ¢}.
Example 3.2: in example (3.2) M S« where y(fl) ={¥3,%4, ¥s,¥e} and £(H)={es, €4, €5} then we note that

[Y(I/I)]Mx :{'3‘1’ ¥2,%3,%5,%6, 87, ¥g, XQ}

Proposition 3.3:: Let (w,H,,) beaMx — spaceand if o is null graph then for every a subgraph H of o) the mx-
derived of H is empty

Proof: ¢y = (Y(U)),E(U))) be a null graph then H,,,(») = {0,0} V¥ € y(w)) so EP(¥) = @and OP(¥) =0 V¥ € y(w)
thus every mixture path of ¥ it dose not contain any vertex of  where i C ¢ ie. [y(i1)],;,=0 forall 1 € o

Theorem 3.4: Every singleton sub graph ¥ of ) then the mx-derived of H is empty set.

Proof: Let o = (y(w),£(w))bea graph and M € o such thaty(i) = {x;} .Now to prove that [y(¥)],;, = ¢, we

will prove that bycontradiction .Suppose that [y(1)],;, # ¢ = 3 ¥ € y() such that

¥ € [Y(I;I)];W’X = MxP(x) n ({y(#)} - {x}) # ¢,V MiP(x) = » # y(H) and y(M) € M%P(x) ,V MxP(¥)
= y(f) € OP(¥) and y(¥) € EP(¥) and this a contradiction then ¥ & [y(H)],;, = [y()],;, = ¢

Theorem 3.5: If o) is complete graph . then for everysub graph H of o) the mx-derived . of H is empty set. i.e.
Y]z = ¢-

Proof: Let a) be complete graph .and i € o) To prove that [y(H)];\-,b-( = ¢, in complete graph EP(¥)=0 V ¥ € y(w)

Hence [Y(H)];\u = ¢.

Theorem 3.6: Let 9 = K,,, , be a complete bipartite graph having bipartition (y;,y,) then every sub graph. U of @
we have If y(il) € y; or y(#) Sy, then [y(1)],;, = ¢.

Proof: Let w = K,,, , be a complete bipartite graph . and M € o such that y(I71) C y;. To prove that [3((171)];”'Jé = ¢.
Assume that [y(1)],;, # ¢ Let¥ € y(w) then ¥ € [y(1)],;, = M*P(x) n ({y(1)} - (=}) # ¢,V MxP(») if¥ € y,.
= EP(¥) =y, and OP(¥) =y, thus contradiction if ¥ € y,. = EP(¥) =y, and OP(¥) = y; thus a contradiction =

[Y(I7I)];W = ¢. And we can prove by the same way if y(1) € y,.

Theorem 3.7: Let (w,Ho,,,) be a Mx -space, and His every subgraph of . If Hhas only two vertix then these two

vertix are not limit mixture path of H.
Proof : Let o = (y(w),£(w)) be a graph, and let H € o) suppose that y(H) = {x 1, ¥ ,}, to prove ¥ {,¥, & [y(H)];viX
we will prove that by a contradiction. Now If ¥, E [y(H)];viX

then, M&P(x,) N (y(H) — {¥ 1}) # &, YM&P(¥,) sincey(H) — {x ;} = { ,} this means M&P(¥,) N {x ,} # ¢ it's means
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¥, € EP(¥;) and ¥, € OP(¥;) and this contradiction. Hence ¥; € [y(H)]ika In the same way we can prove that

¥, € [Y(H)]‘My{

Corollary 3.8: Let(w,H,,)be a Mx-space, if |y(w)| = 2 then for every subgraph H of « the mx-derived of H is

empty.

Proof: The proofit's clear from theorem(3.7)

Proposition 4.9: Let (), H,,) be a Mx -space, for every H subgraph of € if » € [Y(H)];Vi),{ then v € [y(H— ¥ )];\Ax

Proof: Let oy = (y(w),£(®)) be a graph and let H is a subgraph of w), suppos that ¥ € [y( H)];M'Jé then M*P(¥) N
(yH) —{¥}) #0, VMiP(¥) then MxP(x)NyHEH)N{HFE)#d= MiP(x)N((H=—¥)n{x}#*¢p =
MxP(%)n(y(H— %) —{¥}) # ¢thus ¥ € [y(H — X)];w';e

Proposition 3.10: Let (w, H,,) be a Mx — space forall H,KC g then

@ [Y(D]z U [¥(101, € W(HU D,

(D) [y(HN 101, € V(D)5 0 v (K]

Proof:

(i) Let w = (y(w),£(w)) be a graph and H,K € w. to prove that [y( H)];Vbé U [y( K)]W c [y(HU K)];\” Since

y(H) € y(HUK) by proposition (3.9) we get [y( H)];w';z cy(HU K)];w ———(1). And y(K) € y(HUK) by

préposition(3.9) we get [y(K)],;, € [y(HUK)],;, — — — (2).Frém(1) and (2) we get [y(H)],;, U [y(K)],, S
[y(HUK)],;

(ii) Let w = (y(w), £(w)) be a graph and H,K S o .to prove [y(HN K)];W c [Y(H)];\/faé N [y( K)];\/i;e

Since y(H N K) € y(H) by proposition ( 3.9)

we get [y(HN K)]Mx c [y( H)]Mx — ——(1). and y(HNK) < y(K) proposition (3.8) we get [y(HN K)]Mx c
[yl ——— (). From (1) and(2) we  get [y(HNK)],;, € [y(D]y, 0 [¥(I0L5 - (B, 0 [v(K)],z S
[y(H N K],

4. Mx -closed and Mx -closure operators

In this section we intréduce the notiéns of Mx -closed and Mx -clésure operators and we sttudy séme of their

properties.

Definition 4.1: Given an Mx -space (w, H,,) , a subgraph H € «) which céntains all its limit mixture path is called

Mx -closed. The family Fy, of all Mx -closed of an Mx -space is defined by:

Fron = (¥(H) € ¥(w); [y(A)]ys < ¥(11)}:
Theorem 4.2: Let (w, ;) be an Mx -space and let Fr,, be a family of all Mx -closed subgraphs of u), then :
1.¢and @ € Fyy,, .
2. For any subfamily {H;};e; & Fy,, then Nie{H;} € Fy,

Proof: 1. Its clear since @ and o) are Mx -closed.
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2. Let (w, H,,,) be an Mx -space such that K € ) and y(K) =n; Y(Pll-); i €1, the intersection of the Mx -closed
W; € w,i € I. Hence y(K) € y(i;) for alli € I which implies [y(K)]yy; S [v(¥;)]yg for alli € I. But [y(d;)]y; S
y(;) for alli € I since }; is Mx-closed and so [y(K)]y, € y(H;) for alli € I thus, [y(K)]y; SN; (Y(PIL-)) = y(K),

hence K is Mx -closed.
If n; (y(ﬁi)) =@ by (1) above we get n; (y(ﬂi)) is Mx -closed.
If n; (y(ﬁi)) =) by (1) above we get n; (y(ﬁi)) is Mx -closed.

Remark 4.3:. The unién of two Mx -closed céntained in an Mx -space do not need to be Mx -clésed as shéwn in the
following example.

Example 4.4: Let o = (y(w),£(w)) be an graph shown in figure (2.1) such that y(®) = {¥1, %, %3, %4},

s
Figure 4.1: given in Example (4.4).

MXPS (w1)={{ %4, ¥s}.{¥1, %2, %3}}
MXPS(WZ):{{ ¥3h{ ¥, ¥4 s}
MxPS (%3)={{¥2}.{ ¥5, %1, %4}}
M=PS (w4)={{ %1}.{ ¥3, %2, ¥s}
MxPS (v5)={0,{ ¥1, ¥3, %2, ¥4 }}
Accordingly, the family Fy,  of all Mx -cl6sed graphs of this Mx -space is given by:
Fio = ¥(@), 0, (5 1 I 3 33 5 a) 56}, 05 5 w2, (56,50} 5 0w 275,543
Obviously, the graphs H = (y(i), £(H)) such that y(H) = {x;,%,}, and K = (y(i), £(K)) such that y(K) = {xs}, are
MX -closed, but their union H U K = (y(H U K), £(H U K)) such that y(H U K) = {x;,%,, %5} is not Mx -closed, because

[y(HuU K)];\-,IX = {¥, ¥4, ¥s} and this leads to [y(HU K)]i\'/b‘( Zy(HUK)
Theorem 4.5: Let (w, H,,,) be an Mx -space then

)] Every singleton sub graph H of o) is Mx -cl6sed.
(i) If oy is complete then every sub graph H of w) is Mx -clésed.
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Proof:

(i) Let M S o be singleton sub ie. y(H) ={x}, v € y(w) by (theérem(3.4), we get [y(ﬁ)]MX =¢. And

hence [y(¥)]y; € y(#). Therefére  is Mx -closed.

(i) Letwbe a complete and let ¥ € oy be any subgraph by (theorem(3.4), we get [y(ﬁ)]i\nx = ¢. And hence
[y(1)]y; € y(¥). Therefore H is Mx -closed.

Corollary 4.6: Let (w, F0,,) be an Mx -space If ) is complete graph then Fr,, =P (Y(ﬁ))

Proof: The proof its obvoisly from theorem (4.5)
Proposition 4.7: Let @ = K,,, , be a complete bipartite graph having bipartition (y;, y,) then every subgraph M of
wif ¥ €y, or ¥ Sy, is Mx -closed.

Proof : By (theorem 3.6) we get [y(¥)]; = ¢. And hence [y()]y, S y(i). Therefore H is Mx -closed.

Proposition 4.8: Let (w,H,,) be an Mx-space if H S o is M -closed then every sub graph contained in 1
andcontaining [Y(FI)];\-,[X is Mx -closed.

Proof : Let (w, Hy,,) be an Mx -space and H,K € o such that 1 is Mx -closedand [y(ﬁl)]m C y(K) € y(H). Since
y(K) € y(H) then [y(K)]y; € [v(1)]y and so [y(K)]y € v(K), thus K is Mx -closed.

Corollary 4.9: Let (o, H,,) be an Mx -space, if H € o is Mx -closed then [y(¥)]y it's also Mx -closed.

Proof : LetH S o and Mx -closed = [y(#)]y,; € y(¥) by propésition (3.10) we get [[y(M)]yelye € [v(A)]ye
= [y(ﬁ)]MX is Mx -closed.

Remark 4.10: The converse of the corollary (3.9) above does not holdin general. This will be shown by the
following example.

Example 4.11: Let o) = Ps, such that y(w) = {>,¥,,¥3,%4, %5} let us take Ha sub graph of o such that y(H) =
{71, %2, %3, %4} then [y(H)]y,, = v(®), we note that y(w) is Mx -closed but H is not Mx -closed

Proposition 4.12: Let (o), H,,) be an Mx -space, and H € o is Mx -closed if K € H then [y(K)]y; S y(H).

Proof: Let (w,H,,) be an Mx-space and y(H) € yw) is Mx -closed, K € Hby proposition (3.10) then [y(K)]y, S
[y(#) ] since 1 is Mx -closed then [y(H)]y; € v(H) and thus [y(K) ]y € y(H).

Remark 4.13: The converse of proposition (4.12) above does not hold in general. This will be shown by the
following example.

Example 4.14: In example(2.4), let us take H,K are sub graphs of o) such that Y(PI) = {¥,7%,, %3, %4} is Mx -closed,
and y(K) = {¥;,%,, %3, %5} we note that [y(K)]y, = {¥1,%2,%3,%,} € H,butK & H.

Definition 4.15: Let M be an subgraph of an Mx -space (w, F,,,) .The intersection of all Mx -closed containing 1
iscalled Mx -closure of ¥ and is denoted by CIMX(Y(H)), ie. : CIMX(Y(H)) =N {y(k) € F,, s y(H) € Y(R)}.
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Remark 4.16: From theorem(4.2 (2)), CIMX(Y(H)) is a-closed for all U € ) Moreover, it is the smallest Mx -closed
containing M.

Example 4.17: letw = (Y(ug),E(o;)) be an graph shown in the following figure (4.2) and H € w, such that
y(H) = {r1, %374},

Of this Mx -space is given by:

Figure 4.2: given in Examole (4.17).
MxPS (1) ={{ %3}, {¥1, %2, %4}}
MxPS () ={{ ¥4}, {1, ¥3.}}
MXPS (3)= {1}, {¥3,%2,%4}}
MxPS (34)= { ¥2}, {1, ¥3.}}
From= (@), &, (5 13, {52}, (333, (5 4}, (3 1,533 0,523}
So Clyg (Y(H))={31, %2, %3, % 4}
Theorem 4.18: Let (o), F0,,,) be an Mx -space and let H € o) then:
(1) y(H) < Cly(y(1).
(2) Cly (y(H)) = y(H) < y(H) is Mx -closed.
Proof:
(1) By Definition (4.15) we get y(H) < Clyg(y(H)).

(2) Let (0, H,,)be an Mx -space and let H € o Suppos that Cly(y(H)) = y(H) to prove 1 is Mx -closed  from
definition (4.15) such that CIMX(Y(H)) =N {y(k) € Fr,, s y(H) € Y(k)} and from theoem (4.2, (2)) hence

y(H) is M& — closed . Now suppose that y(H) is MXx — closed to prove that CIMX(Y(H)) =y(H) fome the

remark(4.16) we can get the results.

Proposition 4.19 : Let (w, F0,,,) be an Mx-space and H € o then y(H) U [Y(H)]i\nx c CIMX(y(H)).
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Proof: Let (®,F,) be an Mx-space and H S  Since y(H) S Cly(y(H)) then [y(H)]i\-,Ix c [CIMX(y(H))]i\-,IX but
[CIMX(Y(H))];\-,[X C Cly(y(H)) because Clyg(y(H)) is Mx -closed and so [y(H)]i\-,[X C Clyy(y(H))  Accordingly

y(H) U [y(H) ]y € Clys(y(H))

Remark 4.20: If (w,H,,)is an Mx-space and H € w, then the relation y(H)U[y(H)];\-,lX=ClMX(y(H)) is not
necessarily true in general. The next example is empléoyed as a céunter example to shéw the

aboveremark. [Y(H)]i\-,b-( c [Clm(Y(H))]i\Ax:

Example 4.21: In Example (4.17), LetH S @ ,H = (y(H),£(H)) such that y(H) = {»y, w3}, £(H) = {es, €,} then

[y(H) ]y = {3} and Cly (y(H)) = {w3} Obviously, y(H) U [y(H)]yy # Cly(y(HD).

Proposition 4.22: Let (w, H,,,) be an Mx-space and H € « if 1 is Mx-closed then y(H) U [y(H)]y; = Clyx(y(H)).
Proof: Let (w,H,,) be an Mx-space and H S ) since 1 is Mx-closed from definition(4.1) [Y(H)]i\'/{x C y(H) thus
y(H) U [y(H)]i\-,[X = y(H) and from theorem (4.15 (2)). Hence y(H) U [y(H)];\-,[X = ClMX(y(H)).

Proposition 4.23: If (o), H),,) be an Mx — space then:

(1) Cly(d) = ¢.

(2) Clyx(w) = w.

Proof: Let (0, Hb,,,) be an Mg-space

(1) By Remark (4.2) we get ¢ is Mx-clésed and by theorem (4.18 (2)) we get Cly(d) = ¢.
(2) By Remark (4.2) we get o is Mx-closed and by Theorem (4.18 (2)) we get Cly(w) = w
Proposition 4.24: If (w, H,,,) is an Mx -space and let 1 €  then:

(1) Clyg (c1m(171)) = Cly;(¥).

(2) If k € U then Clyg(K) € Clyg(H).

(3) Cly (M N k) S Clyg (M) N Clygg (K.

(4) Cly (M) U Clyg(R) < Cly (M U K).

Proof:

Let (w, H0,,) be an Mx -space and let I € w).

(1) By Definition (4.15) and theorem (4.2) and (4.18 (2)) we get Cly; (CIMX(PI» = Clyy(¥).
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(2) Let kS S @ and let ¥ ¢ Cly (M) = v &n {y(cﬂ) € Fy,, ;y(H) < Y(cﬂ)} =¥ én {y(c/l) € Fii s YK S

1
y(i) € v} = v e n {y(A) € Fy,, ¥(K) S y(A} = ¥ & Cly(K). Thus Cly (K) € Clygs (H).

(3) Let kK, ¥ € ) since HNk < M by (2) above we get Clyy (¥ N k) S Clyy (M) — — — (1). Since ANk < &k by (2)
above we get Cly, (M N K) € Cly (K) — — — (2). From (1) and (2) we get Clyg (¥ N &) S Clyy (M) N Clyg (K.

(4) Let kK, ¥ € o since I € MUk by (2) above we get Cly,(¥) S Clyy (MU &) — — — (1). Since kK € ¥ U &k by (2)
above we get Cly, (K) € Clyg (¥ U k) — — — (2). From (1) and (2) we get Cly(#) U Clyg(K) S Cly (¥ U &)

Remark 4.25: In above proposition we not that:
(1) Clyg(#) N Clyg(R) € Clye (M N K).

(2) Clyg(M U k) & Clygg (M) U Clygg (R).

The following examples shows the remark above.
Example 4.26:(1)

In example (4.17) let H = (y(H),£(H)) such that y(H) = {¥y,%¥, %3}, and k= (y(k),£(kK)) such that y(k) =
{1, ¥3,%,}, then we note that Cly,(H)=wy , Cly(R) = Clys(HN K) ={73}  Clyg(H) N Cly(K) = @ and hence

(2) In example (4.17) letH = (y(H),E(H))such thaty(H) = {»}, and k= (y(k),E(k)) such that y(R) = {¥3}, then
we note that Cly,(H) = @

Conclusion: In this work, we established an unusual approach to closure operator structure, known as the mixture
route system, and associated it to certain graphs in order to obtain additional concepts and results .We also provide
some rationales about specific connections.
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