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Abstract  

     We study some functions by using setopenb which are small and large 

inductive dimension ( ind  and Ind )  and called by indb   and Indb  .  Also 

we study some relations between them .  

 

Introduction  

     The concept of openb   set in topological space was introduced in ]2[. We 

recall the definition of ind and  Ind in ]7]. In this paper we study similar 

definitions using openb   sets which are called indb   and Indb   and we 

study some relations between them .  

 

Section one : On openb   sets 

1.1.Definition [2]  

      Let X  be a topological space  and XA . A  is called openb   set in X  if 









AAA . The complement of  openb   set is called closedb   set ,that is , A  

is closedb   set if AAA 


 


 

It is clear that every open set is openb   and every closed set is closedb  ,but 

the converse may be not true in general .As the following example .  

Page 110-122 
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 1.2.Example                                                                                                                                                                                                      
           

         Let    X,,aT ,,,{  cbaX . The openb  sets are :- 

    Xa ,,ca,,ba,},{  . Then   ba,  is openb   set but  not open.  

 

1.3.Proposition [4]  

      Let X  be topological space then G  is an open set in X  iff AGAG    
__

 

for each XA .  

 

1.4.Remark [6] 

The intersection of an openb   set and an open set is openb  .  

 

1.5.Example   

       The intersection of two openb   sets may be  not openb   in general . 

Example  let       X,,ba,,b,aT },,,{  cbaX . Then each of     cbca ,,,  is an 

openb   set , where as      ccbca ,,   is not openb  .  

 

1.6.Proposition [6] 

      Let  
A  be a collection of openb  set in a topological space X , then 


A


  is openb  . 

 

1.7.Definition [3] 

      Let X  be a topological space  and XA . A  is called semi-open ( opens  ) 

set in X  if 


AA  . The complement of opens   set is called semi-closed 

( closeds  ) that is, A  is closeds   set if AA 


 . The intersection of all 

closeds   subsets  of X  containing A is called  semi-closur ( closurs  ) Aof  

and the union of all opens  subsets of X contained in A  is called semi- interior 

( eriors int ) of A  , and are denoted by 
s

A , sA  respectively.  
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 1.8.Definition [5]     
Let X  be a topological space  and XA . A  is called pre-open  set in X   if    



AA   . The complement of openpre  set is called 

 closedpre  that is A  is closedpre  set if AA 




 . The intersection of all 

closedpre subsets of X  containing A  is called Aofclosurpre  and the 

union of all openpre  subsets of X contained in A is called  

Aoferiorpre int  , and  denoted by 
p

A , pA  respectively. 

 
1.9.Proposition [1] 

  Let X  be a topological space and XBA   ,then :  

 (i) 
pp

BA    

(ii) pp BA     

 

1.10.Proposition [2] 

       For any subset A  of a space X  the following statements are equivalent:-  

(i) A  is openb   set  

(ii) sp AAA     

(iii) ppAA  )(   

 

1.11.Proposition                                                                                           

     For any subset A  of a space X , the following statements are equivalent :-  

     (i) A  is openb   set  

    (ii) 
p

pp

AA   

   (iii) There exists an openpre  set G  in X  such that 
p

GAG  . 

 Proof : 

 )()( iii  since 
p

pAA  by proposition 1.10  , then 
p

pp

AA  and since 

pp
p AA  , then 

p
pp

AA  . 

 )()( iiiii  let pAG  .Since 
p

pp

AA   and 
p

Pp AAA   . Then 
p

GAG  .  
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)()( iiii  Suppose that there exists openpre   set G  such that 
p

GAG  . 

Then pGG   and since 
p

p
p

pp

AGGA   , then  A  is openb   set by 

proposition  1.10 .  

 

1.12.Proposition  

     For any subset A  of a space X , the following statements are equivalent :-  

(i) A  is openb  set  

(ii) There exists an open set G  in X  such that 


 AGAG  . 

Proof :  

(i)→(ii) suppose that  A  is openb  set . let 


AG  , then 





 AGAAAGA  . Hence 


 AGAG  .  

(ii)→(i) Suppose that there exists an open set G  in  X  such that 


 AGAG  .Then 


 AGAGA   


 AA  by definition  

1.1 .Hence 


 AAA  , therefore A  is openb  set .  

 

1.13.Proposition   

       Let X  be a topological space . let Y  be an open subset  of X and   A  is 

openb   set in Y . Then there exists a openb  set B  in X   such that 

YBA  .  

Proof:   

Let A  is openb   set in Y , then  by proposition 1.12 there exists an open set U  

in Y  such that 

Y
YY

AUAU



   ,then there exists an open set W in X  such 

that UYW  . Let WAB  , then 

AUAYWYAYWAYB   )()()(  to prove 


 BWBW  , since BWAW   , then BW  , since 

AWAUWB   

Y
YY

AUW



 

Y
Y

AYUW



 )(
Y
Y

AYWW



 )(


YY

AW


 
Y

YAW


 )( )()()(


 YAWYAWYAW
YYYY
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       (since


YY  )=


 BWAW  (since BWAA   ).Therefore 


 BWBW  .  

 

1.14.Proposition   

       Let X  be a topological space and XY  . If  G  is a openb   set in X  and 

Y  is an open set in X , then YG  is openb   set in Y .  

Proof : 

      Since G  is a openb   set in X , then 


GGG  . But  

 )()()()()()( YYGYYGYGYGYGYG
YYY

Y
YY

 








  

))(())(( YYGYYG 





  by proposition 1.3   ))(( YYG   

)( YYG   = )()( 


 YGYG    

= 


YGG  )( = YGG  )( 


YG .Then YG is   a openb  inY   

                                                                                                                   

1.15.Proposition  

        Let  X   be a topological space .Let  Y  be an open  subset  of  X  and A   is 

openb  set in Y  .Then  A is openb   in X . 

Proof : 

Let A  is openb  set in Y , then by proposition 1.12 there exist an open set G  in 

Y such that 
YYY

AGAG


 ,then there exist an open set W in X  such that  

GYW  , 
Y

Y
YY

AAA 


)(
YY

YA


  )( YA Y       







 AAYAAYAA YY  )()( . Then 


AAA  . Hence A is 

openb   in X . 

 

1.16.Proposition  

For any subset A  of a space X , the following statements are equivalent : 

(i) A  is closedb   set in X .  

(ii)There exist a closed set C  in X  such that CAAC 
  .  

Proof : 
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(i)→(ii)  Suppose that A  is closedb  set , then cA is openb  set . By 

proposition 1.12 there exists an open set G  such that 




c

c AGAG  , 

ccc GAAG )(



  












AGAG

AGAG

c

c

cc

c
c

cc

c

cc
c

c



)(

 

Then 
cc GAAG    ,let cGC  . Then CAAC   .  

 (ii)→(i)   Suppose that there exists a closed set C  such that CAAC 
  , 

then 
ccc ACAC )(   ,  

cc
c

c c
cc

c
c ACACAC



  )( ,    let GC c     , 



 cc AGAG  , 

then by proposition  1.12   cA  is openb  set . Therefore A  is closedb   set .  

 

1.17.Proposition [8] 

       A space X  is regular  space iff for every Xx  and each open set U  in X  

such that Ux there exists an open set W  such that UWWx  . 

 

1.18.Proposition[8]  

        A space X is normal space iff for every closed set XC   and each open set 

U  in X  such that UC   there exists an open set W  such that 

UWWC  . 
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Section TWO  

   On ind  and indb  

2.1.Definition  ]7[ 

       Let X  be a topological space then 1 Xind iff X  , and if n  is a 

positive integer or 0  then it is said that nXind   iff the following satisfied :  

      For each Xx  and for each open set G  containing x  , there exists an open 

set U  such that GUx   and 1n(U) bind  . If there exists no integer  n  for 

which n Xind  then we put Xind  

 

This  suggests  the following :-  

2.2.Definition   

    Let X  be a topological space. we say that 1  Xindb  iff X , and if n  

is a positive integer or 0  then we say that n  Xindb iff the following satisfied:                                                               

    For each Xx and for each open set G  containing x , there exists an openb   

set U  such that GUx   and 1n(U)  bindb .If there exists no integer  n  

for which n  Xindb  then we put  Xindb  . 

To find 1n(U)  bindb  we have to know the topology on (U) b , then we 

have to get  indb  of the boundary of open set in the topology of (U) b . 

 

2.3.Example  

The following example of a space X  with 0-bX  ind Xind . Let  

  XbacTcbaX ,},,{},{,,,   the openb   sets are },{,,},,{},{ aXbac   

},{},,{},{ cacbb . Since },{ ba  is an open and closed then 
1},{,},{  baindbbab    hence 0indX  and since X  then 0indX . 

And by theorem 2.6 then 0 indXb  .      

 

2.4.Example   

Example 1.5 gives  1-bX  ind Xind .Since Xaa  }{  such that 

}{}{},{}{}{}{ cacaaaab  
 .The topology on }{c  is indiscrete then 

  }{0}{}{1}{ abifaindborabifabind  since X  is not 

regular then 0X ind and since 0}{ abind then 1X ind .Since e }{a is 

openb   then 1-b ind X  
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2.5.Proposition    

         Let X  be a topological space .If indX  is exist then indXXindb     

  

 Proof: 

          By induction on n . It is clear 1n . Suppose that it is true for 1n . Now 

suppose that nind X  , to prove nind Xb  , let Xx  and G  is an open set 

in X  such that Gx  since nind X   , then there exists an open set V  in X  

such that GUx   and 1)(  nUind b  and since each open set is openb   

then U is an openb   set  such that GUx   and 1)(  nUind bb . Hence  

nind Xb  . 

 

2.6.Theorem  

Let X  be a topological space , then 0 Xind  iff 0X  indb . 

Proof :   

By 2.5 if 0 Xind  then 0X  indb  and since X , then 

0X  indb . Now let 0X  indb , let Xx  and G  an open set in X  such 

that Gx . Since 0X  indb then there exists an openb   set U  such that 

GUx   and 1(U)  bindb . Then (U) b , and thus 1(U) bind , so 

that 0 indX  , and since X ,then 0 indX . 

 

It is known that if X  is a topological space with 0X ind then X  is a 

regular space ( see [7] ) 

 

Then we have the following :  

 

2.7.Corollary  

Let X  be a topological space , if 0  Xindb  then X  is a regular space . 

Proof:  

Let Xx  and  G  an open  set such that Gx . Since 0  Xindb  then there 

exists an openb   set  V  such that GVx                      and 1)(  Vbindb  

then )( Vb  hence V is an open and closed set .Therefore GVVx   by 

proposition 1.17 Then X  is a regular space . 

 It is known that a space X  satisfies 0X ind  iff it is not empty and has a base 

for its topology which consists of open and closed sets. ( see[7] )  

 

Similarity, we have :  
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2.8.Corollary  

       A space X  satisfies 0X  indb  iff it is not empty and has a base for its 

topology which consists of open and closed sets.  

 

2.9.Theorem  

If A  is an open subspace of a space X , then Xindbind A  -b  .  

Proof:  

By induction on n . It is clear 1n . Suppose that it is true for 1n . Now 

suppose that nind X -b , to prove nind Ab  , let Ax  and G  is an open subset 

in A  such that Gx  , since G  is an open in A ,   then there exists U  open set in X  

such that GAU  . Since Ux  and nind Xb  , then there exist an openb   

set W  in X  such that UWx   and 1)(  nWbindb , then AWV    is 

openb   in A  by proposition 1.14.  

GAUAWVx    

))()()()( AVWAVVAVbVbA 


 

 

 

)()(

)()(

)()()(

)(

)(

WbAWb

AAAWb

AAWbAAWWW

AAWW

AVW

c

cc

c

cc

c




































 

Since 1)(  nwbindb , then 1)(b A  nvindb , therefore 

nAindb   .  
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Section Three :  On Ind  and Indb     

3.1.Definition [7]                   

       Let X  be a topological space . It is said that 1 XInd  iff X  and if n  

is a positive integer or 0  then we say that nXInd   iff the following is satisfied 

:  

For each closed set C  in X  and each open set G , GC  , there exists an open 

set U  such that GUC   and 1U)(  nbInd . If there exists no integer  n  for 

which n XInd  then we put XInd  

 

This  suggest  the following :  

 

3.2.Definition   

      Let X  be a topological space . we say that 1  XIndb  iff X  , and if 

n  is a positive integer or 0  then we say that nXIndb    iff the following is 

satisfied :  

For each closed set C  in X  and each open set G , such that GC  , there exists 

an openb   set U  such that GUC   and 1(U)  nbIndb . If there exists 

no integer  n  for which n  XIndb  then we put  XIndb   .To find 

1n(U)  bIndb  we have to know the topology on (U) b , then we have to get 

 Indb  of the boundary of open set in the topology of (U) b . 

  

3.3.Example   

       
        The following example of a space X  with 0   XIndXIndb  . Let 

        XdcbcbdTdcbaX ,,,,,,,,,,,  . The openb   sets are 

                      Xcbadadcbcbddcadbadcdbcb ,,,,,,,,,,,,,,,,,,,,,,,,  .Since  

01)()(,}.,{  IndXhenceXIndbthenXbXXcba   and since 

X is an openb   then 0  XIndb  . 

 

3.4.Example      

        The following example of a space X  with 1   XIndbXInd  .Let 

 edcbaX ,,,, ,             ,,,,,,,,,,,,,, XdadedbadcadcaT  . 

 The openb  sets are:-                 ,,,,,,,,,,,,,,,,,,, edadbadadedbadcadca  

            Xbaebadcbedceddbeaedcbedbedcadcba ,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,, 

..Since Xdcc  },{}{  such 
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that },{},,{},,,{},{},{},{ ebdcaedcbdcdcdcb  
 .The topology on 

},{ eb  is an indiscrete then 1},{ dcbInd  },{ dcbif  or  

  },{0},{ dcbifdcIndb  since X  is not normal then 0X Ind and 

since 0},{ dcbInd then 1X Ind .Since  },{ dc is openb   then 

1-b ind X  

 

3.5.Proposition[7]   

      Let X  be a topological space , if 0 XInd  then X  is normal space.  

 

3.6.Corollary   

     Let X  be a topological space , if 0  XIndb , then X  is normal space . 

    Proof:  

        Let C  be a closed set in X  and U an open set such that UC  .Since 

0  XIndb ,then there exist an openb  set W such that 

1)(  WbIndb ,hence W  is an open and closed set .Therefore 

UWWC   by proposition 1.18 .Then X is a normal. 

 

3.7.Proposition:  

         Let X  be a topological space .If IndX  is exist then XIndXIndb    .  

   Proof:  

        By induction on n . It is clear 1n . Suppose that it is true for 1n . Now 

suppose that nInd X  , to prove nInd Xb  , let C be a closed set in  X and 

G  is an open set in X  such that GC  since nInd X   , then there exists an 

open set V  in X  such that GUC   and 1)(  nUInd b  and since each open 

set is openb   then U is an openb   set  such that GUC   and 

1)(  nUInd bb . Hence  nInd Xb  . 

 

The following analogous to theorem 2.6 and its proof is similar and hence is 

omitted .  

 

3.8.Theorem  

         Let X  be a topological space . Then 0 XInd  iff 0  XIndb .                                                                                

   It is known and easy to see that if X is 1T -space, then XIndXind    (see[7]).                                                                          

Similarity we have :  



Journal of Al-Qadisiyah for Computer Science and Mathematics 

3
nd

.  Sinentific Conference 19-20/ APRIL -2011 

Vol 3       No.2          Year 2011 

 

 111 

3.9.Proposition  

Let X  be a topological space . If X  is spaceT 1
 then 

XIndbXindb    .  

    Proof: 

        Let Xx and G be an open set such that Gx  ,since X  is spaceT 1
 then 

Gx }{  and since nXIndb    then there exist an openb   set V such that 

GVx }{  and 1)(  nVbInd .Hence  

1)(  nVbind ,then nXind  . 

It is known and easy to see that if X  is a regular topological space ,then 

XIndXind    . ( see[7] )  

Similarity , we have   

 

3.10.Theorem   

Let X  be a topological space . If X  is regular space then XIndbXindb    .  

Proof :   

By induction on n . If 1n  then 1  XIndb  and X , so that 

1  XIndb  . Suppose that the statement is true for 1n . Now , let 

nXIndb   . Let Xx  and G  be an open set such that Gx . Since X  is 

regular space then there exists an open set V  such that GVVx   by 

proposition 1.17. Also since nXIndb    and V  is closed , GV  , then there 

exists an openb   set U  such that GUV   and 1(U)  nbIndb , then 

1(U)  nbindb ] by indication[ and nXindb   .  

 

3.11.Proposition[7]  

         If A  is a closed subset of  a space X , then XIndAInd      

We have the following  : 

 

3.12.Theorem   

If A  is an open and closed subspace of a space X  , then XIndbAIndb    .  

Proof : 
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By induction on n . It is clear if 1n , suppose that it is true for 1n . Now 

suppose that nXIndb   , to prove nAIndb   , let C  is a closed subset of A  

and G  is an open subset in A  such that  GC   ,since C is closed in A  and A  is 

closed in X , then C  is closed in X . Since G  is an open in A  , then there exists 

U open set in X such that GAU  . Since UC   and nXIndb   , then 

there exists an openb   set W  in X  such that UWC   and 

1(W)  nbIndb , since A is an open set then AWV   is openb   set in A  

by proposition 1.14  ,  

GAUAWVC   

AVWAVVAVbVbA  )()()()( 
AVW

c




)(   

AAWW
cc








 )(   

AAWWW c
c








 )()(   

  AAWb c  )(  

)())(( AAAWb c  AWb  )( )(Wb  

Since 1(W)  nbIndb , then 1(V)b A  nIndb , therefore nAIndb   .  
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