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Abstract

We study some functions by using b—open setwhich are small and large
inductive dimension (ind and Ind) and called py b—ind and b—1Ind. Also
we study some relations between them .

Introduction

The concept of b—open set in topological space was introduced in [2]. We

recall the definition of ind and Indin [7]. In this paper we study similar
definitions using b —open sets which are called b—ind and b—Ind and we
study some relations between them .

Section one : On b—open sets

1.1.Definition [2]

Let X be atopological space and Ac X . A is called b—open setin X if

Ac AUA. The complement of b—open set is called b—closed set thatis, A

is b—closed setif A Ag A
It is clear that every open set is b—open and every closed set is b—closed ,but
the converse may be not true in general .As the following example .
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1.2.Example

Let X ={abc} , T={{a,X,¢}. The b—opensets are :-
{a},{a, b} {a,c}, 4, X. Then {a b} is b—open setbut not open.

1.3.Proposition [4]

Let X be topological space then G is an open set in X iff GNA=GNA
foreach Ac X.

1.4.Remark [6]

The intersection of an b —open set and an open set is b —open.

1.5.Example

The intersection of two b —open sets may be not b—open in general .
Example let X ={a,b,c}, T = {{a}, {b}, {a b}, X,#}. Then each of {a,c},{b,c} isan
b —open set, where as {a,c}N{b,c}={c} is not b —open.

1.6.Proposition [6]

Let {Al}l be a collection of b —openset in a topological space X , then

U _ A, is b—open.

1.7.Definition [3]
Let X be atopological space and Ac X . A is called semi-open (S—open)

set in X if AcA. The complement of s—open set is called semi-closed

(s—closed) that is, A is s—closed set if Ac A . The intersection of all
s—closed subsets of X containing Ais called semi-closur (s—closur ) of A
and the union of all s—open subsets of X contained in A is called semi- interior

(s—interior ) of A ,and are denoted by A*, A respectively.
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1.8.Definition [5]
Let X be a topological space and Ac X . A is called pre-open setin X if

Ac A . The complement of pre—open set is called

pre—closed that is A is pre—closed set if Ac A . The intersection of all
pre —closed subsets of X containing A is called pre—closur of A and the
union of all pre—open subsets of X contained in Ais called

pre—interior of A ,and denoted by A", AP respectively.

1.9.Proposition [1]

Let X be atopological space and Ac B < X ,then:
(i) A" B’
(i) AP = B°P

1.10.Proposition [2]

For any subset A of aspace X the following statements are equivalent:-
(i) Ais b—open set

(i) Ac AP UA™
(iii) Ac (AP)7P

1.11.Proposition

For any subset A of a space X , the following statements are equivalent :-
(i) A is b—open set

(i) A" =A""
(iii) There exists an pre—open set G in X suchthat G < Ac G".
Proof :

(i) — (i) since Ac A by proposition 1.10 , then A’ < A" and since
AP" AP then A" = AP,

(i) —> (iii)let G=A"PSince A" =AP and APcAcA® . Then
Gc Agép.
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(iii) — (i) Suppose that there exists pre—open set G such that G < Ac G’

Then G =G°® and since AcG" —G"?’ gﬁp, then A is b—open set by
proposition 1.10 .

1.12.Proposition
For any subset A of a space X, the following statements are equivalent :-

(i) Ais b—open set

(ii) There exists an open set G in X suchthat G Ac GUA.

Proof :
(i)—(ii) suppose that A is b—openset . let G= /00\, then
A:G c AQEUZ=6UZ\. Hence G Ac GUA.
(ii)—(i) Suppose that there exists an open set G in X such that
GcAcGUA.Then AcGUA=GUA < AUA by definition

1.1 .Hence Ac AUA , therefore A is b—openset .

1.13.Proposition

Let X be a topological space . let Y be an open subset of X and A is
b—open set in Y. Then there exists a b—openset B in X such that

A=BNY.
Proof:
Let A is b—open setin Y, then by proposition 1.12 there exists an open set U

oY
in Y such that U < AgUY UKY ,then there exists an open set W in X such
that WNnNyY =U. Let B=AUW, then
BNY =(AUW)NY =(ANY)UWNY)=AUU =A to prove

WcBcWNB, since WcAUW=B, then WcB, since

B=AUW W U A
oY

CWUT UA cWUU NY)UA cWUumwnY)UA'
cWUR =WU@RNY) " = WUANY) = WU(ANY) =W U(ANY)
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(sinceY —Y =W UA <W UB (since Ac AUW = B).Therefore

Wc BcW UB.

1.14.Proposition

Let X be atopological spaceand Y < X .If G isa b—open setin X and
Y isanopensetin X ,then GNY is b—open setinY .

Proof :

Since G is a b-open set in X, then GcGUG. But
y oY

GNY) UGNY)” Y;(GmY)Y DU(GmY)"Y:(CWOﬂY YW G AYNY) =

( GAY) NYIU(G AY )NY) by proposition 1.3 ((GAY) NY?) U
G AY NY)=( G AY)UG NY*)

=(GUG)NY ' =(GUG’)NY SGAY .Then GAY is ab—openinY

1.15.Proposition

Let X be atopological space .Let Y be an open subset of X and A is
b—opensetin Y .Then Ais b—open in X .

Proof :
Let A is b—opensetin Y, then by proposition 1.12 there exist an open set G in

I —v oY
Y such that G AgGY UA ,then there exist an open set W in X such that
_y oY ——vy __oY oY R
WAY =G, AcA UAY =(A nY JUATAY)c
AU AY)=A UAY AY)=A UA . Then Ac A UA" . Hence Ais
b —open in X.

1.16.Proposition

For any subset A of aspace X , the following statements are equivalent :
(i) Ais b—closed setin X.

(i) There exist a closed set C in X suchthat C°NA < AcC.
Proof :
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(i)—(i) Suppose that A is b-—closed set , then A°is b—openset . By

J— c
proposition 1.12 there exists an open set G such that Gc A*cGUA

(EUE)C c AcG*

(GUAY)" =G A°

oC

c

Cc
c

c —_

=GC° nACCQ =GC° ﬂAO

Then GCUA c AcG® let C=G®. Then C°NA° = AcC.

(ii)—(i) Suppose that there exists a closed set C such that C° (1A "cAcC,
then C° < A° < (C°UA")°,

oC

c°

(C°UA) =C*UA" =C°UA° , [letC°=G , GcAcGUA®,
then by proposition 1.12 A" is b —openset . Therefore A is b —closed set .

1.17.Proposition [8]

A space X is regular space iff for every x e X and each openset U in X
such that x eU there exists an openset W such that X eW cWcU.

1.18.Proposition[8]

A space X is normal space iff for every closed set C < X and each open set
U in X such that CcU there exists an open set W such that

CgWgV_V cU.
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Section TWO
On ind and b-ind
2.1.Definition [7]

Let X be a topological space then ind X =-1iff X =¢ , and if n is a

positive integer or 0 then it is said that ind X <n iff the following satisfied :
For each x € X and for each open set G containing x , there exists an open
set U suchthat xeU < G and ind b(U) <n -1 . If there exists no integer n for

which ind X <n then we put ind X =

This suggests the following :-

2.2 .Definition

Let X be a topological space. we say that b—ind X =-1 iff X =¢, and if n

is a positive integer or 0 then we say that b —ind X < niff the following satisfied:
For each x € X and for each open set G containing x, there exists an b —open

set U such that xeU < G and b—ind b(U) <n—1.1f there exists no integer n

for which b—ind X <n then we put b—ind X =o0.
To find b—ind b(U)<n-1 we have to know the topology on b(U), then we

have to get b—ind of the boundary of open set in the topology of b(U).

2.3.Example

The following example of a space X with ind X=b-indX =0. Let
X ={a,b,c } ,T={{c}{ab} 4 X} the b—open sets are {c}.{a,b},¢, X {a},
{b}{b,c},{a,c}. Since {a,b} is an open and closed then
b{a,b}=¢ ,indb{a,b}=-1 hence indX <0 andsince X = ¢ then indX =0.

And by theorem 2.6 then b—indX =0 .

2.4.Example

Example 1.5 gives ind X=b-ind X =1.Since aef{a}c X such that
b{a} ={a}—{a} ={a,c}—{a}={c} .The topology on {c} is indiscrete then
indb{a}=-1 if bfa}=¢ or indb{a}=0 if b{a}=¢ since X is not
regular then ind X=0and since indb{a}=0 then ind X=1.Since e {a}is
b—open then b-ind X =1
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2.5.Proposition
Let X be atopological space .If indX is exist then b—ind X <indX

Proof:

By induction on n. It is clear n=—1. Suppose that it is true for n—1. Now
suppose that ind X <n, to prove b—ind X <n, let xe X and G is an open set
in X such that xeG since ind X <n , then there exists an open set V in X
such that xeU <G and ind b(U)<n-1 and since each open set is b—open

then U is an b—open set such that xeU <G and b—indb(U) <n-1. Hence
b—ind X <n.

2.6. Theorem

Let X be atopological space , then ind X =0 iff b—ind X =0.
Proof :
By 25 if ind X=0 then b-ind X<0 and since X =¢, then

b—ind X=0. Now let b—ind X=0, let xe X and G an open set in X such
that x e G. Since b—ind X =0then there exists an b—open set U such that

xeU cG and b—ind b(U)<-1. Then b(U)=¢, and thus ind b(U)=-1, so
that indX <0 , and since X = ¢,then indX =0.

It is known that if X is a topological space with ind X=0then X is a
regular space ( see [7])

Then we have the following :

2.7.Corollary

Let X be atopological space , if b—ind X =0 then X is aregular space .
Proof:
Let xe X and G an open set such that xeG. Since b—ind X =0 then there

exists an b—open set V suchthat xeV <G and b—ind b(V)=-1

then b(V)=¢ hence V is an open and closed set .Therefore x eV cVcG by

proposition 1.17 Then X is a regular space .
It is known that a space X satisfies ind X =0 iff it is not empty and has a base
for its topology which consists of open and closed sets. ( see[7] )

Similarity, we have :
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2.8.Corollary

A space X satisfies b—ind X =0 iff it is not empty and has a base for its
topology which consists of open and closed sets.

2.9.Theorem

If A is an open subspace of a space X ,then b-ind A<b-ind X .
Proof:

By induction on n. It is clear n=-1. Suppose that it is true for n—1. Now
suppose that b-ind X <n, to prove b—ind A<n, let xe A and G is an open subset
in A suchthat xeG ,since G isanopenin A, then there exists U opensetin X
such that U "A=G. Since xeU and b—ind X <n, then there exist an b—open
set W in X such that xeW cU and b—ind b\W)<n-1, then V=W A is
b—open in A by proposition 1.14.
xeV=WnNnAcUNA=G
b, (V) =b(V) A=V V)N Ac W V) " A)

=W m\o/c)mA
:[Wm(\;\clu /O-\C)}mA
=[(Wm\70)u(w mA°)}mAg[b(W)uA°]mA

=(bW)n AU (A~ A)
=bW)~AcbW)
Since  b—ind b(w)<n-1, then b—ind b,(v)<n-1, therefore
b—ind A<n.
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Section Three : On Ind and b—Ind

3.1.Definition [7]

Let X be atopological space . It is said that Ind X =-1 iff X =¢ and if n
is a positive integer or 0 then we say that Ind X <n iff the following is satisfied

For each closed set C in X and each open set G, C < G, there exists an open
set U suchthat CcU < G and Ind b(U)<n-1. If there exists no integer n for
which Ind X <n then we put Ind X =0

This suggest the following :

3.2.Definition

Let X be atopological space . we say that b—Ind X =-1 iff X =¢ , and if

n is a positive integer or 0 then we say that b—Ind X <n iff the following is
satisfied :

For each closed set C in X and each open set G, such that C — G, there exists
an b—open set U such that CcU <G and b—Ind b(U)<n-1. If there exists

no integer n for which b—Ind X <n then we put b—Ind X =0 .To find
b — Ind b(U)<n —1 we have to know the topology on b(U), then we have to get

b—Ind of the boundary of open set in the topology of b(U).
3.3.Example

The following example of a space X with b—Ind X =Ind X =0 . Let
X ={a,b,c,d} , T={{d},{b,chib,c,d},sX}. The b—open sets are
{o},{c},{b,d},{c,d},{a,b,d}, {a,c,d},{d},{b,c}, {b,c,d}, {a,d},{a,b,c}, ¢, X .Since
{a,bctc X=X ,b(X)=¢ then Indb(X)=-1 hence IndX =0 and since
Xisan b—open then b—Ind X =0 .

3.4.Example

The following example of a space X with Ind X =b—Ind X =1 .Let
X ={a,b,c,d,e}, T ={{a},{c,d}{a,c,d},{a,b,d,e},{d} {a,d}, X, ¢}.
The b—opensets are:- {a},{c,d},{a,c,d},{a,b,d,e},{d},{a,d},{a,b,d},{a,d,e},
{a,b,c,d} {a,c,d,elfb,d,e},{b,c,d,e} {ae},{b,d}{d,e}{c.d e}, {b,c,d},{a,b,e} {a,b} ¢ X
.Since {c}c{c,d}c= X such
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that b{c,d}={c,d}—{c,d}¥ ={b,c,d,e}—{a,c,d}={b,e} .The topology on
{b,e} is anindiscrete then Ind b{c,d}=-1 if b{c,d}=¢ or
Indb{c,d}=0 if b{c,d}=¢ since X is not normal then Ind X 0and
since  Indb{c,d}=0 then Ind X =1.Since {c,d}is Db—open then
b-ind X =1

3.5.Proposition[7]

Let X be atopological space, if Ind X =0 then X is normal space.

3.6.Corollary

Let X be atopological space , if b—Ind X =0, then X is normal space .
Proof:
Let C be a closed set in X and U an open set such that C U .Since
b—Ind X =0,then there exist an b-open set Wsuch that

b—IndbW)=-1,hence W is an open and closed set .Therefore
CcWcWcU by proposition 1.18 .Then X is a normal.

3.7.Proposition:

Let X be atopological space .If IndX is exist then b—Ind X <Ind X.
Proof:

By induction on n. It is clear n=-1. Suppose that it is true for n—1. Now
suppose that Ind X <n, to prove b—1Ind X <n, let Cbe a closed set in X and
G is an open set in X such that CeG since Ind X <n , then there exists an
openset V in X suchthat CeU <G and Ind b(U) <n-1 and since each open
set is b—open then Uis an b-open set such that CeU <G and

b—Indb(U)<n-1.Hence b—Ind X <n.

The following analogous to theorem 2.6 and its proof is similar and hence is
omitted .

3.8.Theorem

Let X be atopological space . Then Ind X =0 iff b—Ind X =0.
It is known and easy to see that if X is T,-space, then ind X <Ind X (see[7]).

Similarity we have :
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3.9.Proposition

Let X be a topological space . If X is T, —space then
b—ind X <b-—Ind X.
Proof:

Let xe X and G be an open set such that xe G ,since X is T, —space then
{x} =G and since b—Ind X <n then there exist an b—open set V such that
{x}<cV cG and Indb(V)<n-1 .Hence
indb(V)<n-1 ,thenind X <n

It is known and easy to see that if X is a regular topological space ,then

ind X <Ind X . (see[7])

Similarity , we have

3.10.Theorem

Let X be atopological space . If X is regular space then b—ind X <b—Ind X .
Proof :
By induction on n. If n=-1 then b—Ind X =-1 and X =¢, so that

b—Ind X =-1 . Suppose that the statement is true for n—-1. Now , let
b—Ind X <n. Let xe X and G be an open set such that xe G. Since X is

regular space then there exists an open set V such that xeV cVcG by
proposition 1.17. Also since b—Ind X <n and V is closed , V =G, then there

exists an b—open set U such that VcUcG and b—Ind b(U)<n-1, then
b—ind b(U) <n-1[ by indication] and b—ind X <n.

3.11.Proposition[7]

If A isa closed subset of aspace X ,then Ind A<Ind X
We have the following :

3.12.Theorem

If A is an open and closed subspace of a space X ,then b—Ind A<b-Ind X .
Proof :
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By induction on n. It is clear if n=-1, suppose that it is true for n—1. Now
suppose that b—Ind X <n, to prove b—Ind A<n, let C is a closed subset of A
and G is an open subsetin A suchthat C < G ,since Cisclosedin A and A is
closed in X , then C isclosed in X . Since G is an open in A , then there exists
U open set in X such that UM A=G. Since CcU and b-Ind X <n, then
there exists an b—open set W in X such that CcWcU and
b—Ind b(W) <n-1, since Aisan opensetthenV =W 1A is b—open setin A
by proposition 1.14 ,

CcV=WnAcCcUnNA=G

b,(V)cb(V)NA=( -V )AACW -V°)"A=W V)N A
[V_Vm(\NZuAg)}mA

:[WGWZ)UMGAC):I(\A
< bw)u A° |~ A

=bW)NA) UA " NA) =bW)AcbW)
Since b—Ind b(W) <n-1, then b—Ind b, (V) <n-1, therefore b—Ind A<n.
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