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spaces. Building on H-open sets, H-continuous functions, H-irresolute maps, and H-compact
spaces, we introduce H-thin sets and H-Cartan G-spaces. We further define two types of H-
limit sets, denoted A"(x) and JH(x), for an arbitrary point x in a G-space, and we establish
several characterisation theorems relating these sets to the orbit structure and the H-Cartan
property. Concrete examples are provided throughout to illustrate each concept and to
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1. Introduction

One of the very important concepts in topological groups is the concept of group actions and there are several
types of these actions. This paper studies an important class of actions namely, H- Cartan G - space. Let B be a
subset of a topological space (X,T). We denote the closure of A and the interior of A by A and A°, Fadhil [4],[5]
introduced new types of open sets, which he defined as follows, a subset A of the topological space (X ,T) is called
H-open set if for every non- empty set Uin X ,U # Xand U €T ,Acint(A U U) . The complement of the H-open set
is called H-closed. We denoted the family of all H-open set of a topological space (X,T) by TH. They also introduced
function f: (X, T) — (Y, 7) is said to be H-continuous if the preimage of every open set in Y is H-open in X, and is
said to be H-irresolute if the preimage of every H-open set in Y is H-open in X. Shallu S. et al. [7] extended these
ideas to H-irresolute topological vector spaces, whose techniques we generalize here to the setting of group
actions. Building on all these contributions, Zahra A.S. and Ahmed T.H. in [8] adopted the concepts introduce H-
proper functions, which directly motivates the present paper. We introduce some definitions, remarks,
propositions and theorems which are needed in the next sections, including H-thin sets and some of their
properties, then we present a new definition for a new type of G-space which we called H-Cartan G-space and we
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also study the properties of that space, then we present the definition of H-limit set A"(x) and J"(x) and study the
properties of these sets and the relationship between them and the H-Cartan G-space.

1.1 Remark [5]:
Let X be aspaceand A € X, xeX then:

)] Every neighborhood subset of a space X is H-neighborhood.

(i) Let (X, T) be a topological space and A € X, x € X. Then A is H-neighborhood of x in X if and only if A is
neighborhood of x in (X.TH).

(iii) A is H-open if and only if it is an H-neighborhood of its points.

(iv) A topological space X is completely regular if whenever F is a closed set in X and x € X,x & F, there is a
continuous function f: X — [0,1], such that f(x) = 0 and f(F) = 1.

W) In every completely regular space X and every point x € X has a sequence {U,},,c;+ of open neighborhood
such that U, € Uy, ... and Nyez+ U, = {x}.

1.2 Remark|[5]:

8] A function f: (X, T) - (Y, 1) is H-continuous function if and only if f: (X.TH#) — (Y, 7) is continuous.
(ii) A function f: (X,T)—(Y,T) is H-irresolute function if and only if f: (X, T #)—(¥,7") is continuous.
1.3 Theorem [1]:

Let X and Y be spaces, and f: X—Y be a function ,x X . then f is continuous at x if and only if whenever a
net (y,)in X andy, a x, then f(y,)a f(x)inY.

1.4 Proposition[1]:

)] Let (X,T) be a space, xeX and Ac X. then xe A if and only if there exist is a net (Xd)qep In A such that ya «
X.

(ii) Let X be a space and A be a subset of X ,x €X . then x €A if and only if there is a net in 4 which converges
tox.

1.5 Remark[8]:
Let (X,T) be a space ,then:

)] Every H-limit point is limit point
(ii) Every H-cluster point is cluster point
H
(iii) if (7,) isanetin X, xeX . theny, — xin (X,T) if and only if y,—x in X, T"), and X4 af x in (X,T) if and
only ify, a x in (X,T").
1.6 Proposition:

Let f: X — Y be a function, x € X. Then:

H
(1) f is H-continuous at x if and only if whenever a net (y;)4ep in X and y4 — x then f(xy) — f(x).
H H
(ii) f is H-irresolute at x if and only if whenever a net (y;)4ep in X and y4 — x then f(x;) — f(x).
Proof:
H
(1) = Letx € X and (x4)4ep be a net in X such that y; — x [To prove that f(y;) — f(x)]. LetV be a
H

open neighborhood of f(x). Since f is H-continuous, then f~*(V) is H-neighborhood of x, but y;, — x,
then there is f € D such that y, € f~2(V),vd = . Then f(x,) € f(f*(V)) €V. Thus f(x4) is
eventually in every open neighborhood of f(x) thenf (x4) — f(x).

<= Suppose that f is not H-continuous. Then there exists x € X such that f is not H-continuous at x.
Then there exists an open set B in Y such that f(x) € B and f(A) € B for each 4 is an H- open in X such
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that x € A. Thus there exists y, € A and f(x,) € B for each A is H-open in X. Since Ny (x) is a directed

H
set. Then (X4) aeny(x) Is @ net in X and y, — x. But f(x4) € B for each A € Ny(x), then f(x4) +» f(x)
and this is a contradiction. Then f is H-continuous.

H
(ii) = Letx € X and (x4)q4ep be a net in X such that y; — x. Then by Remark (1.4.iii) y; — x in (X, T¥).
Since f:(X,T) — (Y,7) is H - irresolute (Y,7), then by Remark (1.2.ii) f:(X,T") - (Y,t%) is

H
continuous. Thus by Theorem (1.3) f(x4) — f(x) in (Y,7), so by Remark (1.5.iii) f (x4) — f(x)
< By Remark (1.5.iii) and Remark (1.2.ii) we have f: (X, T#) - (Y,7")is continuous. Then f is H-
irresolute.

1.7 Theorem:

Let(x4)qep be a net in a space (X,T) and x, in X. Then y,; a®x, if and only if there exists a subnet (¥gm)amep Of

H
(Xa) dgep such that x4, — x,.
Proof:

= Let (XYgm)amep Such that y; af’xy in (X, T) Then by Remark (1.5.iii) x4 @ x, in (X, T*), so by Proposition (1.4.ii)
H
there exists a subnet (Xgm)gmen Of (Xa)aep Such that y, = x, in (X, TH). Then by Remark (1.5.iii) y; — x,.

< By same way we will proof only if part.

1.8 Proposition:

Let G be a topological group and (g4)4ep be a netin G. Then:

H H H
8] If gs — e, then gg4 —— g (orgy,g —— g) foreach g € G.
H H H
(i) If g —— oo, then gg; —— o0 (or g;9 —— o) for each g € G.
H H
(iii) If g4 — o, then gz —— oo,
Proof:

(i) Sincer,;:G — G is continuous and open, where 7, is right translation by g. Then r; H-irresolute. Thus by

H
Proposition (1.6.ii) g;9 —— g for each g € G.

H
(if) Letgy—— o and g € G. suppose that g;g — g, for some g; € G. Sincer, is H -irresolute, then by
H H H
Proposition (1.6.ii) ;" (ga9) — 15 ' (g1)- Then g4 —— g,97", a contradiction. Thus g9 —— .

(iii) Letgy! 2, g .Since v: G — G is H-irresolute, then g, , g~ ! Thus if g4 2, o, then g;* o,
1.9 Proposition [8]:
A space (X, T) is an H-compact space if and only if every net in X has H-cluster point in X.

2. H-cartan G - space and H- limit set of point

2.1 Definition:

Let X be a G - space. A subset A of X is said to be H - thin relative to a subset B of X if the set ((4,B)) ={g €
G /gA N B # @} has an H - neighborhood whose closure is H - compact in G. If 4 is H - thin relative to itself, then it
is called H - thin.

2.2 Remark:

The H - thin sets have the following properties:
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)] Since (gA N B) = g(A n g™'B) it follows that if A is H - thin relative to B, then B is H - thin relative to A.
(i) Since (gg14 N g.B) = g2(g2"*g g1A N B) it follows that if Ais H - thin relative to B, then so are any
translates g4 and gB.
(iii) If A and B are H - relative thin and K; € A and K, S B, then K, and K, are H - relatively thin.
(iv) Let X be a G - space and K3, K, be H - compact subset of X, then ((K4, K>)) is H - closed in G.
(v) If K, and K, are H - compact subset of G - space X such that K; and K, are H - relatively thin, then
((K4,K3)) is an H - compact subset of G.

Proof:
The prove of (i), (ii), (iii) and (v) are obvious.

- H
(iv) Let g € ((K1, K2))". Then by Proposition (1.4.ii) there is a net (g4)qep in ((K1, K2)) such that g; —— g. Then
we have net (k}),ep in K1 such that g;k} € K5, since K, is H - compact, then by Theorem (1.7) there exists a

H
subnet (gq, kg, ) of (gakg) such that g4 kg —— k§, where k§ € K. But (kg, ) in K, and K, is H - compact, thus
H
there is a point k} € K, and a subnet of k,}lm say itself such that k,}lm —— k}, Theorem (1.7). Then by Proposition

(1.6.ii) gq, k4. A, gkd= k2, which mean that g € ((K4, K>)), therefore ((K1,K>)) is H - closed in G.
2.3 Definition:
A G - space X is said to be an H - Cartan G - space if every point in X has an H - thin H - neighborhood.
2.4 Proposition:
If X is H - Cartan G - space, then each orbit of x is H - closed in X and stabilizer group of G is H - compact.

Proof:
— H
Lety € Gx". Then there is a net (y;)4ep in Gx such that y;, — y. Since X is an H - Cartan G - space, then y has
H - thin H - neighborhood U. Since y; € Gx, then there exists a net (g4)4ep in G such that y; = g,x for each d € D.
Fixed do and (9aga.)(ga,x) = gax s0 gagz> € ((U,U))and by Proposition (1.9) g4g;> has H - cluster point g.

H H
Then by Proposition (1.7) there exists a subnet of gdggol, say itself, such th.altgdggo1 — g, then ggx —— ggq,x
andy = ggq,X, S0y € Gx. Thus Gx is H - closed in X. Now, let x € X, then there exists an H - thin H - neighborhood
V of x. Clearly Gx is H - closed in G and since Gx< ((V, V)), Hence Gx is H - compact.

2.5 Definition:

Let X be a G - space and x € X. Then:

H H
(i) Af(x) = {y € X:thereis anet (g;)4ep in G with g; —— oo such that g;,x —— y} is called H-limit set of

X.
H H
(i)  JH(x) = {y € X: there is a net(gy)4ep in G and there is a net (x4)qep in X withg, —— o and yu —— x

H
such that g;x —— y} is called H- first prolongation limit set of x.
2.6 Proposition:
Let X be a G - space and x € X. Then:

(i)  AP(x) and J¥(x) are invariant sets under G.

(ii)  The orbit ¥ (x) is H - closed if and only if A (x) is a subset of y (x).
(iii) If x & A" (x), then the stabilizer subgroup G, of G is H - compact.
(iv) v =y() VAT (x)

(v) vy e€JH(x)ifandonlyifx € JH(y).

(vi)  IfXisdiscrete G - space, then A" (x) = J#(x) for eachx € X.
(vii)  Ifx € JH(x), then for each y € y(x),y € J7(y).
(viii)  Ify € JH(x), then for each z € y(x),y € J#(2).
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(ix)  gA"(x) = Af(gx) = A¥(x) and g/ (x) = J"(gx) = J" (x) for eachg € G.

Proof:
H H
(i) Let y € A(x) and g € G.. Then there is a net (g,)4ep in G with g; —— o0 and g;x —— y. It is clear that
H
(994)aep is a net in G with gg; —— o, Proposition (1.8.ii). Since the action is H - irresolute, thus
H
(994)-x — gy which implies that gy € A (x) and hence A (x)is invariant. The proof of J¥ (x) is similar.
H H
(i) = Lety € A”(x), then there is a net (g )qep in G such that g; —— oo and gzx ——y. Since ggx €

(iii)

(iv)
W)

(vi)
(vii)

(viii)

(ix)

y(x) and (g4x)4ep is a net iny(x), then by Proposition (1.4.ii)y € y(x)#.Buty(x)is H - closed then
y €y(x), 50 A (x) € y ().
- H
< Lety € y(x)".. Then by Proposition (1.4.ii) there exists (y4)g4ep is a net in y(x) such that y; ——y,
H
then V d € D there is g; € G such thaty; = g4x. Then (g4)4ep is a net in G and ggx —— y. Now either
H

H H H
Ja H—>g or gg—— . If gg—— g then gyx —— gx =y, which implies that y € y(x). If

gq — %, theny € A (x) € y(x), then y(x) is H - closed.
H
Let x & A”(x) and suppose that G, is not H - compact. Then there is a net (g4) zep in G such thatgy; —— o.
H

Since ggx = x, i.e. ggx — x then x € A" (x) which is a contradiction, thus G, is H - compact.
The proof of (iv) is obvious

H
Let y € Jf(x), then there is a net (gq)qep in G with g; —— o0 and there is a net (x4)qep in X with
H H H H
Xa ——xand ggxq ——y. Puty, = gaxa ——y. Then by Proposition (1.8.iii) g;1 —— o and
H

92"Ya = 9a'9aXa = Xa—— x thus x € J ().

The converse is similar.

The proof of (vi) is obvious.

Let x € J#(x). and y € y(x). Since /¥ (x) is invariant, then for each y € y(x), vy € J¥(x)., therefore x € J¥(y).
(by v) and since /7 (y) is invariant, then y € J¥(y).

Lety € J¥(x).from (v), x € J(y).. SinceJ(y) is invariant, then for each z € y(x),z € J?(y).and by (v)
y € JH(z) for each z € y(x).

The proof of (ix) is obvious.

2.7 Proposition:

Let X be a G - space. Then X is H - Cartan G - space if and only if x & /¥ (x). for each x € X.

Proof:
H
= If X is an H- Cartan G - space. Let x € J#(x)., then there is a net (g4)4ep in G with g; —— oo and there is a
H

net (x4)aep in X with yg4 Lwc such that g;xqy —— x. Since x € X and X is an H - Cartan G - space, then x
has an H- open neighborhood U such that ((U, U)) is H- relative thin. Then ((U, U)) is H- relative compact. Thus
thereisd € D, y,; and g4 x4 are in U. So that g, is in (U, U)). Then (g4)4ep contains a convergent subnet, this is
contradiction.

& Suppose that X is not an H- Cartan G - space. Then there is a point x in X such that x has no H - neighborhood
H - relative thin. Since X is completely regular, then by Remark (1.1.v) the point x has a sequence {U,, },cz+ of an
H - open neighborhood such that U,.;; € U, ... and Nyez+ U, = {x}. Then ((U,, U,)) is not H - relative thin. We
can choose an H - open neighborhood U of e in G such that G, € U and itis H - relative compact. Then there is a
sequence (g, )nen in((Un, Un)) — U. Since g, in G then there is a sequence (¥, )nen in U,, such that g, x,, is in U,,.

H H
Since Nyez U, = {x}, then y, —— x and g,,x, —— x. Since x & J"(x),then (g,)ney has an H - convergent
H H

H H
subsequence, say (g, ) with g,, —— g. Thus g, xn, X, Xy, x and g,, — x, imply that x = xg.
Hence g is in G, and hence g,, is in U for large n; and this is contradiction.

2.8 Proposition:

Let X be an H-Cartan G-space, then A (x) = ¢, for each x € X.
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Proof:

H
Suppose that there is a point y € X such thaty € A¥ (x). Then there is a net (g;)4ep in G with g; — oo such
H
that ggx ——y. Let U, be an H-thin H- neighborhood of y. Then there is d, € D such that g4x € U, for each
d = do, we get gq95. ga,x = gax € Uy, thus gag;]' € ((Uy, Uy)) which has H- compact closure. Hence the net g;g7,'

H H
has H-convergent subnet, say itself, i.e, there is g, € G such that gdggll — g, then g4 —— gogq,, Which is a
contradiction, therefore yA ¢ (x), since y is arbitrary, thus A" (x) = ¢.

2.9 Proposition:
Let X be a G-space if A (x) = ¢,for each x € X. Then the orbit y(x).is not H-compact.

Proof:

H
Suppose that y(x) is H- compact. SinceA” (x) = ¢, then there is net (g4) 4ep in G with g; —— © (ggx)4ep is a

H
net in y(x) . Since y(x)is H-compact, then by Proposition (1.9) g;x — y for some y € X. Hencey € Af(x) which is
a

contradiction with A" (x) = ¢ for each x € X.
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