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1. Introduction

Building on Zadeh’s fuzzy sets [1] and Molodtsov’s soft sets [2], Maji et al. [3] introduced FSSs as a unified
framework, with topological structures later established by Aygunoglu et al. [4]. Based on previous studies of fuzzy
path homotopy by Sugapriya and Amudhambigai [5] and the results developed by Khalaf and Al Baydli [6], recent
research has expanded into various properties of FSTSs. For instance, Sabri and Ahmed [7] as well as Maibed and
Majeed [8] investigated compactness and continuity properties within FSSs, while Abd and Majeed [9] established

several fundamental properties in this domain.

Despite these advancements and the results established in [10-12], there remains a distinct necessity to extend
these concepts into the FSH framework. Accordingly, this study establishes a rigorous theoretical framework for
FSH, aiming to characterize the structural properties of paths and formulate the necessary conditions for their

classification.
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2. Preliminaries

Inthesequel, X willbeusedtorepresent the original wuniverse, and E is the compilation of
parameters, P(X) the power compilation of X, and I* the compilation f all fuzzy subsets of X.

Definition 2.1: [1] The membership function u,: X — [0,1] describes a fuzzy set A on the universe X, where u,(x)
indicates how much the element x € X belongs to A.

Definition 2.2: [10, 11] Let A € E. Then the pair (y,, E) is a FSS over (X,E), wherey,: E - I¥ is a mapping for
which y,(e) = py,. For each parameter e € 4, the image .“yA is different from the null fuzzy set whenever e € 4,
while py, = = 0 whenever e € A°, where the null fuzzy set 0is given by O(x) = 0 for every x € X. The FSS (y4,E) is
said to be null if y,(e) = 0, Ve € E, and it is said to be absolute if y,(e) = 1 ,Ve € E.

Definition 2.3: [12] Suppose that (y4, E) is a FSSs over (X, E), and let T}, , represent the clan of every FSS of (y,, E).
Then T, is called a FSTS on (y,, E) if a few things axioms are met:

o O,(E)ET,

. If(yLA,E)E T,,, then ui(yiA,E)ETyA

o If(yi,E), (ya, E) €Ty, then (y1,,E) N (v2,, E) € Ty, The triplet (y4,E, T;,,) is called a FSTS over (¥4, E).
Definition 2.4: [13] Assume that u; € F(X). The relationship is considered:

o Reflexive if uz(x,x) = 1forallx € X.

e Symmetricif ug(x,y) = ug(y,x) forallx,y € X, i.e. ug = ugt.

o Transitive if ug o ug < Ug.

We define a relationship as a fuzzy equivalence on pu(x) if it are met 1, 2, and 3. The clan of all fuzzy equivalence
relations on u(x) is expressed by FER (X).

3. Fuzzy soft mappings and continuity

This section presents the concepts of fuzzy soft (FS) mappings and their inverse images and provides the definition
of FS continuity along with a proof of a theorem related to it.

Definition3.1: [14] Let f: X — Y and ¢: E — D, be two functions, where parameter sets for the sharp sets X and Y
are marked by E and D, respectively. A FS mapping from (X, E) to (Y, D) is the pair f;.

Definition3.2: [14] Let (y4, E) and (yg, D) be two FSSs over X and Y, in turn and let f;, be a FS mapping from X to Y.
e The image of y, under the FS mapping f,, expressed by f4(v,), is the FSS over Y described by:
x), ifx € f!
) = {f VoY @@, i EfT)
0, otherwise
foreachk € D,y € B

e The pre-image of (yz D)inY, expressed by fq;l(yB), is the FSS over X described by f¢'1(yB)e(x) =
(YB)¢pe)(f (x)), for eache € E,x € X. If f and ¢ are injective (surjective), then f, was claimed to be
injective (surjective).

e Letf; be a FS mapping from X to Y and fq;l be a FS mapping from Y to Z. Then the composition of these
mappings from X to Z is described as follows:

foofe = of)¢p.p ,wherep:E — Dand ¢™:D — C.

Definition 3.3: [14] A FS mapping f: (va, E, T,,) = (v, D, T,,) is fuzzy soft continuous if f;; Y(ys D)) ET, vy for all
(y(fr D) € T)/A
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Theorem 3.4: (Fuzzy soft continuity Lemma) Let (y;4, W), (24, W) be two FS closed subsets of a FSTS (y,,, W, TyA)
for which (14, W) G (yo4, W) = (y4, W ). Then

f¢: (VA'W’TYA) - (]/B'D‘ T}’B)

is FS continuous if

fol (YW Tya (yawd) = (8. D, Ty ),

(y1a.W)

and

fol (2 W, Tyatyan ) = (V8 D, Typ)

(y2a.W)

are FS continuous.

Proof: Since (y;4, W), (¥4, W) be two FS closed subsets of (yA,W, TyA) for which (Y14, W) U (you, W) = (y,, W). It
follows that (y14, W), (¥24, W) € T,,.

Let (v, D) be any member ofT,,. Since (f¢)|(y1A'W): (Y14 W, Tyagysamwy) = (¥8, D, Ty,) is FS continuous, implies
-1 - .
that (f¢) [(¥6, D) O (Y14, W) € Tyay, ow) and hence 3(y1y, W) € T, for which:

(fqb)_l[(YG' D)] ﬁ (ylA' W) = [(Y1H' W) ﬁ (ylA' W)] € TyA (1)
Similarly, (f¢)|(y W' (yZA, w, TyA(yzA,W)) - (yB, D,TVB) is FS continuous 3(y;y, W) € T, 4 for which:
24
(f¢)_l[()/c, D) A Vou W) = [(yam, W) 0 (20, W] €Ty 4 (2)

Thus, from (1) and (2), we get:
|(f6) [ DI A (raa W) | T [(f) [, D) A (20, W)| € Ty
= |(f5) [0 DIA G1a W) T GoaW)| = |(f5) (e, DI A (4 W)| € Ty
= (f) (D) ETy4
Therefore, (f3) " (¥, D) € T, (f3)” (¥e, D) € T,5 and hence fy: (y4, W, T,,) = (v5,D,T,,) is FS continuous.
4. Fuzzy soft homotopy theory

In this section introduces the concept of FS path homotopy in FSTS, establishing it as a fuzzy soft equivalence
relation.

Definition 4.1: Let (y4, E,T,,) and (v, D, T, ) be FSTSs. Then two FS continuous mappings fy, g: (va E. T,,) —
()/B, D, Tys) are said to be FSH, written as f3~g,, for which there exists a FS continuous map h,: (yA Xy, I X1,T,, X
Tw) - (yB,D,TyB) for which ha[,uf,A X (_(_), B)] = fd,(uf,A,é') and hg[/,tf,A x(1,E)] = gq,(uf,A, E), also h, is called a FSH
between the maps fy and g, i.e, h;(3,0) = f4(3), h;(5,1) = g,(8) forall § € (y, E).
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(A/AtErTW'A)

f69,

(A/AXA/L]XI?TWA XTWI) (A/BtDrTW'B)
he
Fig. 1 - FSH.

Proposition 4.2: If (y,, E, T, ) be a FSTS, let (y4, E), (¥5,D) and (¥, C) be a FSSs and consider fy, g,: (va, E, Ty,) —

(}/B' D,
i.
ii.
iii.

Proof:

iil.

) be any two FS continuous maps, then:

Let hy,: (yA, E, TYA) — (yB, D, TVB) be a FS continuous map. If f~g, and g,~hy, then fy~hy,.

If f3~9, and hy: (yB,D, Tys) — (yc, C, Tyc)' then hy o f = hy © g,.
Let f4,94: (yB,D,TyB) — (yc, C, Tyc) be to continuous maps for which fy = g, and hy: (yA, E, T},A) —

(yBlD; TVB) then f¢ o hll) = g(P o hl[l

Since fy~g, and f4 o hy, then there exist two FS continuous maps h},l,hlzrz: (yA Xy X1, T, X Tyz) -
(vs,D,T,,) for all €y, for which h (% 0) = f(®), h} (%, 1) = g, (%), h%,(%,0) = g, (%) and hZ (%, 1) =
h (). Define the function ho: (yA Xy, I x1I,T,, X Ty:) - (yB, D,TYB) by:

. .1
i ho,(%,20) if 0sE<3
he(%,8) = ~ 1
h;@,t—nif55t31

This is a FS continuous map and has a property for which h,(%,0) = hl (%,0) = f(%) while h,(%,1) =
h3,(%,1) = hy (%) forall £ € y;, thus f, o hy,.

Let (Y4, E), (yg, D) and (y;,C) be a FSSs and let for 9o (yA, E, TYA) — (yB,D,TyB) and hy: (yB,D,TyB) —
(yC, C, Tyc) to prove hy, o f, ~ hy © g,,. Since fy, ~ g,, then there exists a FS continuous map hg, : (yA Xy, I X
I,T,, xT,) - (vs D,T,,) for which h} (% 0) = f,(%) and h} (%, 1) = g,(%) ,VZ Ey,. Define h} : (y, X
Yol xX1,T,, xT,) = (ve,C.Ty,) by h, (%) = hy o h} (%) be a FS continuous mapping for which
h2,(%,0) = hy © gy and hZ,(%,1) = hy o g, forall € y;, then hy, o fiy ~ hy, © g,,.

Since fg =~ g,, then there is a FSH continuous map h<171: (yB Xyp I xX1,T,, X Tw) - (yc, C, Tyc) for which

hy, (%,0) = f,(%) and hg, (%,1) = g, (%) to prove fg o hy, = g, ° hy,.

Define hZ,: (ya X y1,1 X I,T,, X T,,) = (vc, C, Ty, ) by h2,(%,£) = h} (hy(x), ©) this is satisfy:

B2, (%,0) = hi, (hy (),0) = fy (hy(®)
and
h2,(% 1) = ht, (hy(0),1) = g, (hy(®))
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S0,
fo ohy =gy o hy.

Definition 4.3: Let (yA, E, TYA) a FSTS and X%, X; be the initial and end points with respect on (y,, E), then:
e A FS path from X, to X; is a FS continuous mapping fy: (y,, I, Tw) - (yA, E, TyA) for which f¢(ﬁ) = X, and
f¢ (I) = X;.

=

e
|

Fig. 2 - FS path.
e AFSloopat¥, to X; is a FS continuous mapping f: (v 1, Tyz) - (Ya E, T,,A) for which £, (0) = %, = f, (1.

Definition 4.4: Let the FSTS (yA,E, TVA) and let f¢,g(p: (y,,I, Tyz) - (yA,E, T,,A) be two FS paths from %, to ¥;. Then
f#, 9, is referred to as a FSH path, written as f4 ~, g, if there is a FS continuous mapping h,: (y, Xyl x1,T, X
Tyl) - (yA, E, T],A) for which:

o 1,(5,0) = f(3), hs(5,1) = g,(3), forall 5 € (y,, E).

o 1, (0,0 = f,0) = g,©) = %o, ho(1,8) = f(D) = g, (1) = &, forall { € (y;, E).
Also, h, is called a FS path homotopy between the FS paths f3 and g,,.

1 x Ty,

Fig. 3 - FSH path.
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Theorem 4.5: The relation FS path homotopy is a FS equivalence relation.

Proof: In this theory, we have to prove that the relation is reflexive, symmetric, and transitive, so that the FS
symmetry path is a FS equivalence relation.

i. Relative

Let fg: (y,, 1, Tyl) - (yA, E, TyA) be any FS path from ¥, to %; then, by the definition of the FS path, we have:
fo(0) = %o, fp(1) = %,
We now define a FS mapping h,;: (y, XypI X L,T, X Tn) - (yA, E, T],A) by:
ho[(5, D] = f4(5)
Then, h, is a FS continuous mapping. Also h,[(3,0)] = f,(3) and h,[(5,1)] = f4(3), V5 € (y;, E) and h,[(0,D)] =

fo(0) = %o and h,[(1,D)] = f(1) = Xy, VT € (y, E).
Thus, h, is a FS continuous and it meets all of the conditions of Definition 4.4, so h,; is a FS path homotopic to itself.

1
//
/
/‘
O
/1 ¢ )
f S
/ -
/
/
/
/
/
//fb/\fl
// f@u fa1
/
0 1
he
Jo
1
0 fs 1

Fig. 4 - FS equivalence relation- reflexive.

ii. Symmetric

Suppose that fy, g, are two FS paths from X, to X, for which fy ~, g,. Let h,: (y, Xyl X1, T, X Tyz) - ()/A, E, T],A)
be the corresponding FS path homotopy. Then h, satisfies:
(@) o[, 0)] = f5(3), hol(5, D] = g, (3), V5 € (v, E), V5 € (v, E).
(b) ha[(ﬁ, )] = X, ho[(i' )] =%, vt € (v, E).
Now define
h;/: (VI Xyl % [’TVI X T'VI) - (VA’E’ TYA)
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By
ho[(3,D] = ho[(5,1 - D]
Then k., is FS continuous and:
ho[(3,0)] = ho[(5, D] = g, (3);
ho [, D] = hol(3,0)] = f4(3) V8 € (v, E).

Also 1, [(0,8)] = ho[(0,T = D) = f,(0) = g,(0) =% and h, (LD =h,[(LT-D]=f(D =g,D =% ,
vt € (y;, E). Thus, h./ is a fuzzy soft path homotopy between the paths Je and fy and hence g, ~, fo-

1
/
/
/
f/
/{/"'7"\ ( IA; E)
/(fe )
SN
/ —
f/ I/ 9,; \‘

VNG

/

/

/
/
/
0 1
h, n
f:" 9y
1 1
0 1 0 1

e fs

Fig. 5 - FS equivalence relation- symmetric.
ii. Transitive

Assume that fy, g, ky, be three FS paths from X, to %, for which fy, ~, g, and g, ~p, ky, .

Also, let hy, and hZ, be the corresponding FS path homotopies. Then hg, and hZ, are FS continuous and both will
satisfy the following conditions:

hé'l[(gv 6)] = f¢(§)f hé'l [(§, i)] = ggu(g)! V5 e (YI;E);

and

htlfl [(6' f)] = va hél[(iv E)] = il: VE € (VI’ E)!
also,
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and
h(Z)‘Z [(6, f)] = 520' h?rz [(T' f)] = J?‘:1' Vf é (]/1' E)

Now, define a FS mapping h,: (y, Xy, I xX1,T, X Tyz) - (yA, E, TyA) by:

[ hi,1200, t’é([O%]E)
h[(3,D)] = ihf’z (520-T)] € (E 1] E)

9o (%) otherwise

Since hl. and h2 are FS continuous and agree on their intersection, then h, is FS continuous.

hs[(3,0)] = g, [(3,0)] = £, (3),
and

hu[(§' T)] = h’g‘z [(55 T)] = kt[)(g)' Vs € (VI'E) (3)

also,

LI0,2D)], EE ([Oé]E)
ha[(ﬁ.f)]:lh [(0,2t - D)], fé([%'l]’E)

I a2

k (0) otherwise

(4)
[+ o3l
— %, f'é([%,l],E) = %, VI € (v, E)

L;zo, otherwise

wiaz, ce(od]o

ho[(1,D] = h2[(1,28-1)], €& (B 1] E)
9o D otherwise
(5)

=1 ([1 1]E) =%, Vt € (y,,E)

X1, otherwise

Thus, from Equations (3-5), we have h, which is a FS path homotopy between the FS paths f and ky, so, fy~,ky.

Therefore, the relation of FSH path is a FS equivalence relation.
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hy hZ,
Ey| k! .
e fey
1 1 1
h2,
0 f, 1 0 g, 1 0 fs 1

Fig. 6 - Fuzzy soft equivalence relation - transitive.

5. Conclusion

We present a novel idea of FSH in this study, focusing on constructing a theoretical framework for FS homotopical
spaces. By exploring the relationship between FS path homotopy and demonstrating that it is a FS equivalence
relationship, we are able to classify paths into homotopical classes. These results make a significant contribution to
the development of a topological understanding of this type of space.
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